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Abstract

Two equal and opposite distributed dead loads are applied orthogonally to the axis of an elastic
rod in its rectilinear reference configuration, one at the extrados and the other at the intrados,
such that the resultant applied force per unit length is uniformly zero. In this configuration,
the rod is subjected to a transverse (tensile or compressive) stress, which is usually believed
to have no significant effect on the structural response and has therefore not been considered
so far. Contrary to this common belief, the asymptotic behavior of an incrementally deformed
elastic layer and three different rod models (the first derived as an asymptotic approximation of
the elastic layer; the second based on Euler elastica; and the third obtained by homogenization
of a discrete model) reveal that this loading condition produces the same deformation in the
rod as an axial load. In particular, the transverse load adds to the axial load in a generalized
version of the Euler elastica, leading to buckling and nontrivial postcritical deformations when
compressive. The critical transverse stress for buckling is found to have the same form as the
Euler critical stress under axial force and tends to zero in the limit of vanishing rod inertia.
For this reason, instability induced by transverse loading persists even when the rod thickness
tends to zero. These theoretical predictions are confirmed by numerical simulations of a slender
elastic layer, which show that increasing transverse load can induce buckling and drive the
layer along a deformation path that closely follows that predicted by the generalized Euler
elastica throughout the entire postcritical regime, even beyond self-intersection. To show that
this behavior can be realized in practice, a dedicated experimental setup is developed, and the
experimental results fully confirm the theoretical and numerical predictions. The instability
disclosed here may affect thin films and elastic layers subjected to transverse loading and is
therefore relevant to several advanced technologies, including micro- and nanoscale devices.

Keywords beam instability · Euler buckling · nonlinear elasticity

1 Introduction
A rod, straight and horizontal in its reference configuration, is subjected to two equal and opposite
loads, simultaneously applied at its extrados and intrados, uniformly distributed along the axis,
and acting orthogonally to it. With reference to Fig. 1 (where a compressive axial load P also acts
on a doubly supported rod), the two distributed loads ±q2 are assumed to be dead, so that they
remain vertical and constant even when the rod undergoes nontrivial deformations, as shown in
Fig. 1 on the right.

Under these conditions, the rod is subjected to a uniform transverse stress with a null resultant,
so that the load is self-equilibrated. The straight configuration is, therefore, a trivial equilibrium
state, and the effects of such loading are commonly thought to leave the structure unaffected,
as if it were unloaded. This assumption follows from the classical Euler idealization, in which

∗Corresponding author: e-mail: bigoni@ing.unitn.it; phone: +39 0461 282507.

1

mailto:bigoni@ing.unitn.it


Fig. 1. In addition to a compressive axial force P , a doubly supported elastic rod is subjected to two uniformly
distributed loads �q2 (illustrated with a negative sign) acting in opposite directions, one applied at the extrados
and the other at the intrados of the rod. The loads q2 are dead loads, meaning that their direction is fixed in the
reference configuration (left) and their point of application moves with the deformation of the rod (right). The
present article shows that the transverse loads �q2 strongly influence the deformation of the rod, which is still
governed by the Euler elastica, but with q2 effectively added to the axial force P . Consequently, even the sole
application of the transverse load may induce the structure to buckle and develop full postcritical behavior, as the
deformation causes the transverse dead load to act as a couple distribution (see inset).

a rod, despite having bending stiffness, is treated as having zero thickness. As demonstrated
in the present article, however, this idealization yields incorrect results when transverse loads
with vanishing resultant are considered. In fact, it is shown that a sufficiently large transverse
compressive load can induce buckling, followed by a postcritical response of the same type as that
produced by a compressive axial force. Thus, both axial and transverse loads are destabilizing
when compressive and stabilizing when tensile. 1

More precisely, it is shown that:

not only can a compressive transverse load induce buckling, but it also produces a non-
trivial deflection identical to that caused by a compressive axial force, and therefore
governed by the Euler elastica. In particular, the transverse stress adds to the axial
stress in the following new form of the Euler elastica:

θ00 − Ta + Tt

Eρ2
sin θ = 0, (1)

where Ta = P/A and Tt = q2/b are the axial and transverse stresses, respectively, assumed positive
when tensile, E is the elastic modulus of the rod, A its cross-section area, b its out-of-plane
thickness, and ρ the radius of inertia of the cross-section. Note that the distributed load q2 (and
the axial load P ) is defined as positive when it generates a tensile stress Tt (respectively Ta), so
that those reported in Fig. 1 are negative. Linearization of eq. (1) yields the following bifurcation
condition for a simply supported beam, providing a generalized buckling formula that includes the
transverse stress:

Ta + Tt = −n2π2 E

λ2
sl
, n = 1, 2, 3, ... (2)

where λsl = l/ρ is the slenderness of the rod. Eqs. (1) and (2) show that axial stress Ta and
transverse stress Tt play exactly the same role.

Theoretically, the deformation and buckling of the transversely loaded rod, governed by eqs. (1)
and (2), are demonstrated in the present article through four different and independent approaches:

• The bifurcation of an elastic (orthotropic and incompressible) layer in plane strain is analyzed
following [1–4], and the limit as the thickness tends to zero is addressed. The layer is subjected
to distributed dead loads of opposite signs at its upper and lower surfaces. In this context,
lateral expansion due to Poisson’s effect does not play any role. The critical transverse load

1Note that this behavior is not related to the effect of the Poisson ratio, since at the onset of buckling the
prestress state is uniaxial: either an axial prestress with T11 6= 0 and T22 = 0, or a transverse prestress with T11 = 0
and T22 6= 0.
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for bifurcation is shown to converge to the equation (2) in the limit of zero thickness-to-
wavelength ratio.

• The governing equations for the same layer are shown, after linearization of the kinematics
and use of mean stresses, to reduce to the same model describing the buckling of a straight
axially prestressed beam, namely the linearization of the generalized Euler elastica, eq. (1).

• An Euler-Bernoulli rod is equipped with a finite thickness, and transverse dead loads are
applied at its extrados and intrados. Upon rotation of the rod’s axis, this loading generates
a distribution of couples. The resulting structural model is shown to yield eq. (1).

• A discrete chain of rigid links joined by elastic hinges is considered, following the approach
initiated by Domokos [5, 6] and recently extended to complex microstructures [7, 8]. Each
link is equipped with a transverse rigid element that carries transverse dead loads at its ends.
Homogenization of the model, as the link length tends to zero, yields eq. (1).

The validity of eqs. (1) and (2) has two key consequences: (i.) the nonlinear response of
the elastica produced by transverse or axial loads is exactly the same; (ii.) in the limit of infinite
slenderness, the buckling load tends to zero for both transverse and axial forces. Therefore, the effect
of transverse loading is fundamental and not a ‘spurious’ artifact related to the rod thickness, in
which case it would vanish as the thickness tends to zero.

Although all four models above lead to identical conclusions, namely the validity of eqs. (1)
and (2), each relies on some form of idealization, either through asymptotic approximations or
through the assignment of a finite thickness to the elastica. This raises the question of whether
bifurcation and subsequent nonlinear postcritical behavior under transverse actions can actually
occur in practice. To address this issue, two additional and independent validations are provided:
numerical simulations and experimental investigations.2

The numerical simulations confirm the theoretical predictions and demonstrate that a transverse
dead load, such as that illustrated in Fig. 1, can drive a slender elastic layer along the deformation
path predicted by the generalized Euler elastica, eq. (1), even beyond self-intersection.

The experiments required the design and realization of a new experimental setup, in which an
elastic rod is subjected to transverse tensile dead loads and tested under increasing axial compres-
sion. The experimental results not only validate the theoretical findings in an indisputable manner
but also prove that the postulated loading condition can be effectively realized in practice.

These results introduce a new paradigm for the bifurcation and postcritical behavior of rods
and elastic layers, with potential implications for deformable manipulators subjected to transverse
forces and for the mechanics of thin films, widely employed in micro- and nanotechnologies.

2 A premise: bifurcation of an incompressible elastic layer
under axial stress and transverse dead load

The incremental bifurcation of an incompressible elastic layer deformed in plane strain is a well-
known and extensively investigated problem [1, 2, 4]. The layer is composed of an orthotropic
elastic material and is subjected to a stress state defined by the Cauchy principal stresses T11 and
T22. Its incremental behavior can be expressed through the following dimensionless parameters:

ξ =
µ�

µ
, η =

T11 + T22

2µ
, k =

T11 − T22

2µ
, (3)

where µ and µ� are incremental shear moduli. The incremental nominal stress _tij is related to the
incremental displacement gradient vi;j and the incremental in-plane mean stress _p by

_t11 = µ(2ξ − k − η)v1;1 + _p, _t22 = µ(2ξ + k − η)v2;2 + _p,

_t21 = µ[(1 + k)v2;1 + (1 − η)v1;2], _t12 = µ[(1 − η)v2;1 + (1 − k)v1;2],
(4)

2Videos explaining the main results of the article and the experiments are provided as supplementary material.
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subject to the incompressibility condition v1;1 + v2;2 = 0 .
Equilibrium requires

_t11;1 + _t21;2 = 0 ; _t12;1 + _t22;2 = 0 ; (5)

together with boundary conditions. For a rectangular block centered in a Cartesian reference
system, see the inset in Fig. 2, the boundary conditions are:

ˆ For a dead loading transverse to the layer, vanishing incremental nominal tractions at both
upper and lower faces:

_t22 (x1; x2 = � h=2) = 0 ; and _t21 (x1; x2 = � h=2) = 0; (6)

ˆ For a longitudinal prestress, obtained through compression of the layer between rigid fric-
tionless lateral constraints, vanishing incremental nominal shear reactions, and vanishing
incremental horizontal displacement:

_t12 (x1 = � l=2; x2) = 0 ; and v1 (x1 = � l=2; x2) = 0 : (7)

The incremental displacement �eld is represented as [4]

v1 = �
h
b1
 1eic 1 
 1 x 2 + b2
 2eic 1 
 2 x 2 + b3
 3eic 1 
 3 x 2 + b4
 4eic 1 
 4 x 2

i
eic 1 x 1 ;

v2 =
h
b1eic 1 
 1 x 2 + b2eic 1 
 2 x 2 + b3eic 1 
 3 x 2 + b4eic 1 
 4 x 2

i
eic 1 x 1 ;

(8)

where c1 is the wavenumber of the bifurcation mode, related to the wavelength� by

c1 = 2 �=�: (9)

Moreover, the in-plane mean stress increment is expressed as [4]

_p = � i�c 1

h
(k + �)(
 1b1eic 1 
 1 x 2 + 
 3b3eic 1 
 3 x 2 )

+ ( k � �)(
 2b2eic 1 
 2 x 2 + 
 4b4eic 1 
 4 x 2 )
i
eic 1 x 1 : (10)

The coe�cients bj (j = 1 ; 2; 3; 4) in eqs. (8) and (10) are constants, for the moment arbitrary, while
the parameters

� =
p

4� 2 � 4� + k2; 
 j = �

r
1 � 2� + ( � 1)j �

1 � k
; (11)

are functions of the prestress.
A neo-Hookean material is assumed, for which

� = 1 ; � = jkj; 
 1 = � 
 3 = i

r
1 + jkj
1 � k

; 
 2 = � 
 4 = i

r
1 � j kj
1 � k

: (12)

The representations (8) and (10) automatically satisfy the equilibrium equations (5), so that their
substitution into the constitutive equations (4) and a �nal imposition of the boundary conditions
(6) � the conditions (7) are automatically satis�ed � yield a linear eigenvalue problem, which
admits non-trivial solutions when the following two equations (which may appear to di�er only
by an exchange of indices, but in fact do not) are satis�ed for axial and transverse prestress,
respectively:

ˆ Axial prestress: � 2 < � 1 < 2, � 2 = 0

1 � cosh� cosh
�

�

r
2 + � 1

2 � � 1

�
+

32� 16� 1 + 4 � 3
1 � � 4

1

8(2 � � 1)
p

4 � � 2
1

sinh � sinh
�

�

r
2 + � 1

2 � � 1

�
= 0; (13)
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ˆ Transverse prestress:� 2 < � 2 < 2, � 1 = 0

1 � cosh� cosh
�

�

r
2 � � 2

2 + � 2

�
+

32� 16� 2 + 4 � 3
2 � � 4

2

8(2 � � 2)
p

4 � � 2
2

sinh � sinh
�

�

r
2 � � 2

2 + � 2

�
= 0; (14)

where � = c1h and � 1 = T11=� , and � 2 = T22=� are the two dimensionless prestresses (positive in
tension).

Considering the elastic layer shown in the inset of Fig. 2, where longitudinal displacements are
constrained on the lateral boundaries by two frictionless rigid planes, the bifurcation wavelength�
can be selected to model an elastic rod of lengthl with di�erent boundary conditions: (i.) � = l ,
doubly clamped rod; (ii.) � = 2 l , simply supported rod (pinned-pinned or slider-slider); (iii.)
� = 4 l , cantilever (clamped-free) or mixed pin-slider rod.

With reference to the doubly supported (or constrained with two opposite sliders as in the
inset of the �gure) scheme, � = 2 l, the bifurcation stresses� 1 and � 2 obtained from the solution
of eqs. (13) and (14) are plotted in Fig. 2 against the slenderness ratiol=h. The �gure also
includes the Euler buckling load (dashed curve) for the corresponding simply supported beam.
For transverse load� 2, bifurcation of a layer subjected to uniaxial transverse stressT22 < 0 with
T11 = 0 is reported, while for longitudinal load � 1, the layer is subjected to uniaxial longitudinal
stressT11 < 0 with T22 = 0 .

Fig. 2. An elastic layer of current thickness h and length l (see inset), made of incompressible neo-Hookean material
with incremental modulus � , is subjected to either a longitudinal or transverse dead loading, inducing a uniaxial
prestress: longitudinal ( � 1 < 0 with � 2 = 0 ) or transverse ( � 2 < 0 with � 1 = 0 ). The bifurcation stresses � 1 and � 2 ,
obtained from the solution of eqs. (13) and (14), respectively, are plotted as functions of the layer slenderness l=h (for
the simply supported case � = �h=l ). The Euler buckling load is also shown as a dashed curve. Although the curves
for � 1 and � 2 di�er for thick layers, they converge at large slenderness, say l=h>5, both asymptotically approaching
the Euler buckling load. Therefore, a transverse dead load has the same destabilizing e�ect as a longitudinal dead
load on a slender elastic rod.

For both axial and transverse loading, the solutions display two branches that emerge from
� 1 = � 2 � 1:67857approached in the limit l=h ! 0, corresponding to the onset of surface instability.
Along the upper branches, the curves for axial and transverse loading remain distinct, so that the
two types of prestress produce dissimilar e�ects. Along the lower branches, however, the situation
changes: although the two curves di�er signi�cantly for thick layers ( l=h < 5), they converge and
eventually superimpose at high slenderness, recovering the Euler buckling load. Note that the
transverse stress� 2 approaches the Euler curve more rapidly, remaining close to it over a broader
range of slenderness values than the axial stress� 1. For su�ciently slender layers ( l=h > 10), both
� 1 and � 2 coincide with the Euler bifurcation.
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The fact that both the transversely and axially loaded layers tend to the Euler buckling load
can be made explicit by expanding eqs. (13) and (14) in a Taylor series about� = 0 . Truncated
at fourth order, the expansion yields for eq. (13)

� 2
1 � 2

�
3� 1(4 � � 1)(2 � � 1) + 2 � 2 (4 + � 1(2 � � 1))

�

24(2 � � 1)3 = 0 ; (15)

while for eq. (14)
� 2

2 � 2
�
3� 2(4 � � 2)(2 + � 2) + 2 � 2 (4 + � 2(2 � � 2))

�

24(2 � � 2)(2 + � 2)2 = 0 : (16)

Despite di�ering only by an exchange of indices, the two equations exhibit subtle sign di�erences.
Finally, another series expansion of equations (15) and (16) about� 1 = 0 and � 2 = 0 leads to the
critical loads for a wavelength � = 2 l (� = �h=l )

� 1 = � 2 = �
� 2

3
= �

� 2h2

3l2 ; (17)

which coincides with the Euler buckling stress of a simply supported rod,� � 2 �EJ=(l2h), where
�E = 4 � is the plane strain elastic modulus andJ = h3=12 the second moment of inertia. For other
boundary conditions, the same asymptotic reasoning applies, yielding the corresponding Euler
loads, e.g. � 4� 2 �EJ=(l2h) for a clamped�clamped rod with � = l , or � � 2 �EJ=(4l2h) for a cantilever
with � = 4 l.

In conclusion, the bifurcation of an elastic layer under transverse dead load leads, in the slender
limit, to the same Euler buckling stress as under axial dead load. This leads to the proposition
that transverse dead loading of an elastic rod has the same destabilizing e�ect as axial loading, a
conjecture that is rigorously con�rmed in the next section.

3 Three di�erent approaches leading to the elastica and buck-
ling for a transversely loaded rod

The deformation and bifurcation of an elastic rod under a transverse dead load can be analyzed
through three complementary approaches. Speci�cally, the reference theories are: (i.) the incre-
mental asymptotic analysis of the deformation of an elastic layer similar to that considered in the
previous section, (ii.) a modi�ed Euler elastica model, where an Euler-Bernoulli rod is enhanced
with a transverse thickness, and (iii.) a homogenized model derived from a discrete chain of rigid
elements.

3.1 Incremental asymptotics for bifurcation of an elastic layer subject
to transverse dead load

Consider an incompressible elastic layer of current thicknessh in the x1-x2 plane, wherex1 is the
axial direction and x2 2 [� h=2; h=2]. The layer is simultaneously subjected to an axial Cauchy
stressT11 and a transverse dead loadq2, which induces a transverse Cauchy stressT22, Fig. 2.

Any incremental perturbation (denoted with a superimposed dot) satis�es the equilibrium
equations (5). Through-thickness integration of equation (5)1, multiplied by x2, gives

M ;1 + m �
Z h=2

� h=2

_t21 dx2 = 0 ; (18)

where the bending momentM and the externally applied couplesm are de�ned as

M =
Z h=2

� h=2

_t11x2 dx2; m = _t21x2

�
�
�
h=2

� h=2
: (19)

Using the incremental constitutive equations (4)

_t21 � _t12 = � T11v2;1 + T22v1;2; (20)

6



and introducing the shear force

S =
Z h=2

� h=2

_t12 dx2; (21)

equation (18) becomes

M ;1 + m � S + T11hv2;1 � T22

h
v1 (h=2) � v1 (� h=2)

i
= 0 (22)

in which the mean transverse displacement has been introduced

v2 =
1
h

Z h=2

� h=2
v2 dx2: (23)

Integration of equation (5)2 through the thickness yields

S;1 + _t22

�
�
�
h=2

� h=2
= 0 ; (24)

so that, under dead loading, _t22 (� h=2) = 0 , it follows that S;1 = 0 . Hence, equation (22) reduces
to

M ;11 + T11hv2;11 � T22 [v1;1 (x1; h=2) � v1;1 (x1; � h=2)] = 0 ; (25)

an expression that is exact.
Adopting the standard linearized kinematic assumption of rod theory

v2 = w (x1) ; v1 = u0 (x1) � x2w;1; (26)

one �nds
v2;1 + v1;2 = 0 : (27)

For an incompressible material,v2;2 + v1;1 = 0 , the constitutive response reduces to

_t11 = [4 � � � (T11 + T22)] v1;1: (28)

From eq. (28), the bending momentM then becomes

M = � Dw ;11 (29)

where D represents the bending sti�ness of the rod, a function of the second moment of inertia of
the cross section,h3=12, the incremental shear modulus,� � , and the stress state as

D =
h3

12
[4� � � (T11 + T22)] : (30)

Finally, noting that
v1;1 (x1; h=2) � v1;1 (x1; � h=2) = � hw;11; (31)

the di�erential equation governing the asymptotic quasi-static deformation of a straight layer is
obtained as

w;1111 � h
T11 + T22

D
w;11 = 0 : (32)

Equation (32) is formally identical to the linearized version of the elastica (1)1, valid for a linear
elastic beam prestressed with an e�ective forceh(T11 + T22). In the classical theory, the axial load
is hT11, but here it is evident that the transverse stressT22 plays the same role asT11, except that
hT22 is not the resultant of the transverse load, which is null. Accordingly, equation (32) leads to
the Euler buckling condition (1) 2. Remarkably, the two stress components,T11 and T22, contribute
in the same way to buckling.
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Fig. 3. A model of elastica with a transverse cross-section of height h, which de�nes the extrados and intrados,
where the uniform dead loads q2 (shown positive) are applied.

3.2 The Euler elastica with thickness: instability under transverse dead
loading

The governing equation of the Euler elastica can be re-derived by explicitly accounting for the rod's
�nite thickness. The thickness de�nes the extrados and intrados, at which a uniform transverse
dead load q2 is applied, Fig. 3. Because the loadq2 is dead, it provides a distributed bending
moment whenever the rod is curved. In addition toq2, two end loads, an axial forceP and a shear
force V , are considered.

The external bending moment at the arclength coordinates is

M (s) = � (P + q2h)
Z l

s
sin � (� ) d� � V

Z l

s
cos� (� ) d�; (33)

which must equal the internal bending moment generated by the curvature,EJ � 0(s), whereEJ is
the bending sti�ness of the rod. This gives

� 0(s) +
P + q2h

EJ

Z l

s
sin � (� ) d� +

V
EJ

Z l

s
cos� (� ) d� = 0 : (34)

Di�erentiating with respect to s yields a new form for the Euler elastica

� 00(s) �
P + q2h

EJ
sin � (s) �

V
EJ

cos� (s) = 0 : (35)

Eq. (35) represents the Euler elastica generalized to include the transverse dead loads per unit
length q2, in addition to the axial force P. The distributed transverse loading q2 enters in the
same way as the axial loadP, e�ectively reducing (or increasing, if tensile) the critical force for
instability.

3.3 A homogenization approach to the elastica under transverse load

A discrete structure mimicking the elastica is analyzed under transverse dead loading, and homog-
enization is �nally performed in the limit as the chain elements shrink to vanishing length. In this
way, the continuum elastica equation (35) is recovered. The approach follows the spirit of Domokos
[5, 6] and subsequent developments [7, 8], which use discrete micromechanical models to capture
complex beam-like behaviors.

A chain of rigid elements of lengtha is considered, connected by rotational springs of sti�ness
k. Di�erently from Domokos' model [5], each element is also equipped with a rigid transverse bar
of height h, allowing the transmission of a transverse dead load and thus introducing thickness into
the model, Fig. 4. The chain, consisting ofn rigid elements, has a total length ofl = n a.
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Fig. 4. Micromechanical discrete model of n rigid elements (of length a) connected by elastic hinges of sti�ness k,
mimicking an elastic rod of thickness h. There are n + 1 nodes (numbered from 0 to n), with the last node on the
right subjected to two end forces P (horizontal) and V (vertical), both shown positive. Each element carries equal
and opposite transverse dead loads Q = q2a (shown positive).

Dead loads P (horizontal, positive when tensile) and V (vertical, positive when downward)
are applied at the right end of the chain, while each element is transversely loaded by equal and
opposite dead forcesQ = q2a. When the i �th element rotates by an angle � i , the total potential
energy P of the chain is

P =
k
2

n � 1X

i =1

(� i +1 � � i )2 + a(P + q2h)
�

n �
nX

i =1

cos� i

�
+ aV

nX

i =1

sin � i : (36)

Stationarity of P yields the equilibrium conditions

@P
@�i

= k(2� i � � i +1 � � i � 1) + a
h
(P + q2h) sin � i + V cos� i

i
= 0 ; i = 1 ; � � � ; n; (37)

or equivalently

� i +1 � 2� i + � i � 1

a2 �
P + q2h

ka
sin � i �

V
ka

cos� i = 0 ; i = 1 ; � � � ; n; (38)

In the limit a ! 0, the product ka is kept �nite by letting k ! 1 . The system thus homogenizes
to the continuous equation

� 00�
P + q2h

ka
sin � �

V
ka

cos� = 0 ; (39)

where � = � (s) is now a continuous function of the arclengths, describing a deformed elastica.
Comparison of eq. (39) with the elastica equation (35) shows that the discrete chain homogenizes

into a continuous rod with e�ective bending sti�ness ka. Clearly, the transverse loadq2h enters the
governing equation in the same way as the axial forceP, thus leading again to the Euler buckling
condition (1)2.
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4 Post-buckling of a slender elastic layer: numerical vs elas-
tica

A numerical experiment using �nite element simulations is presented in this section to validate the
theoretical developments introduced above. In particular, the veri�cation of eq. (1) requires that
self-equilibrated transverse loads deform the rod in the same way as an axial load. To this end,
the perfect Euler elastica subjected to an axial stressTa = � is compared to a slender elastic layer
that is loaded with a transverse stress of the same magnitudeTt = � .

The �nite element simulations were carried out using the software Comsol Multiphysics. The
structure is modeled as a two-dimensional plane-strain body with a prismatic beam geometry, a
length of l = 30 m, and a square cross-section (b = h = 1 m). The material is assumed to be
linear elastic, with Young's modulus E = 210 GPa and Poisson's ratio� = 0 :3. The computational
domain is discretized using quadratic quadrilateral serendipity elements in a structured mesh,
resulting in 900 elements (150 along the longitudinal direction and 6 in the transverse direction,
with an aspect ratio height/width of 0:833333) and 6026degrees of freedom.3

Geometric nonlinearity is included to capture large-de�ection e�ects relevant to buckling and
post-buckling behavior. To activate buckling in the nonlinear analysis, the geometry is perturbed
with an initial imperfection corresponding to the �rst buckling mode, with maximum midspan
de�ection scaled to 0:225 m. Without this perturbation, the perfect structure follows the fun-
damental equilibrium path and does not exhibit bifurcation. Boundary conditions reproduce a
simply supported beam, so that the mid-axis points at the two end sections are constrained in the
transverse direction, while the mid-axis point at midspan is constrained in the axial direction to
prevent rigid-body motion. The loading consists of self-equilibrated distributed line forces applied
along the upper and lower edges of the cross-section, producing a uniform transverse compressive
stress componentTt .

Two simulation studies are performed:

ˆ A linear buckling analysis is conducted to determine the critical buckling load and its asso-
ciated eigenmode.

ˆ A geometrically nonlinear analysis, incorporating the imposed initial imperfection, is per-
formed to trace the post-buckling response under increasing transverse compressive forces.

The results of the simulations are reported in Fig. 5 for the elastic layer (depicted in yellow),
contrasted with the analytical solution for the perfect Euler elastica (denoted by a continuous black
line).

The load-de�ection curve, reported in the lower-right panel in terms of the normalized stress
�=� E , where � E is the buckling load, versus the normalized end displacementu` =`, con�rms that
the response of the perfect elastica closely matches that of the elastic layer. The small deviations
observed at higher loads arise from the di�erent modeling assumptions (plane strain versus beam
theory) and disappear in the limit of in�nite slenderness. The �gure compares two loading cases
� transverse (red curve) and axial (blue curve) � both solved using the same initial imperfection.
The results show that the axial loading case is signi�cantly more sensitive to imperfections.

Additional analyses performed with the software Comsol, reported in Fig. 6, explore the in�u-
ence of both the magnitude of the initial imperfection and the slenderness ratio. These simulations
show that, for imperfections smaller than that considered in Fig. 5, the structure remains on the
fundamental equilibrium path and does not buckle. In particular, an initial imperfection corre-
sponding to a normalized initial midspan de�ection � 0=` = 0 :005 is su�cient to trigger buckling
under axial loading, but not when the beam is subjected to transverse forces; in the latter case,
the beam follows the fundamental equilibrium path, represented by the blue curve in the left
panel of Fig. 6. For larger imperfections, the beam loaded with transverse forces buckles, and
the corresponding buckling load decreases as the imperfection increases, although this reduction
is less pronounced than in the axially loaded case. Moreover, as the slenderness increases, the dis-
crepancy between the plane strain solution and the Euler elastica, observed at higher load levels,
progressively diminishes and eventually vanishes, as shown in the right panel of Fig. 6.

3A �ner mesh comprising 4320 elements (360 along the longitudinal direction and 12 in the transverse direction,
with unit aspect ratio) and 27410 degrees of freedom yields identical results.
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Fig. 5. A numerical simulation shows that a slender elastic layer subject to transverse dead forces behaves as
predicted by the generalized elastica, eq. (1). Upper part: The elastic layer in the unloaded con�guration (sketched
in yellow, point 1) used for the �nite element model. The initial geometric imperfection, mimicking the �rst buckling
mode, appears as a deviation from the black line representing the perfectly straight elastica. Central part: at the
critical load of the perfect elastica (still straight), the imperfect elastic layer already exhibits a �nite de�ection
(point 2); red arrows (not to scale) denote the applied self-equilibrated transverse load. Lower left: comparison
between the deformed elastic layer and the perfect elastica at 2:5 times the critical buckling load (point 3) shows
excellent agreement. Lower right: stress � (divided by the value at buckling) vs end displacement u` (divided by
the initial length of the layer) for the imperfect layer (red) and the perfect elastica (black), traced up to 2:5 times
the critical load; slight deviations at higher loads arise from the di�erent models employed (two-dimensional plane
strain for the elastic layer versus one-dimensional beam formulation for the elastica); these di�erences diminish and
eventually vanish as the slenderness of the rod increases.

The deformed con�gurations shown in Fig. 5 provide further con�rmation. In the upper panel,
the unloaded con�gurations are superimposed, highlighting the layer's initial imperfection. The
central panel corresponds to the buckling load: the perfect Euler elastica remains undeformed
(straight), whereas the layer already exhibits a �nite de�ection due to the imperfection. The lower
left panel shows the response at 2.5 times the critical load, where the con�guration intersects
itself and is therefore unstable. This con�guration is included to demonstrate that the trans-
versely loaded rod continues to follow the elastica equation even under very large deformations.
The transverse dead forces, indicated by red arrows (not to scale), further illustrate that at ex-
treme deformations, the load in some regions of the rod becomes oriented outward relative to the
structure.

One noteworthy aspect highlighted by the numerical simulations is the low sensitivity of buck-
ling induced by transverse loading to imperfections. In particular, the sensitivity is found to be
signi�cantly lower than that associated with buckling under axial loading.

Overall, Fig. 5 provides strong validation of the analytical model, demonstrating that a trans-
versely loaded layer exhibits, when su�ciently slender, the same response that can be predicted
by the Euler elastica under axial compression.

11



Fig. 6. Finite element analyses illustrating the in�uence of the magnitude of initial imperfection (left) and slen-
derness ratio (right) on the buckling response of a rod under transverse loading. Left: load-displacement curves for
di�erent values of the normalized initial midspan imperfection � 0=`. For a small imperfection � 0=` = 0 :005, trans-
verse loading does not induce buckling and the structure follows the fundamental equilibrium path (blue curve).
For larger imperfections � 0=` � 0:0075 the beam buckles, and the corresponding buckling load decreases as the
imperfection increases. Right: e�ect of increasing slenderness on the postcritical response of a rod subject to trans-
verse loading, showing progressive convergence of the plane-strain solution toward the Euler elastica as slenderness
increases.
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5 The design of a testing setup: experimental evidence

The realization of an experimental setup capable of applying a transverse load, provided by dead
forces, simultaneously to the extrados and intrados of an elastic rod poses a challenging problem
due to several complicating factors. These are related to the fact that dead loads are de�ned in the
reference con�guration and must follow the deformation without imposing additional constraints.
Moreover, the two loads applied on opposite sides of the rod must remain perfectly balanced
throughout the experiment. Finally, the rod must be counterbalanced for its own weight.

All these features must be realized by designing a setup that permits the large de�ections
involved in the postcritical behavior of the rod.

Therefore, it was decided to investigate eq. (2) forn = 1 by applying a transversetensile stress
Tt and measuring the corresponding buckling axial stressTa . The latter measurement is carried
out by comparing the experimentally observed postcritical behavior with that predicted by eq. (1),
after calibrating the elastic modulus E and the initial imperfection of the elastic rod (expressed
in terms of the initial midspan de�ection � 0) from a preliminary buckling experiment without
transverse load (Tt = 0 ), reported in Appendix A.

5.1 The experimental setup for a movable transverse load

The experimental setup is shown in Fig. 7. A polycarbonate rod was prepared with two end pins,
having a total length of ` = 1020 mm and a rectangular cross-section ofb = 40:24 mm � t = 2 :93
mm. The rod has a radius of inertia � = 0 :8458and a slenderness� sl = 1205:93. Seven retaining
pins, used to suspend the cables providing the vertical load, were inserted through the thickness
of the rod at equal intervals of a = 127:5 mm. The pins increase the load application height to
h = 20:21 mm, as shown in the upper-right part of Fig. 8.

The forces applied at the intrados of the rod were generated by simply hanging weights (plastic
tubes �lled with sand), whereas the corresponding forces applied at the extrados were transmitted
through a sophisticated pulley system speci�cally designed to move freely along a slider during the
progressive deformation of the rod.

The axial load P was applied by imposing an increasing displacement at a rate of1 mm/s at
the right end of the rod using an electromechanical testing machine (Messphysik Materials Testing
`Midi 10') mounted horizontally and equipped with a DBBSM-100kg load cell manufactured by
Leane International.

Fig. 7 also shows details of the sliding system that allows the vertical loads to move freely in
the horizontal direction (panel B).

When the loads applied at the intrados move downward (panel D) or upward (panel E), the
loads applied at the extrados move in the opposite direction, upward in panel D and downward
in panel E. Panel C shows details of the rod attachment system. The self-weight of the rod
was compensated by counterweights consisting of 16 g nuts applied at each loading point. The
e�ectiveness of the weight compensation is evidenced by the occasional upward buckling of the
rod, as shown in panel E, despite the axial load remaining unchanged.

5.2 Experimental results con�rming the theory

According to eq. (2), an increase in the transverse stressTt must correspond to a linear increase in
the buckling axial stress jTa j. In the experimental setup, the loads are transmitted through pins
inserted through the thickness of the rod, de�ning a load application height h that di�ers from the
rod thickness t. Therefore, using eq. (35) withV = 0 and J = bt3=12 leads to

� 00� 12
Ta + Tt h=t

Et 2 sin � = 0 ; (40)

where Ta = P=(bt) and Tt = q2=b, and to the corresponding buckling condition

Ta + Tt
h
t

= � n2� 2 E
� sl2

: (41)

Equations (40) and (41) are therefore used for comparison with the experiments. Results from
the latter equation are reported with a dashed green in the upper part of Fig. 8 on the left, so
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Fig. 7. (A) Experimental setup during a test. (B) Detail of the rail and slider system permitting the load to move
freely in the horizontal direction. The counterweight used to compensate for the rod's weight consists of a nut, while
the transverse load is provided by tubes �lled with sand. When the intrados loads move downward (panel D) or
upward (panel E), the extrados loads move in the opposite direction�upward in panel D and downward in panel
E. Panel C shows the load application system. Note the upward buckling in panel D, demonstrating the e�ective
compensation of the rod weight.

that the intercept of this line with the vertical axis, represents the Euler buckling load, equal to
0:021MPa. The experimental results, contrasted with the linear prediction obtained from eq. (41),
are reported as spots in the upper-left part of Fig. 8, for 10 increments of the transverse stress,
Tt = 7F=(b`):

Step # (i) (ii) (iii) (iv) (v) (vi) (vii) (viii) (ix) (x) (xi)

F [N] 0 0.98 1.96 2.94 3.92 4.91 5.89 6.87 7.85 8.83 9.81

The spots reported in the �gure were obtained by averaging the loadP over displacementsu` in
the range 250 mm� 20 mm. The same procedure was used to determine the con�dence intervals.
A truly distributed load along the rod could not be implemented experimentally; instead, seven
concentrated loads F were applied. The di�erence between these two loading conditions was
assessed through Comsol simulations and was found to be negligible, so that it is not reported.

In the central part of the same �gure, two postcritical curves are shown (obtained as the mean
value from three independent experiments), corresponding to transverse loads (v), 4.91 N, and (xi),
9.81 N. In the �gure, the predictions obtained from eq. (40) are shown as dashed lines, while the
green curves represent numerical simulations in which the load is discretized as in the experiments.
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