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Abstract

Two-dimensional architected materials are often realized as periodic grids of elastic beams.
Conventional homogenization methods represent these structures as equivalent elastic solids
but neglect shear deformation in the constituent beams. This article addresses this limita-
tion by incorporating shear deformability through Timoshenko beam theory, enabling accurate
modeling of stubby beams. Moreover, shearable beams with extreme mechanical characteris-
tics can be obtained through the design of appropriate microstructures. Introducing shearable
beams into the grid expands the design space, allowing, for instance, the control of the effective
Poisson’s ratio beyond the limits achievable with slender beams.
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1 Introduction
Homogenization of composites is a key tool in the design of architected materials with predeter-
mined mechanical properties. In this context, elasticity is particularly appealing because archi-
tected materials often must withstand cyclic loading and vibrations without undergoing permanent
deformation. Although homogenization theory is well established within the framework of linear
elasticity [1–8], explicit closed-form solutions for equivalent materials are scarce, and several aspects
still merit investigation. This article extends the results obtained for two-dimensional periodic grids
of elastic beams introduced in [9, 10] by incorporating the Timoshenko theory of shear-deformable
beams.

The interest in the modeling of grids composed of Timoshenko beams arises from three distinct
sources.

(i) Domokos [11, 12], followed by Challamel and co-workers [13–15], and Paradiso et al. [16], have
shown that homogenization of a discrete and periodic chain of rigid elements with lumped
deformability leads to a continuous rod model that can be represented by either the unshear-
able Euler model or the Timoshenko model, depending on the mechanical characteristics of
the junctions in the chain. In particular, the Timoshenko model is obtained with a chain
such as that shown in Fig. 1, equipped with hinges (stiffness kr), sliders (stiffness kt), and
axial springs (stiffness ka). In the homogenized continuous model derived from the discrete
structure, the bending stiffness ‘EJ ’ is given by kra, while the shear stiffness ‘κGA’ and
axial stiffness ‘EA’ are replaced by kta and kaa, respectively, where a is the length of the
unit cell. This result, detailed in Section 2, shows that designing and manufacturing elastic
beams in which the three stiffnesses are mutually independent is possible. This opens the
possibility of creating slender beams whose shear compliance can range from zero to infinity,
potentially dominating the axial and bending responses. In such a configuration, the beam
slenderness is given by Λ = l

√
ka/kr and may reach very low values, approaching zero.
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Fig. 1. A microstructured chain model, represented from node i � 1 to node i + 2. The chain is constructed by
periodically repeating a unit cell of width a; this cell comprises rigid bars connected by axial springs with stiffness ka,
elastic hinges with stiffness kr, and elastic sliders (that permit only transverse relative displacement) with stiffness
kt. The i-th node undergoes a displacement ui and the overall behavior of the chain can be homogenized, resulting
in the Timoshenko beam model, with bending, shear, and axial stiffnesses equal to kra, kta, and kaa, respectively;
these stiffnesses remain mutually independent.

(ii) Beyond the approach described above, another option exists. A grid of stubby elastic rods
can be realized by superimposing beams on different planes so that they interact only through
their end cross-sections. This configuration enables levels of stubbiness that cannot be
achieved by simply perforating a plate. In particular, the slenderness can approach the
theoretical minimum value of 2 (for a hexagonal grid). This arrangement yields a homoge-
nized response with mechanical properties beyond the capabilities of grids of slender beams.
This is explained in detail in Section 2 and illustrated in Fig. 3.

(iii) Finally, for grids of beams lying in the same plane (i.e., obtained by perforating a plate),
there is a range of beam stubbiness for which the Euler model provides unrealistic values,
while the Timoshenko model maintains a correct behavior for slenderness Λ < 12, as shown
in Fig. 30.

Fig. 2 highlights the advantages of the Timoshenko beam model by plotting the effective elastic
modulus E (left) and Poisson’s ratio ν (right) for an isotropic solid equivalent to a two-dimensional
grid of elastic rods of length l and slenderness Λ, arranged in a hexagonal geometry. The rods are
either microstructured as in Fig. 1 or elastic beams with Young’s modulus Es, Poisson’s ratio νs,
and rectangular cross section b�h. While microstructured beams can achieve any slenderness Λ, the
method of superposition of elastic beams on different planes cannot permit slenderness Λ smaller
than 2 (region highlighted in gray in the figure). The various curves in the figure correspond to the
Timoshenko beam model for different values of ka/kt = 2(1 + νs)/κ, whereas the case ka/kt = 0
represents the Euler-Bernoulli model.

For the range of slenderness Λ shown in the figure, the Euler–Bernoulli theory tends to overes-
timate the effective elastic modulus and may provide inaccurate values for the effective Poisson’s
ratio. The Euler–Bernoulli model also predicts a negative effective Poisson’s ratio, suggesting aux-
etic behavior, whereas the correct values are positive. Moreover, in the Euler-Bernoulli model, the
effective Poisson’s ratio ν is unaffected by the constituent stiffness ratio ka/kt (or νs), whereas
the Timoshenko theory shows a strong dependency on it. This example reveals a valuable design
opportunity. Using microstructured or stubby beams with high shear deformability, the equivalent
material can achieve high stiffness and Poisson’s ratio values significantly different from those of
slender-beam assemblies. The present article shows that proper design makes grids of microstruc-
tured or stubby beams feasible (Section 2) and that employing the Timoshenko model (Section 3)
combined with homogenization (Section 4) leads to mechanical characteristics unachievable with
assemblies of slender beams (Section 5). These characteristics can involve all elastic parameters of
the equivalent solid and highlight the role that the grid constituents play in its overall behavior as
a solid. It is noticed in closure that the approach to homogenization developed here is based on the
assumption that the characteristic size of the microstructure is much smaller than the specimen
size. No attempt is made to develop a higher-order approach, as in [17].
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Fig. 2. Effective elastic modulus E and Poisson’s ratio � characterizing an elastic solid of out-of-plane thickness h,
equivalent to a two-dimensional grid of beams arranged in a hexagonal lattice (inset). Two models are considered for
the constituent beams: (i) a homogenized discrete chain, characterized by the slenderness � = l

√
ka=kr, where ka,

kt and kr are the stiffnesses of the axial spring, slider spring, and elastic hinge, respectively, and l is the total chain
length, see Fig. 1; (ii) a continuous elastic beam of length l, cross-section area A = bh, slenderness � = 2

p
3 l=b,

and shear correction factor �, made of an isotropic elastic material with Young’s modulus Es and Poisson’s ratio
�s (the grid is obtained by superimposing beams on different planes, as explained in Section 2). Different curves
represent various ratios ka=kt (EsA=(�GsA) for the continuous model), with dashed lines indicating the limiting
case kt !1 (or �GsA!1), which corresponds to the Euler–Bernoulli theory.

2 Timoshenko model for grids of microstructured beams and
for grids of stubby beams

This section elaborates on points (i)–(iii) presented in the introduction. First, it briefly demon-
strates how a discrete chain of rigid elements with lumped deformation sources can be converted
into a continuous Timoshenko beam model in which axial, shear, and bending deformations are
defined by independent parameters. Second, it explains, at least in principle, how to realize a
junction between stubby beams working in different planes. Third, it derives the homogenization
scheme for grids of Timoshenko shearable beams.

2.1 Continualization of a microstructured chain into a beam model
An axially and shear-deformable rod model is obtained from the discrete chain shown in Fig. 1.
The elastic energy stored in a discrete chain of n elements with lumped deformability, starting at
node 0 and element 1, and ending at node n and element n, is

E =
1

2

n∑
i=1

[
ka(ui � ui�1)

2
+ kt(vi � vi�1 � aθi)

2
]
+

kr
2

n�1∑
i=1

(θi+1 � θi)
2
, (1)

where θi is the rotation of the i–th element, and ui and vi are the horizontal and vertical components
of the displacement of the i–th node. In the limit as a! 0 and n!1, the sums become integrals
and the differences become derivatives of continuous functions of the axial variable x, yielding

E =
a

2

∫ l

0

[
kau
0 2 + kt(v

0 � θ)
2
+ krθ

0 2
]
dx. (2)

Eq. (2) models the mechanics of a Timoshenko beam in which the bending stiffness EsJ , shear
stiffness κGsA, and axial stiffness EsA correspond to kra, kta, and kaa, respectively. Importantly,
the microstructured chain enables a beam whose bending, shear, and axial stiffnesses can be
adjusted independently over the entire range from zero to infinity.
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2.2 A design strategy for grids with stubby beams

Two-dimensional grids of beams can be realized by perforating a plate; however, this is not the only
possible approach. In particular, Fig. 3 shows a proof-of-concept realization of a node connecting
four stubby beams. The key idea for the practical realization of the junction is to use thin elements
operating in di�erent planes, but preserving the out-of-plane symmetry.

Fig. 3. Concept model of a nodal connection where four stubby beams are jointed. The connection is designed for
two orthogonal rods as a multi-layer rigid joint (colored in purple), where the out-of-plane symmetry is preserved:
(left) exploded view; (right) perspective view.

The junction imposes full continuity of displacement between connected elements, which are
reinforced with sti� coatings and linked by orthogonal `pivots' with rectangular cross-section to
prevent relative rotation, in addition to relative displacement. In this arrangement, in-plane axial
and shear forces, as well as bending moments, are fully transmitted through the node, while out-of-
plane forces and moments do not develop, provided that the load is symmetric in the plane. Such
junctions must be rigid (made of a material sti�er than the beams) and allow the construction of
grids of elastic stubby beams that are mechanically equivalent to a uniform material under plane
stress conditions. Special junctions connecting elements located in di�erent planes are required
because, when a grid is cut directly from a plate, the spaces between beams shrink as the beams
become stubby, invalidating the beam model; in this case, a model of a plate with holes becomes
more appropriate, as shown in the insets of Fig. 30.

Figure 3 illustrates a simple case in which the beams converging at the node have a rectangular
cross-section, for which the shear correction factor is5=6 � 0:833. Under these conditions, there
exists a lower limit for the slenderness, corresponding to the situation where parallel coplanar
beams touch each other, thus occupying all the space between two consecutive lines. For a square
grid, the rectangular cross-section assumption yields a minimum slenderness� of 2

p
3 � 3:46

[see Eq. (19)]. The minimum slenderness is equal to 6 for an equilateral triangular lattice and 2
for a hexagonal grid. Smaller values can be achieved by adopting di�erent shapes of the cross-
section. For example, a double-T section allows a slenderness of 2 for the square lattice; however,
in this case, the shear correction factor drops to approximately0:296. For the sake of simplicity,
this article considers only continuous elastic beams with rectangular cross-sections, although using
microstructured beams would enable achieving arbitrarily small slenderness values. Therefore,
results are presented starting from zero slenderness to provide a more comprehensive view of the
situation.

2.3 A validation of the homogenization scheme for grids of Timoshenko
beams

Although it is well known that the Timoshenko beam model can e�ectively predict the quasi-
static and dynamic responses of stubby beams [18�22], a validation of the homogenization scheme
proposed in the present article, speci�cally through the use of the Timoshenko model, has not
been previously presented. Therefore, although not a primary focus of this study, �nite element
computations are included in Appendix A, referring to an equilateral triangular grid of beams. By
considering a �nite yet su�ciently large grid of elastic rods �such that end e�ects can be neglected�
the equivalent solid obtained through homogenization is shown to accurately capture the overall
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behavior of the ensemble. At the same time, the limitations of the approach when a perforated
plate is modeled as a beam network are also highlighted.

3 The Timoshenko beam model

The Timoshenko beam theory relaxes the Euler-Bernoulli assumption that the cross sections of a
de�ected beam remain perpendicular to its axis. In particular, for a rectilinear beam belonging
to the x�axis (parallel and orthogonal to the unit vectors e1 and e2, respectively) in its reference
con�guration, the position vector of the displaced points is

r (x) =
�

x + u(x)
�

e1 + v(x) e2; (3)

where u(x) and v(x) are the axial and transverse displacement components. The tangent to the
deformed axis is given by the derivative ofr with respect to x,

r 0(x) =
�

1 + u0(x)
�

e1 + v0(x)e2; (4)

so that the stretch of the axis is � (x) = jr 0(x)j.
The cross-section of the beam rotates at an angle
 with respect to the tangent r 0, while the

normal is inclined at the angle � , as sketched in Fig. 4. Introducing the unit vectors a and b,
respectively normal and parallel to the cross section,

a = cos � e1 + sin � e2; b = � sin � e1 + cos � e2; (5)

the tangent r 0 can be understood to condensate the e�ects of the axial" = � � 1 and shear 

strains through the equation

e1 + u 0 = (1 + ")(cos
 a + sin 
 b); (6)

which upon linearization in " and 
 becomes

e1 + u 0 = (1 + ") a + 
 b; (7)

where u(x) = u(x)e1 + v(x)e2 is the vector collecting the axial and transverse displacements.
Under the assumption of small de�ection and small rotations, Eq. (7) leads to the linearized

equations governing the kinematics of a planar Timoshenko beam

"(x) = u0(x) ; 
 (x) = v0(x) � � (x) ; � (x) = � 0(x) ; (8)

where the last equation de�nes the curvature � of the beam axis associated with the rotation of
the cross-section� . The linearized equilibrium equations in the absence of distributed forces are

N 0 = 0 ; V 0 = 0 ; M 0 = � V; (9)

where N , V , and M are the normal and shear forces and the bending moment. In addition, linear
constitutive equations are assumed

N = EsA "; V = � G sA 
; M = EsJ �; (10)

where Es and Gs are the elastic and shear moduli,A and J the cross-section area and second
moment of area, while� is the shear correction factor, introduced by Timoshenko [23, 24] to account
for the non-uniform distribution of the shear stress across the cross-section. For a rectangular cross-
section � = 5=6; however, this value is underestimated, and more accurate relationships have been
provided [25�28]. In particular, Cowper [25] obtained an analytical relation for the shear correction
factor as a function of the Poisson's ratio� s of the material, � (� s), by integrating the equations of
three-dimensional elasticity, which is suitable for any uniform beam.

Assuming, for simplicity, that all the elastic coe�cients are constant and combining equations
(8)�(10), the equilibrium equations in terms of the kinematic variables become

u00= 0 ; v00= � 0; � 00=
� G sA
EsJ

(� � v0); (11)
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Fig. 4. Deformed con�guration of the planar Timoshenko beam at coordinate x. The material point x (x) = x e1
is mapped to its deformed position r (x). Vectors a and b are, respectively, orthogonal and tangent to the cross-
section at r (x), as de�ned in Eq. (5). The �gure also illustrates the slope of the beam axis, v0(x), the rotation of
the cross-section, � (x), and the shear deformation, 
 (x) = v0(x) � � (x).

and the elastic strain energy of a Timoshenko beam of lengthl is de�ned as

E =
1
2

Z l

0

�
EsA u02 + � G sA (v0 � � )2 + EsJ � 02

�
dx : (12)

A comparison between Eqs. (12) and (2) reveals that a microstructured rod behaves as a Tim-
oshenko beam, but with EsA, � G sA, and EsJ replaced by kaa, kt a, and kr a, respectively. It is
important to note that these sti�ness components can vary independently due to the microstruc-
tural assumptions.

The solution to the system (11) can be sought by assuming exponential functions for axial and
transverse displacements

u(x) =
2X

j =1

Cj ei� j x ; v(x) =
4X

k=1

D k ei� k x ; (13)

where i =
p

� 1 is the imaginary unit, f C1; C2; D1; D2; D3; D4g are six arbitrary constants, and
f � 1; � 2; � 1; � 2; � 3; � 4g are the six characteristic roots. In the present case, all characteristic roots
vanish. As a result, the axial and transverse displacements reduce to a linear and a cubic polyno-
mial, respectively:

u(x) = C1 + C2 x; v(x) = D1 + D2 x + D3 x2 + D4 x3 ; (14)

where x 2 [0; l ]. In addition, the rotation � can be obtained by imposing� 00= v000and solving the
equation (11)3 for � , leading to the general solution for the cross-section rotation

� (x) = D2 + 2D3x + 3D4

�
x2 + 2

EsJ
� G sA

�
: (15)

The six above constants can be determined by imposing the boundary conditions at the ends
of the beam

u(0) = u0 ; v(0) = v0 ; � (0) = � 0 ; u(l ) = ul ; v(l ) = vl ; � (l ) = � l ; (16)
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which will be collected in the vector q = [ u0; v0; � 0; ul ; vl ; � l ]T . Consequently, the displacement �eld
u = [ u(x); v(x); � (x)]T can be written as a function of the vector of nodal degrees of freedomq as

u(x) = N (x) q ; (17)

whereN (x) = e1 
 N u (x)+ e2 
 N v (x)+ e3 
 N � (x) is a 3� 6 matrix determining the exact shape
functions of a Timoshenko beam, whilee3 = e1 � e2 is the unit vector denoting the out-of-plane
axis.

The three rows of the matrix N de�ne the shape functions for the axial and transverse dis-
placement and the rotation of the cross-section, respectively,

N u (x) =
h
1 �

x
l

0 0
x
l

0 0
i

;

N v (x) =
12x

�
1 �

x
l

�

1 + 12�

2

4
0

1 + 12�
12x

+
l � 2x
12l2

l (1 + 6 � ) � x
12l

0
� +

x
4l

�
x2

6l2

l � x
�

6� l + x
12l

3

5 ;

N � (x) =
6

�
1 �

x
l

�

1 + 12�

"

0 �
x
l2

1
6

+ 2 � �
x
2l

0
x
l2

x
�

12� + 3
x
l

� 2
�

6(l � x)

#

;

(18)
where the following dimensionless parameters are introduced

� =
EsJ

� G sA l 2 =
2(1 + � s)

� � 2 ; � = l

r
A
J

; (19)

in which � is the slenderness of the beam.
The elastic energy, Eq. (12), can be expressed in a matrix form by employing Eq. (17) as

E =
1
2

qT K b q; (20)

where the sti�ness matrix K b for a Timoshenko beam of lengthl can be expressed as

K b =
Z l

0
B (x)T E B (x) dx; (21)

in which B (x) denotes the strain-displacement matrix, whileE denotes the matrix containing the
axial, shear, and bending sti�nesses

B (x) =

2

4
d

dx 0 0
0 d

dx � 1
0 0 d

dx

3

5 N (x); E =

2

4
EsA 0 0

0 � G sA 0
0 0 EsJ

3

5 : (22)

The sti�ness matrix can explicitly be written as

K b =
� �G sA

l(1 + 12� )

2

6
6
6
6
6
6
6
6
6
6
6
6
6
4

1 + 12�
�

� 2 0 0 �
1 + 12�

�
� 2 0 0

� 12 6l 0 � 12 6l

� � 4l2(1 + 3 � ) 0 � 6l 2l2(1 � 6� )

� � �
1 + 12�

�
� 2 0 0

� � � � 12 � 6l

� � � � � 4l2(1 + 3 � )

3

7
7
7
7
7
7
7
7
7
7
7
7
7
5

; (23)

where � is de�ned as

� =

r
EsA

� G sA
=

r
2(1 + � s)

�
; (24)

7



and denotes theshear coe�cient , a dimensionless parameter that quanti�es the ratio between the
axial and shear sti�nesses of the Timoshenko beam. For the homogenized version of the discrete
chain shown in Fig. 1, the slenderness and shear coe�cient can be equivalently expressed in terms
of the axial, shear, and rotational spring sti�nesses as follows

� = l

r
ka

kr
; � =

r
ka

kt
; (25)

where l is the length of the equivalent beam.

4 Homogenization of grids of Timoshenko beams

The static homogenization procedure matches the strain energies to derive an elastic continuum
equivalent to a periodic grid of Timoshenko beams, following an approach similar to that applied
to Euler-Bernoulli rods [29]. To this end, a unit cell composed of Timoshenko beams is introduced,
as shown in Fig. 5. This cell tessellates a two-dimensional periodic lattice along the directions
de�ned by the direct basis vectors a1 and a2. Although illustrated as a square for simplicity, the
unit cell can have an arbitrary shape. The unit cell shown in Fig. 5 for the square lattice is chosen
to minimize the number of degrees of freedom in the system.

Fig. 5. Undeformed (left) and deformed (right) con�gurations for a square periodic lattice and its unit cell, made
up of Timoshenko beams, represented thick to emphasize the e�ects of shear deformation. In the right panel, the
gray beams represent the undeformed con�guration for reference.

Elastic strain-energy density of the unit cell. On introducing the vectors q and f , collecting
the nodal displacements and the dual nodal forces, respectively, the equilibrium of the unit cell
can be expressed as

K q = f ; (26)

where K is the symmetric sti�ness matrix of the unit cell, obtained by assembling the sti�ness
matrices K b, Eq. (23). Periodicity of the lattice requires for each pair of nodesf p; qg such that x q �

x p = n1a1 + n2a2, n1; n2 2 f 0; 1g that the components of displacement~q( j ) =
�
~u( j ) ~v( j ) ~� ( j )

� T

satisfy
~u(q) = ~u(p) ; ~v(q) = ~v(p) ; ~� (q) = ~� (p) : (27)

Multiple-scale asymptotic expansion of displacement �eld for periodic composites [30, 31] sug-
gests that, in addition to a periodic �eld (generating a vanishing macroscopic strain), an a�ne
deformation " x ( j ) is considered [4], so that the total displacement �eld can be written as

q( j ) =
�
~u( j ) + ( " x ( j ) ) � e1 ~v( j ) + ( " x ( j ) ) � e2

~� ( j )
� T

; (28)

where " is a given uniform strain tensor (representing a homogeneous strain for the unit cell) and
x ( j ) is the vector collecting the coordinates of thej -th node.

With reference to the unit cell reported in Fig. 5, vectors q and f can be partitioned as

q =
�
q( lb) q( rb ) q( lt )

� T
; f =

�
f ( lb) f ( rb ) f ( lt )

� T
: (29)
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Periodicity implies that the vectors ~q( rb ) , ~q( lt ) can be expressed through the `left-bottom' term
~q( lb) as

~q =

2

4
~q( lb)

~q( rb )

~q( lt )

3

5 =

2

4
I
I
I

3

5 ~q( lb) = Z 0 ~q� : (30)

Consequently, the generalized displacement vectorq can be written as the sum of the periodic
component, ~q, and the homogeneous component,̂q(" ), as follows

q( ~q� ; " ) = Z 0 ~q� + q̂(" ) ; (31)

where the homogeneous displacement vector of thej -th node is written as

q̂( j ) (" ) =

2

4
(" x ( j ) ) � e1

(" x ( j ) ) � e2

0

3

5 : (32)

Finally, Eq. (31) can be substituted into the equilibrium equation (26) for the unit cell, so that a
pre-multiplication by Z T

0 leads to the following expression

Z T
0 K Z 0 ~q� + Z T

0 K q̂(" ) = Z T
0 f : (33)

The right-hand side term can be represented as the sum of three nodal force vectors

Z T
0 f = f ( lb) + f ( rb ) + f ( lt ) ; (34)

which vanishes in the absence of external loads, as the internal forces shown in Fig. 5 satisfy the
equilibrium condition, f ( lb) = � f ( rb ) � f ( lt ) . Consequently, Eq. (33) reduces to

Z T
0 K Z 0 ~q� = � Z T

0 K q̂(" ): (35)

The sti�ness matrix K is rank-de�cient because the unit cell is unconstrained, allowing three in-
dependent rigid-body motions. Applying the periodicity conditions, represented byZ 0, suppresses
the rigid-body rotation while still permitting two rigid-body translations. As a result, for any
vector t representing a pure rigid-body translation, the following relation holds

K Z 0 t = 0; (36)

which shows that dim
�

ker(Z T
0 K Z 0)

�
� 2. The nullspace ofZ T

0 K Z 0 therefore containsat least
two zero-energy modes associated with rigid-body translations. Any additional zero-energy mode
in ker (Z T

0 K Z 0) is referred to as an internal mechanism, or `�oppy mode'. Floppy modes are
excluded in the present treatment.

The Fredholm alternative theoremstates that the system (35) admits a solution if and only if the
right-hand side, � Z T

0 K q̂(" ), lies in the orthogonal complement of the nullspace of the coe�cient
matrix Z T

0 K Z 0, that is

� Z T
0 K q̂(" ) 2 ker (Z T

0 K Z 0)
?

: (37)

This condition is always satis�ed, since any vector t in ker (Z T
0 K Z 0) represents a rigid-body

translation. As a result,
t � Z T

0 K q̂(" ) = K Z 0 t � q̂(" ) = 0 ; (38)

as implied by Eq. (36). The solution of system (35) can therefore obtained as a linear function of
"

~q� = ~q� (" ): (39)

Consequently, the elastic strain-energy density of the unit cell takes the form of a quadratic function
in " expressed as

E(" ) =
1

2jCj
q( ~q� (" ); " ) � K q ( ~q� (" ); " ); (40)

where jCj denotes the area of the unit cell.
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Matching with the elastic strain-energy density of an elastic continuum. The homog-
enization process establishes a connection between the microscopic behavior of the lattice and the
macroscopic response of an equivalent Cauchy elastic continuum by imposing the equivalence of
their elastic strain-energy densities. The strain-energy density of the unit cell corresponds to a de-
formation imposed through nodal displacements, while the strain-energy density of the equivalent
continuum is given by

W(" ) =
1
2

" � E[" ] ; (41)

with the associated stress-strain relation� = E[" ]. Enforcing the equivalence between the contin-
uum and lattice elastic strain energies, Eqs. (40) and (41), yields

" � E[" ] =
1

jCj
q( ~q� (" ); " ) � K q ( ~q� (" ); " ): (42)

The elasticity tensor, which characterizes the e�ective continuum material, follows from rela-
tion (42) as the second derivative of the elastic strain-energy density with respect to the macroscopic
strain " , as

E =
1

2jCj

@2
�

q( ~q� (" ); " ) � K q ( ~q� (" ); " )
�

@" 2 ; (43)

which exhibits all the required symmetries [32, 33].

5 In�uence of the beam shear sti�ness on the e�ective elastic
properties

This section investigates how the shear sti�ness of the beams forming the grid (assumed in�nite
in the Euler-Bernoulli model but �nite in the Timoshenko model) a�ects the behavior of the
equivalent elastic material.

For a two-dimensional Cauchy elastic material, the constitutive law can be expressed in Voigt
notation and with respect to an orthonormal basis ei (i = 1 ; 2) as

2

4
� 11

� 22

� 12

3

5 =

2

4
E1111 E1122 E1112

� E2222 E2212

� � E1212

3

5

2

4
"11

"22

2"12

3

5 : (44)

Since the elasticity tensor E is positive de�nite, Eq. (44) can be inverted as " = E� 1[� ], where
E� 1 is the compliance tensor. In Voigt notation, under the general case of material anisotropy and
assuming a state ofplane stress, the inverse relation takes the form

2

4
"11

"22

2"12

3

5 =

2

6
6
6
6
6
4

1
E1

�
� 21

E2

� 1;12

G12

�
� 12

E1

1
E2

� 2;12

G12
� 12;1

E1

� 12;2

E2

1
G12

3

7
7
7
7
7
5

2

4
� 11

� 22

� 12

3

5 ; (45)

where the compliance tensor includes the Young's moduliE1 and E2, the shear modulusG12, the
Poisson's ratios, � 12 and � 21, and the mutual in�uence coe�cients of the �rst and second kind,
de�ned as

� i;ij = � i;ji =
" ii

2" ij
=

" ii

2" ji
; � ij;i = � ji;i =

2" ij

" ii
=

2" ji

" ii
; i; j = 1 ; 2 not summed: (46)

The coe�cients � i;ij represent the ratio of normal to tangential strain components under pure
shear stress, while� ij;i correspond to the inverse of the strain ratio under a pure normal stress
applied in the directions 1 and 2 [34], respectively.

The following analysis adopts dimensionless geometrical and mechanical parameters to describe
each unit cell. Speci�cally, the Nb beams forming the unit cell are characterized by their slenderness
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� and shear coe�cient � . For a three-dimensional, linear elastic, isotropic material, the Poisson's
ratio � s is restricted to the interval (� 1; 1=2), which implies that � 2 (0;

p
3=� ). For example,

assuming a rectangular cross-section, where� = 5=6, and a typical Poisson's ratio of � s = 0 :3, the
corresponding shear coe�cient is approximately � ' 1:76.

For the sake of simplicity, all beams are assumed to share the same shear coe�cient� , as
de�ned in Eq. (24). In the context of Euler-Bernoulli beam theory, the shear sti�ness � G sA is
taken as in�nite, which corresponds to the limiting case � ! 0. This condition also occurs when
the Poisson's ratio of the material tends to the lower bound,� s ! � 1, leading to Gs ! + 1 . In
this limit, the Euler-Bernoulli and Timoshenko beam models coincide.

In the following, the relationship between the elastic properties of the e�ective continuum and
the slenderness of the beams is investigated through the determination of analytical expressions for
the elasticity tensor characterizing the equivalent continuum, as functions of the shear coe�cient
� and slenderness� . It is important to note that the in�uence of shear deformability is assessed
under the assumption of a homogeneous elastic beam, where axial, shear, and bending sti�nesses
are intrinsically linked. However, by employing more advanced models of microstructured rods
[13, 16], it is possible to decouple shear sti�ness from bending sti�ness, allowing for independent
control of these properties, as explained in Section 2.

5.1 Square lattice and the stubby-beam limit for a cubic equivalent ma-
terial

The square grid shown in Fig. 5 is generated by tessellating a square unit cell composed of two
identical elastic Timoshenko beams of lengthl . The dimensionless parameters characterizing these
beams are

� =
A2

A1
= 1 ; � 1 = � 2 = � ; � 1 = � 2 = � ; (47)

where A i denotes the cross-section area of thei -th beam, with subscripts 1 and 2 corresponding
to horizontal and vertical beams, respectively. Under these assumptions, the elasticity tensor in
Voigt notation becomes diagonal, with E1111 = E2222 .

By introducing an out-of-plane thickness h for the equivalent solid, taken as unity for plane
strain or as the thickness of the equivalent plate for plane stress, a dimensionless elasticity tensor
can be de�ned as

~E =
l h

EsA
E; (48)

so that the non-zero elastic constants characterizing the equivalent material are given by

~E1111 = ~E2222 = 1 ; ~E1212 =
6

� 2 + 12� 2 : (49)

In Fig. 6, the variation of the non-trivial elastic constant, ~G = ~E1212 , is examined. The left panel
illustrates its dependence on the Poisson's ratio� s of the isotropic material forming the beams,
which are assumed to have a rectangular cross-section, so that� = 5=6 in Eq. (24). The right panel
explores the e�ect of beam slenderness� on ~E1212 . In the right part of the �gure, the Timoshenko
beam model with � s = � 1 aligns with the Euler-Bernoulli model, as evidenced by the red dashed
line.

It is worth noting that the in�uence of the constituent material reduces as the beam becomes
more slender and becomes negligible for� > 15. As the slenderness approaches the theoretical
limit � ! + 1 , the grid behavior converges to that of a hinged square lattice, consistently with the
de�nition of � , Eq. (19). In this limit, the equivalent material retains the capacity to withstand
uniaxial and biaxial stresses along the principal directionse1 and e2, since ~E1111 and ~E2222 are
independent of � . However, the shear sti�ness vanishes,E1212 ! 0, indicating a loss of resistance
to shear deformation.

Although the results are plotted over the full range of slenderness� , values smaller than, say,
4 are generally unrealistic for conventional structural elements. However, small values of� are
possible in the case of microstructured beams. It is therefore of interest to examine the asymptotic
behavior as� ! 0, where the Timoshenko model predicts a �nite shear sti�ness, while the Euler-
Bernoulli model leads to an in�nite value. Thus, the Timoshenko model corrects the tendency of
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Fig. 6. E�ective shear modulus ~G = ~E1212 for a square grid of Timoshenko beams with rectangular cross-section,
plotted as a function of the Poisson's ratio � s of the beam material (left) and as a function of the beam slenderness
� (right). In the limit of stubby beams ( � ! 0), the Timoshenko model predicts a �nite shear sti�ness for � s 6= � 1,
whereas the Euler-Bernoulli model (red dashed line) leads to an in�nite value. The shear sti�ness increases as � s
becomes more negative, reaching a maximum in the limit � s ! � 1.

the Euler-Bernoulli formulation to predict in�nite shear sti�ness at vanishing slenderness. This
highlights the limitations of the Euler-Bernoulli theory for low-slenderness beams, whereas the
Timoshenko model remains valid and physically meaningful.

5.2 Lattices with isotropic e�ective properties

Only tessellations based on equilateral triangles or regular hexagons (honeycombs) yield isotropy
in the equivalent continuum. In a two-dimensional continuum theory, there are only four symmetry
classes: triclinic (or rhombic), orthotropic (or rectangular), cubic (or square), and isotropic. In
2D, the lattices that tessellate the plane are oblique, rectangular, cubic, and hexagonal. The
hexagonal case can be based either on equilateral triangles �forming a Bravais lattice� or on a
honeycomb pattern, which is not a simple lattice. Hexagonal lattices introduce six symmetry
axes (rotational and re�ective). To preserve these symmetries in the equivalent continuum, the
continuum must be isotropic. Except in special cases of constitutive behavior, the other lattices do
not possess su�cient symmetry to correspond to an isotropic continuum. It should also be noted
that applying higher-order homogenization (not considered here) may lead to a loss of symmetry
in the equivalent continuum [17].

Hexagonal geometries, which are considered in this section, result in an isotropic elastic tensor
that satis�es the following constraints

E1111 = E2222 ; E1212 =
E1111 � E1122

2
; E1112 = E2212 = 0 : (50)

Referring to a purely two-dimensional and isotropic continuum, where

� �� = ` " 

 � �� + 2m " �� ; �; �; 
 = 1 ; 2; (51)

in which ` and m play the role of 2D-Lamé constants, the elasticity tensor is written as

E =

2

4
` + 2m ` 0

` ` + 2m 0
0 0 m

3

5 ; (52)
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and the 2D Poisson's ration and elastic moduluse are de�ned as

n =
`

` + 2m
; e = 2(1 + n)m; (53)

respectively. Positive de�niteness of the elastic energy for a 2D continuum requires

` + 2m > 0; m > 0; e > 0; � 1 < n < 1; (54)

so that for

plane strain ` =
2��

� � 2�
; m = �; e =

E
1 � � 2 ; n =

�
1 � �

;

plane stress ` = �; m = �; e = E; n = �;

(55)

where � and � are the Lamé constants andE and � the elastic modulus and the Poisson's ratio of
the 3D theory of elasticity.

As the 2D-Poisson's ration approaches the lower (the upper) limit � 1 (+1 ), the shear modulus
m tends to in�nity (tends to e=4), as represented in Fig. 7.

Fig. 7. 2D-Lamé constants ` and m (made dimensionless through division by the elastic modulus e) as functions
of the Poisson's ratio n 2 (� 1; 1), for a two-dimensional isotropic material.

In the following, three di�erent lattices with isotropic e�ective properties are analyzed.

5.2.1 Triangular lattice and the false auxeticity arising from Euler-Bernoulli beam
modeling

A triangular lattice composed of Timoshenko beams is analyzed, with a unit cell consisting of six
beams, all of equal lengthl=2, as illustrated in Fig. 8.

All beams have the same cross-sectional areaA, moment of inertia J , slenderness� , and shear
coe�cient � . The elastic constants of the continuum material equivalent to the grid are normalized
according to equation (48) and depend on the parameters� and � as follows

2

4
~E1111

~E1122
~E1112

� ~E2222
~E2212

� � ~E1212

3

5 =
3
p

3(� 2 + 12� 2 + 4)
4(� 2 + 12� 2)

2

6
4

1 � 2 +12( � 2 � 1)
3(� 2 +12 � 2 +4) 0

� 1 0

� � � 2 +12( � 2 +1)
3(� 2 +12 � 2 +4)

3

7
5 : (56)

The inverse of the elasticity tensor for the equivalent material, Eq. (56), yields the compliance
tensor E� 1, which, for a state of plane stress, can be expressed in terms of two independent
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Fig. 8. Triangular beam lattice (left) and corresponding unit cell composed of six elastic Timoshenko beams (right).

constants as

~E� 1 =

2

6
6
6
6
6
4

1
~E

�
�
~E

0

�
1
~E

0

� �
2(1 + � )

~E

3

7
7
7
7
7
5

; (57)

where ~E = E l h=(EsA) and � denote the dimensionless Young's modulus and the Poisson's ratio,
respectively, depending on� and � as

~E =
2(� 2 + 12( � 2 + 1))
p

3(� 2 + 12� 2 + 4)
; � =

� 2 + 12( � 2 � 1)
3(� 2 + 12� 2 + 4)

: (58)

In Fig. 9, Eqs. (58) are plotted assuming that the beams have a rectangular cross-section
(� = 5=6) and are made of a linear elastic material, see Eq. (24). In the left panel of the �gure,
~E (continuous curves) and� (dashed curves) are shown as functions of the Poisson's ratio of the
beam material, � s (or parameter � ), for four values of slenderness. In the right panel of the �gure,
~E (continuous curves) and� (dashed curves) are plotted as functions of the slenderness� for �ve
values of � s or � .

Fig. 9. E�ective Young's modulus ~E (continuous curves) and Poisson's ratio � (dashed curves) for the triangular
lattice, shown as functions of the Poisson's ratio � s (and � ) of the beam material (left) and of the beams slenderness
� (right). Note that the Euler-Bernoulli model coincides with the Timoshenko beam model when � = 0 ; in this
case, the e�ective Poisson's ratio reaches its minimum value, � = � 1, as � ! 0 (right).

It is worth noting that for beams made of a material with a negative Poisson's ratio within
the range � s 2 (� 0:618; 0), the e�ective continuum material exhibits a positive Poisson's ratio
regardless of the slenderness. Conversely, when the Poisson's ratio of the beam material lies
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