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Abstract

The nonlinear mechanics of a flexible elastic rod constrained at its edges by a pair of sliding
sleeves is analyzed. The planar equilibrium configurations of this variable-length elastica are found
to have shape defined only by the inclination of the two constraints, while their distance is respon-
sible only for scaling the size. By extending the theoretical stability criterion available for systems
under isoperimetric constraints to the case of variable domains, the existence of no more than one
stable equilibrium solution is revealed. The set of sliding sleeves’ inclination pairs for which the
stability is lost are identified. Such critical conditions allow the indefinite ejection of the flexible
rod from the sliding sleeves, thus realizing an elastica sling. Finally, the theoretical findings are
validated by experiments on a physical prototype. The present results lead to a novel actuation
principle that may find application as a mechanism in energy harvesting, wave mitigation devices,
and soft robotic locomotion.
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1 Introduction

Examples of highly efficient flexible devices can be found throughout history: the ancient war engines
made of wood and ropes for throwing stones and arrows (namely, the catapult and the ballista).
The performance of the Greek catapult was largely lost a few centuries after the Romans copied the
weapon [44]. Furthermore, the design of a revised version of the catapult, in which the throwing arm
is subject to large rotations, is the so-called ‘da Vinci catapult’ (drawn in “Il Codice Atlantico”).
Other examples of fascinating efficient compliant mechanisms can be found in nature. Many animals
(e.g. snakes and fishes) continuously and deeply change their shape to provide locomotive forces on
solid surfaces and in fluids.

The field of structural mechanics is experiencing a second lease on life in the last decade, as the
use of extremely deformable structures has become the new paradigm in the design of reconfigurable,
wave mitigation, energy harvesting, and actuation mechanisms. Indeed, while in the past the nonlinear
regime of structures was avoided as a safety measure in the classical mechanical design, today it drives
the main strategy for realizing devices with novel and unexpected mechanical responses [33] 46].

Soft robotics is a relatively young field that has emerged with the aim of overcoming the inherent
limitations of traditional robots by replacing stiff components with highly compliant ones. In addition
to dramatically reducing safety issues in the interaction with humans and objects, compliance is also
exploited to provide different locomotion modalities [I7]. Recently, actuation through an impulsive
motion generated by snapping instabilities has been considered for realizing wearable devices for
human joint impedance estimation [52], tasks of inflation/deflation routine of a fluid-filled cavity [5],
and high performance jumping [41l, [42] and swimming [53] robots.
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More in general, the design of mechanical metamaterials, materials displaying features not achiev-
able from the classical ones, has been recently enhanced by considering the in uence of structural
exibility [7[ltowards multistability [1,[3, 40, 48], recon gurable structures [25, 36], wave guiding
[11, 18, 27] and unidirectional wave propagation [43, 45].

Within this renewed interest in nonlinear structural mechanics, the attention of scientists and
researchers has also been drawn by structures with variable domain. The most famous example is the
concentric tube robot, commonly used for minimally invasive surgeries [2, 38, 47]. More speci cally,
a variable domain structure is realized whenever one element can slide along another providing a
variation in its overall “exterior' length or surface area.

The framework of con gurational mechanics, introduced by Eshelby [24] to model defect motion
within solids, has recently been extended to structures subject to sliding sleeve constraints [9]. The
existence of an outward reaction acting along the sliding direction was demonstrated and shown to
be quadratic in the curvature value of the exible element at the exit of the sleeve. Since then,
this concept has been exploited in bifurcation problems [8, 15, 16, 35], nonlinear dynamics [4, 34],
wave propagation [22], and to design novel actuation mechanisms, such as the torsional [10] and
the frictionless curved channel [21] locomotions. The introduced theoretical framework led to a new
interpretation of dislocation motion [6], blistering [29, 50], delamination [49], and penetration [51]
processes. In addition, the rst numerical models for the treatment of variable domain structures
have recently appeared [30, 31, 32].

The nonlinear mechanics of a exible elastic rod constrained at its edges by a pair of sliding
sleeves is analyzed in this article (Fig. 1, above). In Sect. 2, the mechanical model is formulated

Fig. 1: Sketch of the elastica sling' realized through the rotation of two sliding sleeves constraining a exible elements.
The system in its undeformed con guration (above) and during two di erent rotations paths (bottom). More speci cally,

a symmetric and an antisymmetric evolution is reported on the bottom left and on the bottom right, respectively. With
reference to the nomenclature provided in the following, the symmetric evolution is referred to 1 = 2= (namely,
A = 0), while the antisymmetric oneto 1 = » = (namely, s =0). Two deformed con gurations are reported,
associated with = =4 and with = , the critical value providing the inde nite ejection of the exible element from

the sliding sleeve constraints, which is ¢ = =2 (lefty and ¢  1:106= 2 (right).

and the equilibrium together with the second and third variations are derived through a variational
approach. The planar equilibrium con gurations of this variable-length elastica are obtained in Sect.
3 and found to have shape de ned only by the inclination of the two constraints, while their distance
is responsible only for scaling of size. A theoretical stability criterion is established in Sect. 4 by
extending to the case of variable domains a previous method available for xed-length systems under
isoperimetric constraints. The developed theoretical framework is exploited in Sect. 5 to show that
there is no more than one stable equilibrium solution for each pair of inclinations and to de ne the
corresponding values at which stability is lost. The inde nite ejection of the exible rod from the
sliding sleeves occurs at these critical conditions, thus realizing arelastica sling (Fig. 1, bottom).
These theoretical ndings are nally validated (at the Instabilities Lab of the University of Trento)
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through experiments on a physical prototype.
The present analysis provides a nonlinear mechanism that can be used as a building block in the
design of novel strategies for energy harvesting, wave mitigation devices, and soft robotic locomotion.

2 Formulation

2.1 Geometry and kinematics

The planar mechanical behaviour is investigated for a exible, unshearable, and inextensible rod
constrained at its two terminal parts by two dierent sliding sleeves, Fig. 2. The position and
inclination of each sliding sleeve is controlled. The curvilinear coordinates, corresponding to the arc
length because of the inextensibility assumption, is introduced to describe the cross section position
along the rod of length L, s 2 [0;L]. The relative position of the two sliding sleeves' exits along the
rod is de ned by the two coordinatess; ands; (0 s; <s», L) representing the two con gurational
parameters of the system. It follows that the part of rod outside of the sliding sleeve has length
given by

‘= s sy Q)

Fig. 2. The ‘elastica sling' realized through a exible rod of uniform bending stiness B and length L, constrained
at each edge by a dierent sliding sleeve. (Left) The con guration of the system is described by the rotation angle
(s), function of the curvilinear coordinate s 2 [0;L] and the value of the two con gurational parameters s; and sz,
associated with the position of the sliding sleeve exits. The rod con guration varies with the change of the sliding sleeves
inclinations 1 and ; and distance d. Resultant force R (inclined at an angle ) and moments M, and M, at the two
sliding sleeve exits are also reported. (Right) Curvilinear coordinate s and position of the sliding sleeves' exit at s; and
s = s1 + 7, being * the rod's length between the two constraints.

Neglecting rigid-body motion and excluding out-of-plane deformations, the system response is
planar and can be modeled within a Cartesian reference system vy, centered at the exit of the
sliding sleeve ats; and with x axis joining the two sliding sleeves' exit points, far from each other
by the distance d, so that

X(s1) = y(s1) = y(s2) = 0; X(s2) = d: (2

The length * of the rod between the two constraints is bounded from above by the rod's length. and,
due to inextensibility, from below by the distance d between the two sliding sleeve exits

d ° L 3
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Measuring through the rotation eld (s) the anti-clockwise angle of the rod's axis with respect to

the x axis, the inclinations 1 and » of the two sliding sleeves introduce the following constraints on
(s)

(= b S 2 [0;s1];

2, S2][sy L]

The constraints (4) introduce the possibility that the rotation eld (s) is not continuously di eren-
tiable at s; and s,. Moreover, by considering inextensibility of the rod, the x(s) y(s) position elds
are constrained to the rotation eld (s) through the following di erential equations (a prime stands
for derivative with respect to s)

x{s)=cos (s);  yYs)=sin (s); (5)

and therefore the two following isoperimetric constraints can be derived from the coordinates of the
two sliding sleeves exits (2)
z z

S2 S2
cos (s)ds = d; sin (s)ds=0: (6)

S1 S1

(4)

2.2 Total potential energy and perturbed con guration

An inextensible and unshearable rod is assumed to deform only within thex1{x> plane and to be
straight in its undeformed con guration. It is further assumed that the rod is linear elastic, therefore
the bending momentM at the curvilinear coordinate s is given by M (s) = B {s), where qs) is the
rod's curvature and B is the bending sti ness, considered uniform.
The total potential energy V of the planar elastic system is de ned by the following functional of
the rotation eld (s) and of the two con gurational parameters s; and s;
Z Z Z

B So S2
V( (s);s1;82) = >

S2
Ys)?2ds Ry d cos (s)ds + Ry  sin (s)ds
S1 S1 S1 (7)

+ My[ (s1) 1]+ M2[ (s2) 2l;

where Ry, Ry, M1, and M are the Lagrangian multipliers. M, and M, are the moment reactions at
the two sliding sleeve exits, enforcing there the controlled sliding sleeves rotations (4), whil&y and
Ry represent the projections along thex and y axes of the reaction forceR at both ends and inclined
atthe angle 2 [ ; ] (positive when anti-clockwise),

Rx = Rcos; Ry =Rsin; (8)

and enforcing the distance between the sliding sleeves through the isoperimetric constraints (6). It
is highlighted that the expression (7) adopted for the de nition of the total potential energy V is an
extended version of the functional usually considered (given for the system under consideration by
the elastic bending energy only). Indeed, the expression (7) includes the presence of the null work
performed by the Lagrangian multipliers, which does not a ect the total potential energy value but
is essential to derive the proper equilibrium equations of systems subject to isoperimetric constraints.
In order to achieve the equilibrium con guration de ned by Sieq Szeq and eq(S) and to assess
its stability character, a perturbation approach for moving boundaries is now developed. The con-
gurational parameters s; and s, of the sliding sleeve exits are considered through the perturbations
s; and s, superimposed to the respective coordinate at equilibrium

S1 = Speqt S1; S2= Speqt  So 9)

Considering that "eq = Szeq Szegand ~ = S sy, the perturbed external rod's length * follows
from Eqg. (1) as

T=Teqt (10)

4
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As far as regards the rotation eld (s), the following perturbed eld is considered
(s+ s1)= eqs)*+  (9): 11)

At this point, it is worth to underline that, beside the choice (11), other de nitions for the perturbation
in the rotation eld can be introduced to analyze the present variational problem with two moving
boundaries. For instance, another option could be the one reported by Elsgolts [23]

(5)= eS)+  (9); (12)

thus introducing a perturbation of the equilibrium rotation  eq(S) at each coordinate s, while that
given by Eq. (11) is de ned at the perturbed coordinate s+ s;. Due to its cumbersomeness, a
further variational approach based on the most general perturbation in the curvilinear coordinates
(proposed by Gelfand and Fomin [28]) is deferred to Appendix A. It is shown that this approach leads
to the same conclusions obtained by considering the perturbation measure (s), Eq. (11).

By comparing Eq. (11) with Eq. (12), the relation between the two measures of the perturbation
in the rotation is

(S) = eqs S1)  eqS)+ (s $1): (13)

Although the two measures (s) and  (s) of the rotation perturbation appear equivalent, it is
shown in the next Subsection that only  (s) would allow for describing a “pure-sliding' of the system
con guration in a rst order analysis.

2.3 Pure-sliding' and the proper measure of rotation perturbation

A “pure-sliding’ perturbation is considered, de ned as the change in the con guration such that the
rod slides in one direction by keeping its portion unconstrained by the sliding sleevess 2 [s1; s3],
appearing with the same deformed con guration along a constant length’, Fig. 3. With reference to
the introduced perturbation quantities, a “pure-sliding' perturbation is realized when

S1= S$,60; T =0;
(s)=0; (S)= eq(s  s1);

and, because assumed not explicitly dependent on the curvilinear coordinats (for instance through
a non-constant bending sti nessB (s) & const or through the presence of an external load applied at
a xed coordinate s), the total potential energy V is preserved,

V((s);51;52) = V( eq(S); Steq; S2eq) (15)

The “pure-sliding’ perturbations is the key for understanding why the measure  (s) is privileged
with respect to the measure (s). Indeed, while the former is null, the latter is non-null and given

by

(14)

C(9)= eq(S S1) eq(s) 6 0: (16)

Moreover, a small generic perturbation around the equilibrium con guration can be considered through
a small positive parameter ruling the modulus of the perturbations  (s), s;, and sy, as

S1= Speqt S1; S2= Speqt S 2 (s+ s1)= eq(9)+ (s); an

from which it follows
T=Teqt where =S sy (18)

By assuming the rst-order perturbations (s) and s, the expansion of Eq. (13) for small provides
the perturbation ~ (s) as the following power series in
h i
_ %Dk K sy B
(s) = ” s bk (19)
k=1 '
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Fig. 3: Neutrality of equilibrium realized through a “pure-sliding' of the elastic rod, made possible by the presence of two
sliding sleeves. (Left) Deformed equilibrium con guration ég) (s) (blue) obtained through a “pure-sliding' perturbation
a)

for a distance s; (while (s) = 0) of another equilibrium con guration éq (s) (red). (Right) Equilibrium rotation

elds é‘a‘)(s) and ég)(s) as functions of the curvilinear coordinate s 2 [0;L]. The non-null variation measure ~ (s) for
a “pure-sliding' is highlighted.

where the superscriptk] de nes the k-th derivative (and therefore the superscript [%1 stands for no
derivative). Eq. (19) further shows that, when a rst-order perturbationin sy and  (s) is assumed,
the “pure-sliding' perturbation (simply dened by (s)=0and ~ = 0) requires the following in nite-
order expansion for  (s)
X kK]

= L ES s (20)
k=1 '
which discloses that the perturbation  (s) could not be considered as a primary perturbation eld
to investigate the present mechanical system because not including the “pure-sliding' perturbation
at its rst-order expansion. Nevertheless, the measure (s) for the rotation variation is commonly
adopted through a small variation ~ (s) and leads to potential energy variations at di erent orders

coincident with those obtained by considering the small variation (s), as shown in Appendix A.

2.4 Variational approach

The planar elastic system with two variable ends is analyzed through a variational approach by consid-
ering the perturbed quantities expressed as in Eq. (17) with reference to the rst-order perturbations
(s), s1,and s, = si+ . By considering the perturbed coordinatess; and s, and rotation eld

(s) as given by Eq. (13), the total potential energy V becomes

Z
B S2;eqt S 2
V== Ws s+ s s1) % ds
2 S1;eqt S 1
!

S2;eqt S 2
Ry d cosf[eq(s sS1)+ (s si)ds
Siieqt S 1 (21)
S2;eqt S 2
+ Ry sinf[eq(s Ss1)+ (s s1)]ds
Sieqt S 1

+ M1 (Steq) * M2[ eq(Szeqt )+ (s2eqt+ ) 2l
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which, through a change in the integration variable, can be rewritten as

v !

B VA S2:eq t ) 2 S2;eq t )
V=— W+  Ys) “ds Ry d cos[eq(S)+  (9)]ds
2 Siieq Si1;eq
S2;eqt S 2 )
+ Ry sin[ eq(s)+ ()] ds+ M1 (Sieq) + M2[ eq(S2eqt ")+ (Szeq+ ) 2l
Sieqt S 1

(22)
The last expression, derived under the assumption of uniform bending sti nes8(s) = B, shows that

V = V( eqS);Steq: Szeqs  (S); ) (23)

and therefore that a change in the total potential energyV is only provided by the perturbation in
the rotation eld (s) and in the external rod's length * . Therefore, a “pure-sliding' perturbation
described by s1 = s, 6§ 0 and (s) = 0 does not vary the total potential energy V, so it can be
concluded that

(i.) the coordinate si.eq plays just the role of a dummy variable and therefore, under the assumption
that s;eq > 0 and "eq 2 (d;L  Sgeq), the system can be investigated with reference to the
rotation eld ¢q(s) and only one con gurational parameter “¢q (instead of two, Si.eq and Sp.eq =

S1eq T \eq);

(ii.) the planar equilibrium con gurations of a uniform rod constrained by two sliding sleeves at its
ends are coincident with those corresponding to the case when one of the two sliding sleeves is
replaced by a clamp.

In order to obtain the governing equations for the present system and to assess the stability of the
equilibrium con gurations, the total potential energy V is expanded as the following power series in
the small positive parameter

Xk
V((8);s1552) = V( eq(S); eq) + Kl “V(eq(S);eq (S); ) (24)
k=1

where KV represents thek-th variation of V, null in the case of a “pure-sliding' (s1 = s» 6 0,
2 0),
KV ( eq(S);eq (5)=0;  =0)=0; 8k2N: (25)

Interestingly, the boundary conditions (4) evaluated at s; and at s, and expanded for small imply
the following compatibility conditions for the perturbation (s)

(S1:eq) = 0;
[k+1] . (26)
[k] . — eq (32;9(1) . k 2 N .
(S2:eq) T k+1 1;
while the rst-order expansion of the isoperimetric constraints (6) imply
N Szeq . . z S2:eq
COS eq(S2;eq) Sin gqg(s) (s)ds=0; Sin eq(S2ieq)  + COS gq(S) (s)ds=0: (27)
Sieq Sieq

It is noted that the perturbations evaluated at s;.eq and Sp,eq Values are intended as the value of the
perturbation by approaching the ends from outside the constrained region, namelys.eq ! SI;eq and
Szeq! Speq DECause the rotation eld (s) is not continuously di erentiable at these two points from
the constraints (4).
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After integration by parts, exploiting the boundary conditions (4) and the compatibility constraints
(26) on the perturbations (s) and ", the rst variation V is given by

S2:eq
V= B 25(S) + RySin eq(S) Ry COS e(S)  (s)ds
(510 )
B Oy(Szeq) | (28)
5 Rx COS eq(S2:eq) Ry SiN eq(S2ieq)

The annihilation of the rst variation V for every perturbations (s) and ~ leads to the elastica
equation
B J3(S)+ RxSiN ¢q(S) RyCOS eqS)=0; 2 (Steq Szeq): (29)

and to the interface condition at the sliding sleeve ats = Sp.eq

2
B gq(SZ;QQ)

2 RX cos eq(sz;eq) Ry Sln eq(sz;eq) = 0 : (30)

Manipulation of the elastica equation (29) and the interface condition (30) provides

2
B 249
2

Recalling the de nition (8) for the reaction components Ry and Ry, the last equation yields

2
B &(9)

> 0; S 2 (S1eq S2eq) ; (32)

R cos| eq(S) 1=
which in turn implies
> eq(S) E; S 2 (S1eq; S2;eq) : (33)

Inequality (33) provides the following necessary condition for the existence of the equilibrium con g-
uration

max f (s min f (s : 34

Sz(sl;eq ;52;eq) ( )g 52(Sl;eq ;Sz;eq) ( )g ( )

In the next Sect. it is shown that the equilibrium eld (s) may display a numberm 0 of in ection

points at the curvilinear coordinate § (j = 1;::;m), therefore de ned by a null derivative of the

rotation at these points, O(lq) = 0. In the case of elasticae with no in ection points (m = 0), the
necessary condition (34) is equivalent to

j1oo2 (35)

In the case of elasticae with in ection points (m 1), Eqg. (35) still represents a necessary condition,
although less restrictive than Eq. (34). Moreover, in the case of elasticae with in ection points
(m 1), Eqg. (32) shows that at equilibrium the reaction force R is orthogonal to the rod's tangent
at each in ection point,

i) J=g J=limm (36)
Considering equation (31) and the compatibility conditions (26), the second variation 2V can be

expressed by

)
S2:eq 0 2
V= B (92 S [ (G ds B Yo Usred H  (3)

Sieq
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while the third variation 3V by

Z S2: 00 2 )
e B (S2;eq) .
V=B RO (NPds 5 55—+ Yfsaed ¥ (38)
Sieq

From the stability point of view under conservative conditions, due to the presence of possible
“pure-sliding’ perturbations, the planar equilibrium con gurations of the rod when constrained by
two sliding sleeves can be neutral or unstable, respectively corresponding to stable and unstable for
the same system where a sliding sleeve is replaced by a clamp. However, the inherent neutrality of
the equilibrium of the system with two sliding sleeves can be never observed in practical realizations
because of unavoidable presence of (air drag and/or friction) dissipation mechanisms. Therefore,

from the practical point of view, the planar mechanics of a uniform elastic rod
constrained by two sliding sleeves is equivalent to that of
the same system with one of the two sliding sleeves replaced by a clamp.

It is worth to highlight that the latter statement holds only for systems characterized by a total
potential energy V not explicitly dependent on the curvilinear coordinate s (therefore, for instance,
the application of forces at xed coordinate s and a non-constant bending sti nessB(s) 6 const are
excluded).

The equilibrium con gurations and the stability criterion for the present planar system are ad-
dressed in the next two Sections. Since only the con gurations at equilibrium are considered hence-
forth, the subscript ( )eq is removed to simplify the notation, namely

3 Equilibrium con gurations

The closed-form solution for the elastica subject to Dirichlet boundary conditions and isoperimetric
constraints can be obtained by distinguishing the two fundamental cases of absence and presence of
in ection points, whose number is denoted bym, and therefore corresponding to a hon-in ectional and

an in ectional con guration, respectively. While the curvature maintains the same sign for s 2 [s1; S]

in the former case, a sign change occurs ah points within the same set in the latter case and, as a
result, the corresponding solution is more involved. The solution of the equilibrium equation (29) has
been presented in [19], showing that the sliding sleeve reaction forde is given by

8
R2 < ?F(2 ) F (4% m=0; )
B Fes ) Feu P meo;
while the rotation eld (s) for the part of rod outside of the sliding sleeves,s 2 [s1;s2], by
8 S S
 +2am T (F(2 ) F (1 D*+F(x ) m =0;
(9= ¢ s (41)
: +2 arcsin  sn - 1(F(!2; ) F (Y1, D+ F( g ) ; me6o0:

In Egs. (40) and (41), F is the Jacobi's incomplete elliptic integral of the rst kind, am is the Jacobi's
amplitude function and sn is the Jacobi's sine amplitude function
z d
F(,' )= P =am F(;");" sn(u; ' )=sin(am(u; ' )); (42)
o 1 '2sin?
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and

X = ;1 =arcsin }sin 1 :
2 ’ 2 2 ’ -1 2 y

2 +( 1)Pm;

. (43)
lo=( 1)™ arcsin =sin

where the Boolean parametemp is introduced to de ne the solution with positive (if p = 0) or negative
(if p=1) sign of the curvature at the initial end s = s;. Moreover, de ning b= (b) as the rotation
value at the in ection point with smallest coordinate value b= b, qb) =0, the parameter is given

by
b

=sin (44)

Imposing condition (31) on the generic solution (41) in the absence of in ection points (n = 0) reveals
the value of the parameter

SF(x) F(x @ ?=0 ) ='2 (45)
and in the presence of in ection points (m 6 0) that of
SFCz ) F (s P@2 D=0 ) = ps; (46)

2

the latter further con rming the orthogonality between the direction of the resultant R and the rod's
tangent at the in ection coordinate b, Eq. (36). It also follows that all the equilibrium con gurations
with in ection points are di erent portions of the same "in ectional mother curve' [13, 19, 26, 37]
characterized by property (36), Fig. 4. According to previous investigation [19], ttbe equilibrium
con guration with no in ection point m = 0, therefore related to the parameter = ' 2, represent
portions being “extracted' from the in ectional mother curve, related to the parameter =1= 2.

Fig. 4. (Above) Among the in nite planar equilibrium con gurations for 1= 2= =38, the non-in ectional (blue)
and two in ectional elasticae with  m = 2 (green and orange) are highlighted along the “in ectiarlal mother curve' (grey
curve). The “in ectional mother curve' is associated to equilibrium con gurations with =1= 2, for which the reaction
force R is orthogonal to the elastica at each in ection point (circles). (Bottom) The three equilibrium con gurations
highlighted along the in ectional mother curve' for 1 = 2 = =8 reported for the same sliding sleeves' distanced,
showing di erent values of the corresponding external lengths °

Considering the rotation eld (s), Eq. (41), in the integration of the di erential relations (5),
the closed-form expressions Lor the position eldxigfs)"and y;&s) can be obtained as

x(s) _ . cos sin A (s) o
y(s)  sin cos B(s) S2 [siisal; “7)

10
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where, in the absence of in ection points fn = 0), A(s) and B(s) are given by

s s _ _ _ _ p_
E > 1F z;pz F 1;p2 +F 1;p2,p2 EF 1;p2,p2
A(s) = s W N :
(s) F 5 2 F 4 2
(48)
dn F 1;p§;p§ dn >3 F z;pi F 1,p§ +F 1;p§;p§
BS: N e ,
() F 2;H2 F 1;P2
while in the presence of in ection points (m 6 0) by
ES S F iuph F oipps +F Ipps ipe EF lppe ps
2 2 2 2 S s1.
A(s)= 2 —
F '2191t F '191t
2 2
cn F '12\91t;i91t cn 23 E 'z,Plt F 'up= +F 'LPli,Plt
_p 2 2 2
B(s) =
Folaps F o1pps
T2 T2
(49)

In the previous equations the function cn is theJacobi's cosine amplitude function E is the Jacobi's
epsilon function, and dn is the Jacobi's elliptic function

cn(u; ' ) =cos(am(u; ' )); EC(;" )= E@m(;"' );"); dn(u; ') = P 1 " 2sré(u;'); (50)

while E is the Jacobi's incomplete elliptic integral of the second kind
Zq
E(;' )= 1 '2sin® d: (51)
0
Finally, the isoperimetric constraints (6) provide the following weakly-coupled nonlinear algebraic
system in the unknown reaction inclination and rod's length * for given sliding sleeves' rotations 1

and », and distanced " # " # 0" #
cos sin A( ) _ d (52)
sin  cos B( ) 0’
where A( ) = A(sl+ Yand B( ) = B(sy + °), namely
8 - = 8
E E 1,2 pcosnzl pcoszr@ . o
" P2 %F s 2 F ;02" m=u
= 1 1 = _
A()= E i < E 1 p= B() P 2(cos! 1 cos! )
2 2 . ; m6&o0:
% 2 , % 1 1
1 - F lo;p= F 15 p—=
% F '1,% 2 2 L 2
(53)

Solving the nonlinear system (52) provides one or more pairs of the unknown parameters and °
corresponding to planar equilibrium con gurations with m in ection points. The weak-coupling in
the nonlinear system (52) allows for computing the value of from

A( )sin + B( )cos =0; (54)

which de nes a set of in nite homothetic equilibrium con gurations characterized by the following

constant ratio for "=d,

© _ cos .
q- O 1: (55)
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This implies that the planar equilibrium con gurations have shape governed only by the parameter
(which in turn depends on the sliding sleeves' inclination, 1 and ») and is una ected by the distance
parameter d, which has the only e ect to scale the size of the deformed con guration (as long as
<L)

The conditions to assess the stability of the non-unique equilibrium con gurations are derived in
the following Section. It is anticipated that no more than one stable con guration exists for each pair
of inclinations 1 and », and that the stable con guration is characterized by none (m = 0) or one
in ection ( m = 1) point only.

4 Stability criterion for systems subject to isoperimetric constraints and with variable-
length ( ~ 60)

An equilibrium con guration is stable whenever the corresponding second variation 2V in the total
potential energy is positive for every perturbations (s) and ° that are compatible, namely, consistent
with the whole set of imposed constraints. The equilibrium stability for systems with variable-domain
has so far only been assessed in the absence of isoperimetric constraints [39]. On the other hand, Bolza
in 1902 [12] established the stability criterion for systems with non-variable one-dimensional domains
subject to isoperimetric constraints.

A criterion for assessing the stability of variable-domain systems under isoperimetric constraints
is introduced for the rst time, by extending the formulation by Bolza [12] to variable domains. By
excluding “pure-sliding' perturbations (Sect. 2.2), the stability of the planar system with two sliding
sleeves is equivalent to that with one of the two constraints replaced by a clamp. This simplied
system is here addressed by considering xed; and varying only sp, namely s; =0and s, = °
The following generic expression for the second variation?V, to be later reduced to that relevant to
the present problem, Eq. (37), is considered

Zg,
2y = Hi ®+Hy, 2 ds+F(s) 2 (56)
S1
where H1(s) > 0 (denoting the so-called "Legendre's condition', necessary for the stability of the
system) and H»(s) are given functions of the spatial variable s ranging within the xed set [ s1; s3],
while F (sy) is a given function of s;. The system is considered to be subject to a boundary condition
at the xed end s; and to a compatibility condition at the moving end s, providing the following
constraints for the perturbation eld  (s) and the length perturbation ~ 6 0 at these two coordinates

(s1)=0; (s2) = W(s2) (57)

where W (sp) is a given function of sp, and also subject toN isoperimetric constraints on the pertur-
bations, expressed through given functionsT;(s) and scalarsfi(s,) (i =1;::;;N) by
Zs,
Ti d =fi(sp); i =1;:5N: (58)

S1

Introducing the di erential operator as

( )= (H1 9% Hy ; (59)
and the vector of independent functionsu(s) = fu(s);vi(s);:::; VN (s)g as the solution of the following
di erential system 8

(u(s)=0; u(s1) =0; uYs1)=1;

.( vi(s)) = Tu(s); Yl(sl) =0; Y%(Sl) =0; (60)

(W (9)= Tn(s); Wn(s1)=0; VR(s1)=0;
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the generic compatible perturbation (s) can be expressed as the following combination of continuous
functions

=p u=p(su(s)+ als)vi(s) + i+ g (s)wn (S); (61)

wherep = fp(s); qu(s);:::;qn (S)gis a vector of arbitrary functions admitting rst and second deriva-
tives, while the symbol represents the scalar product.
From Eq. (59) the following relation can be obtained
h i
()= Hapu Hip u)°’; (62)

which, after several passages, can be rewritten as
( )= p (W H 1p® u "+ Hy(p® u)?+ Hy (p° u)(p u9 (p° u9(p u) : (63)
Considering that u(s;) = 0, by de nition of the system (60), and that the following properties hold
a b:c d=(a c)b d); A:B=t[A Bl a b=(b a)'; (64)

where the symbols ™ ', ', “tr' and " | ' respectively denote the outer product, the double scalar product,
the trace operator and the transpose operator, Eq. (63) can be rewritten as (details are reported in
Appendix B)

Z 0 Z,
( )=Hi(p’w?+ p p: (u) ud Haip®u) 2p p°% (u) ud:
S1 S1
(65)
Exploiting the identity derived from Eq. (62) and by integration by parts
Hi ®+H; %= ( )+(H: 9 (66)
the following relation nally holds for an arbitrary number N of isoperimetric constraints
Z 0 Z
Hi ®+Hp 2=Hy(p® u)?+ p p:  (u) ud + Hap uy) 2p p% (u) ud:
S1 S1
(67)
By restricting attention to the case of two isoperimetric constraints N = 2, the vectors p(s) and
u(s) reduce to 2 3 2 3
p(s) (s)
p9=9 a5 uEe=9 v S (68)
%(s) Va(s)
and the following identity holds
2 3
Z, 0 0 0
(u() u()d =9 mys) n(s) ou(s) 5: (69)
* Ma(s) Na(s) 0n(s)
where
Z S Z S Z S
mi(s)=  u()T()d;  ni(s=  vi( )T )d; oi(s)=  vo( )Ti( )d; (70)
S1 S1 S1

and therefore the last term on the right hand side of Eq. (67) simpli es as
z

S

2p p%  (u) ud = 2g(pMi+ fni+ o)  2mp(pnz+ ofna+ Pop): (71)

S1
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Following Bolza [12], the following two constraints for the rst derivative of p(s), qi(s), and (s) are
considered without loss of generality

pmi + ofn; + o = 0; i=1;2: (72)
The latter constraints lead to the following identities
(pmi + auni + 0)%= Ti(pu+ quvai+ Gv2) = Ti 5 i =1;2 (73)
which can be integrated to provide
Z S
p(s)mi(s) + au(s)ni(s) + w(s)ai(s)= T d; i =152 (74)

S1

by recalling that m;(s1) = nj(s1) = o0(s1) = 0. It follows that Eq. (61) together with the two
constraints (74) provide a linear system inp expressed by

M (s)p(s) = z(s); (75)
where the square matrixM (s) and the vector z(s) are given by
2 25 3
2 3 T2() ()d

mi(s) nai(s) 0u(s) z
M (9= 4 mys) nas) o9) 5: 298 1) (ya 3 (76)

u(s) va(s) va(s) S1

(s)

The matrix M (s) is non-singular, and therefore invertible, whenever
det[M (s)] 60;  8s2 (s1;S]; (77)

a condition expressingthe absence of conjugate points within the integration interval The latter
condition, together with the “Legendre's condition' (H1(s) > 0 8s), provides the necessary and suf-
cient condition for the stability of xed length systems [12], namely, when both the rod's ends are
constrained by clamps ( = 0). However, condition (77) only represents a necessary condition for
variable-length systems (* 6 0), since perturbations in the length have to be considered.
By considering the isoperimetric constraints (58), the relations (67) and (71), and the constraint
(72), the second variation (56) reduces to
Z ) Z S S2
V= Hip®u®d + p p: (u) ud+ Hip u) +F()'%  (78)
S1 S1 S1
where the second term on the right hand side further simpli es to
z 5 z z

S S2 S2
p p: (u) ud + Hap uy =als) Ti d + o(s2) T, d
S1 s1 S1 S1 (79)

+  (s2)Ha(s2) p(s2) u¥s2);

where u{s,) is known from solving (60), while p(s,) can be obtained by particularizing the linear
system (75) at the coordinates,,

M (s2)p(s2) = z(s2): (80)
Noting that, by applying the compatibility condition (57) » and the two isoperimetric constraints (58),
z(sy) is given by 2 3
f1(s2)
z(s2) = &(s2) ; where Z(sp) = 9 fa(sp) %; (81)
W (s)
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and, de ning the unknown vector p(s;) as

p(s2) = p(s2) (82)

the linear system (80) can be rewritten as

M (s2)p(s2) = 2(s2); (83)
so that the second variation 2V simpli es as the following quadratic form,
Z, ,
e Hy p® u “d ~ 2 (84)
S1
where n o
= F(s2+ p(s2) [0:fu(s2)ifa(s2)]l + W(s2)Ha(s2) p(s2) uds) (85)

The positive de niteness of the second variation 2V, Eq. (84), for every compatible perturba-
tions (s) and ~ provides the necessary and su cient conditions for the stability of an equilibrium
con guration for a system with one variable endpoint subject to two isoperimetric constraints. When
the Legendre's condition H1(s) > 0) holds, the stability criterion for variable-length systems is rep-
resented by

<0 and det[M (s)] 6 0; 8s2 (s1;5]: (86)

4.1 Stability criterion for the “elastica sling'

With reference to the “elastica sling system under consideration, its second variation (37), the com-
patibility condition (26) » (with k = 1), and the rst order expansion of the isoperimetric constraints
(27) can be obtained from the generic expressions (56), (57)and (58) through the following relations

Hi(s)= B> 0; Ti(s)=  sin (s); fi(s2)= cosa W(s2)=  Usp);
Ha(s)= Ryxcos () Rysin (s); Ta(s)=cos (s); fas2)= sin 25 F(s2)= B qs2) %sy);
(87)
which imply 2 3
cos »
#(sp) = 9 sin - £ (88)
1s2)

The stability for the " elastica sling can be assessed through the stability condition (86) by considering
the corresponding square matrixM (s)

2 Z S Z S Z S
u( )sin ( )d vi( )sin ()d vo( )sin ()d
z > z z >
M (s) = u( )cos ( )d va( )cos ( )d vo( Jcos ()d Z: (89
u(s) vi(s) V2(S)
and parameter
= B Us2) Ms2)+ p(s2) [0;cos 2;sin 2]l + B Ysp) p(s2) u¥se): (90)
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Critical case =0 . Itis nally observed that = O represents a critical condition because the
stability criterion (86) is no longer met. Although a rigorous analytical assessment of the stability is
not addressed here for the critical equilibrium con gurations, through consideration of an auxiliary
clamped-clamped system, all the several performed semi-analytical analyses detected an unstable
character. More speci cally, as shown in the next Section, it is found that whenever =0 then

eq(s: )

@ .

=eq

2y _,=0 and 3 _,60 for b(s)= (91)

where ¢g(s; ") is the equilibrium rotation eld for the clamped-clamped system with rod's length
subject to the same boundary conditions (4) and (6) of the variable-length system. Therefore, based
on this observation,

the non-trivial equilibrium con gurations for the variable-length system
providing the critical condition =0 are found unstable.

5 Results

5.1 Theoretical predictions

Once the planar equilibrium con gurations are obtained, their stability can be assessed through the
criterion provided by Eqg. (86). A main result of the present procedure is that no more than one
stable equilibrium con guration exists for the variable-length system. Moreover, all the equilibrium
con gurations with more than one in ection point ( m > 1) are found unstable in the presence of
a sliding sleeve, di erently from the double-clamped system where all the con gurations with more
than two in ection points ( m > 2) are unstable [37].

The theoretical surface collecting the normalized distanced=" of the unique stable equilibrium
con guration is reported in Fig. 5 (left) in terms of A and g, respectively de ned as antisymmetric
and symmetric parts of the inclinations 1 and > imposed at the two sliding sleeves,

1t 2, _ 2 1.

AT T = —5— (92)
where, considering the necessary condition (35), the modulus of the symmetric angles for the
existence of an equilibrium con guration is limited by

sl 5 (93)
The equilibrium surface of Fig. 5 (left) is obtained through a dataset of 66,400 triadsfd="; A; s
(available as Supplementary material) evaluated through a semi-analytical procedure based on the
numerical solution d=" of the nonlinear system of equations (52) by varying o and s, for which the
stability criteria (86) holds.

The stable equilibrium surface is bounded by a closed (red) curve de ning the critical triads
fd="; a; sg for which the rod is inde nitely ejected because the modulus of the gradient ofd="
approaches an in nite value and an unbounded growth of the rod's length”, therefore realizing an
“elastica sling. With reference to the mathematical conditions of stability, the " elastica sling critical
curve is associated with solutions for which the inequality condition (86) is no longer met because

= 0, while the determinant condition (86) » still holds. No equilibrium con guration is found for
rotation pairs outside of the critical curve, being such rotations incompatible with the "mother curve'
for the “elastica sling (Sect. 3, Fig. 4). In practice, the critical curve has been de ned through a
bisection algorithm by considering intervals with bounds provided by one pair of o and s for which
the stable solution exists and by another pair for which no solution exists. Convergence to the critical
condition is considered to be reached when the di erence in both angles combination is smaller than
10 ©,
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Fig. 5: (Left) Surface representing the dimensionless value d=" of the stable equilibrium con guration with varying the
end rotations A and s (dataset available as Supplementary material). The red boundary represents the critical states
leading to inde nite ejection of the elastic rod and which are characterized by a vertical tangent of the equilibrium
surface. (Right) Due to symmetry properties, a quarter of the proposed critical curve is represented (red) together with
some deformed shapes at equilibrium. Attaining the border leads to the inde nite ejection of the elastic rod from the
constraints.

The projection of the “elastica sling critical curve in the a{ s rotation plane is reported in Fig.
5 (right). Due to its symmetry, the projection of the critical curve is reported only for one quarter,
representative of the absolute valueg aj{j sj of the critical pairs. Three speci c rotation paths (at
constant ratio s= a) are highlighted and complemented by the equilibrium con guration at some
speci ¢ rotation pairs. More speci cally, the highlighted paths are for A = 0 (yellow), for ¢ =
(orange), and for o = g (green), showing that only the rst path involves deformed con gurations
with no in ection points ( m = 0), while one in ection point ( m = 1) is present in the other two paths.

The total potential energy V for ve dierent straight paths in the A{ s plane is reported in
Fig. 6 (left) for decreasing value of the ratio d=". Stable (unstable) con gurations are reported
as continuous (dashed) lines. All of these ve paths initiate at null rotations and with a straight
con guration ( d="= 1) and lose stability at the corresponding critical value d=" of ejection, where the
total potential energy V attains a local maximum. It is also observed that, among the di erent paths,
the highest (lowest) total potential energy V at the critical value of d="is stored in the system evolving
with a pure antisymmetric (symmetric) rotation path, s =0( a =0), therefore corresponding to the
most (less) propulsive case of inde nite ejection. The élastica sling critical states (red continuous
line, projection of the “elastica sling critical curve reported in Fig. 5, left) collects the inde nite
ejection conditions corresponding to all the possible continuous evolution in the rotations of the two
sliding sleeves starting from the straight undeformed con guration of the rod. It is further noted
that all the di erent unstable equilibrium paths (dashed lines) have a common state (grey point),
corresponding to the symmetric con guration for Ao = s = 0 with two in ection points ( m = 2).
These unstable paths can be attained by further decreasing the rotations' amplitude after reaching
the critical con guration and moving along a di erent equilibrium path.

The bending moment at the second sliding sleeveM, = B {s,), versus the imposed symmetric

rotation s is reported in Fig. 6 (right) for null antisymmetric rotation ( s= 2= 1, a =0). The
response is reported for the unique stable path con guration as continuous line and for two unstable
paths as dashed lines. The three equilibrium paths join together at the point s = =2, where a
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Fig. 6: (Left) Total potential energy V for an elastica constrained through a clamp and a sliding sleeve as function
of d=". Stable (continuous lines) and unstable (dashed lines) paths are reported for di erent ends' rotation path, in
particular the cases o =0, a = s and s =0 are reported in yellow, green and orange, respectively, and represent
the three equilibrium paths reported in Fig. 5. Inde nite ejection occurs when the system attains a local maximum
in the total potential energy V. (Right) Stable (continuous line) and unstable (dashed line) evolutions of the bending
moment M, = B ¥s;) (made dimensionless through division by B=d) with increasing symmetric rotation s at null
antisymmetric angle a = 0. Related equilibrium con gurations are highlighted. In the particular case s ' 10=63,
the related deformed shapes are those represented in Fig. 7 (right, above).

vertical tangent is displayed for each one of these and inde nite ejection takes place. No (stable or
unstable) equilibrium con guration exists for s > = 2 (grey region) since condition (93) is no longer
met. Deformed con gurations at speci ¢ values of the angle s are included along the moment-
rotation evolution, showing that the stable con gurations have no in ection points ( m = 0) while all
the unstable ones have two in ection points (m = 2). Interestingly, the stable path associated with
the non-in ectional elastica loses the stability at s = =2 as two in ection points simultaneously
arise at the two edge coordinatess; and s.

To further understand the present results and in particular how an equilibrium con guration is
generated, when this is stable or unstable, and when this represents a critical condition of ejection,
an analogous system with imposed rotations o and s but with clamps at both ends is considered.
The total potential energy V.. of the clamped-clamped system at equilibrium with a rod's length”
is reported in Fig. 7 (left) with varying the ratio d=" for o =0 and s =10 =63 (above, left) and

s = =2 (bottom left). It is interesting to note that equilibrium con gurations for the system with a
sliding sleeve correspond to those ratiosl=" providing the stationary condition of V.. for the clamped-
clamped system,@/..=@d=") = 0. More speci cally, the stable (unstable) con guration of the sliding
sleeve system corresponds to the local minimum (maximum) of the total potential energyw. of the
clamped-clamped system (Fig. 7, above left). Moreover, the critical condition of inde nite ejection for
the system with a sliding sleeve corresponds to a saddle point &f.. (Fig. 7, bottom left). Similarly to
all the equilibrium con gurations belonging to the " elastica sling critical curve, the considered critical
con guration is found to provide =0 and assessed as unstable because, while the second derivative
is null (@Vee=@d=")? = 0), the third derivative does not vanish ( @V..=@d=")2 6 0), providing the
respective variations 2V =0 and 3V 6 0 under the speci ¢ rotation perturbation  (s) as described
by Eqg. (91).
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Fig. 7. (Left) Total potential energy V.. of the double-clamped system of xed rod's length " at equilibrium with varying

the ratio d=". The two clamp rotations are considered such that o =0and s =10 =63 (top left) or s = =2 (bottom
left). Stationary points of V.. de ne the equilibrium solution for the system where at least one of the two clamps is
replaced by a sliding sleeve. (Right) Corresponding deformed shapes at (stable, unstable, and critical) equilibrium for
the variable-length system, corresponding to the stationary points on the V¢ curve (highlighted through a circle with

the same color of the deformed shape).

5.2 Experimental validation

The obtained theoretical predictions are nally validated through experiments on polycarbonate rods
(Young's Modulus E = 2350 MPa and volumetric mass density = 1180 kg/m?3) constrained by a
rotating clamp at s; and a sliding sleeve ats;, Fig. 8 (left). The sliding sleeve exploited here is the
same adopted in [14] for realizing the elastica arm scale. The tests are conducted with xed values
of » and increasing values of 1, controlled through a slow rotation by hand of the clamp. When
the rod is observed to have an uncontrolled ejection, the rotation 1 is stopped and the measured
value is recorded as ixg;( 2). The comparison between the experimental measure of the critical angle
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