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 A B S T R A C T

A variant of the viscoelastic Ziegler double pendulum is investigated in which an electric charge is concentrated 
at one end of the device, at which a structural element imposing a nonholonomic constraint is attached. The 
obtained device is called ‘charged Ziegler double pendulum’ and is subjected to the influence of a dead force 
and a Lorentz force. The latter results from an electric field and a magnetic induction field generated by an 
ideal solenoid. The mechanical system models a self-propelled microrobot and, in the absence of damping, is 
conservative up to the energy variation induced by the Lorentz force in the case of explicitly time dependent 
electric field. Within this framework, two situations are analyzed: Case I, in which the device is placed inside 
the solenoid and experiences a Lorentz force featuring both electric and magnetic parts; Case II, in which 
the device is placed outside the solenoid and undergoes a Lorentz force due to the sole electric field. After 
determining the equilibrium for the system under study, a stability analysis is performed, and the conditions 
are obtained for flutter instability and Hopf-type bifurcation. In addition, the post-critical behavior of the 
structure is examined, focusing on the interaction between the Lorentz force and the other forces characterizing 
its dynamics. We investigate the possibility of revisiting, in the mechanical context provided by the Ziegler 
double pendulum, a phenomenology known in electromagnetism as Maxwell–Lodge effect.
1. Introduction

The double pendulum is a mechanical device that, because of its 
simplicity, is often employed to exemplify more complicated struc-
tures, which appear in various mechanical contexts, ranging from 
different branches of engineering (Kirillov, 2010; Bigoni and Noselli, 
2011) to robotics (D’Annibale et al., 2015; Cazzolli et al., 2020), and 
biomechanics (Alouges et al., 2015).

One variant of the double pendulum is the Ziegler double pendulum 
(Ziegler, 1977), constructed by two homogeneous and rigid bars, of 
equal length 𝓁 and equal mass 𝑚, connected one to the other via a 
hinge. The masses of the bars are considered to be concentrated at 
their midpoints. One of the two bars is hinged on a fixed frame, and 
the other is subjected to a force directed parallel to it, known as a 
follower force. Moreover, the hinges are regarded as viscoelastic, with 
angular stiffness 𝑘 > 0, and damping 𝑐 > 0. These coefficients lump 
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the viscoelastic properties of the structure into the joints connecting 
the double pendulum to the fixed frame and the two bars to each other 
(Ziegler, 1977; Wang et al., 2024). An important feature of the Ziegler 
double pendulum is that it can exhibit flutter instability due to the non-
conservative nature of the follower force (Ziegler, 1977; Kirillov, 2010; 
Kirillov and Verhulst, 2010; Kirillov, 2013; Bigoni and Kirillov, 2019).

Cazzolli et al. (2020) introduced a modification of the Ziegler 
double pendulum that reproduces the same bifurcation and instability 
landscape as the original structure, but under a conservative load. In 
particular, one end of the first bar is pinned to a moving cart (Fig. 
1); at the tip of the second bar, a nonholonomic constraint enforces 
orthogonality between the tip velocity and the bar. This system is 
designed in a way that it can allow a translational motion of the 
cart, when the latter is loaded with a dead force, possible through an 
oscillatory motion of the arms of the pendulum, a dynamics resembling 
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Fig. 1. Sketch of the device introduced by Cazzolli et al. (2020). Upper part: the straight configuration (𝜃1 = 𝜃2 = 0) with the cart located on the origin 𝑂, so 
that 𝑋c = 0. Lower part: a deformed, or displaced, configuration (𝜃1 ≠ 0, 𝜃2 ≠ 0), with the cart positioned at a point differing from the origin (𝑋c ≠ 0). The hinges 
are characterized by an elastic stiffness 𝑘 > 0 and a viscous damping coefficient 𝑐 > 0. The reaction force 𝒑 associated with the nonholonomic constraint (the 
‘wheel’ or the ‘skate’) is directed along the axis of the bar B2.
those of a certain family of microrobots or micro-structures used in 
biomechanics (Zhang et al., 2009; Brown and Poon, 2014; Alouges 
et al., 2015; Kim et al., 2019; Shen et al., 2023). One example of these 
microrobots is provided by a ‘magnetic flexible filament attached to a 
red blood cell’, as presented by Dreyfus et al. (2005), where the dead 
load plays the role of the propulsion thrust in aqueous environment at 
low Reynolds numbers. This device prompted the present investigation 
of analogous systems in microrobotics through a generalization of the 
loads considered by Cazzolli et al. (2020).

Microrobots for biomedical or biomechanical applications are often 
susceptible to electromagnetic interactions, because they feature mag-
netized (Dreyfus et al., 2005; Kim et al., 2019; Shen et al., 2023) or 
electrically polarized parts (Katzmeier and Simmel, 2023). Therefore, 
also Lorentz-type forces contribute to determine the overall dynamics 
of such devices in addition to self-propulsion (Brown and Poon, 2014) 
or other stimuli (Alouges et al., 2015).

Despite its fundamental role in physics, certain foundational aspects 
of electromagnetism have remained the subject of debate until re-
cently. This applies, for instance, to the true role and ‘physical meaning’
(Rousseaux et al., 2008) within classical electromagnetism of the vector 
potential 𝑨, by which the magnetic induction field 𝑩 is expressed 
as 𝑩 = curl𝑨. Indeed, whereas the electric and the magnetic fields 
both have ‘tangible’ meaning, the vector potential works ‘behind the 
scenes’ of the classical theory of electromagnetism. This issue has been 
thoroughly investigated in a work by Rousseaux et al. (2008), who con-
clude that there exist effects which cannot be understood ‘without the 
intervention of’ 𝑨 (Rousseaux et al., 2008). As an example for pursuing 
their goals, Rousseaux et al. (2008) took the paradigmatic problem of 
the ideal solenoid to unveil the Maxwell–Lodge effect (Lodge, 1889). 
This phenomenon predicts that a current is generated in a wire wound 
around the solenoid in response to the electric field induced outside it 
by the variation in time of the vector potential (not of the magnetic 
induction field, which is zero outside the ideal solenoid). Although the 
purpose of this work is not to address the intricacies of the debate sur-
rounding the vector potential, we embrace the viewpoint of Rousseaux 
et al. (2008) and apply it to our mechanical device.

In light of the above considerations, the device investigated here 
can be regarded as a model of an electrically charged microrobot, with 
dimensions comparable to those of eukaryotic cells. It consists of a 
continuous viscoelastic rod attached to a small mass and subjected to 
the Lorentz force generated by a solenoid (Zhang et al., 2009; Brown 
and Poon, 2014; Alouges et al., 2015; Kim et al., 2019; Shen et al., 
2023). The rod is idealized as a viscoelastic double pendulum, following 
the approach of Cazzolli et al. (2020). Compared to that approach, two 
substantial differences are introduced: (i) the dead load is interpreted 
as a self-propulsion force; (ii) the device carries a concentrated electric 
2 
charge located in the structural element imposing the nonholonomic 
constraint (similar problems were formulated by Maruskin et al. (2012), 
Pastore et al. (2024)).

Within this setting, the main objectives of our work are twofold:

1. We aim to assess the extent to which the Lorentz force mod-
ifies the results reported by Cazzolli et al. (2020) concerning 
stability, the onset of a Hopf-type bifurcation (e.g., a secondary 
Hopf or Neimark–Sacker bifurcation), and the overall dynamical 
behavior of the device.

2. We revisit the Maxwell–Lodge effect (Rousseaux et al., 2008) 
by placing it in the mechanical context of the device under 
study. More specifically, we show that our theoretical framework 
predicts a Lorentz force on the charged structural element, even 
when it is located outside the solenoid. This result is achieved 
by placing the device first inside and then outside the solenoid. 
This may provide a possible — albeit presently theoretical — 
experimental setup to detect the Maxwell–Lodge effect, based on 
microrobotics and serving as an alternative to the experiment by 
Rousseaux et al. (2008).

Outline of the work. The features of the device introduced by Caz-
zolli et al. (2020) are outlined in Section 2, while in Section 3 the 
main electromagnetic aspects of our work are addressed (Section 3.1), 
including the way in which they affect the Lagrangian formalism of 
the Ziegler double pendulum (Section 3.2). Section 3.3 presents the 
governing dynamic equations, incorporating the Lorentz force, while 
Section 3.4 addresses the corresponding static equilibrium. Based on 
the determination of the static equilibrium, a stability analysis is car-
ried out for neighboring configurations (Section 4). Specifically, after 
linearizing the dynamic equations around equilibrium (Section 4.1), 
and employing Floquet theory to determine the fundamental Floquet 
exponents (Section 4.2), the presence of a Hopf-type bifurcation is 
shown (Section 4.3). Finally, Section 5 presents numerical simulations 
of two virtual experimental tests in the context of microrobotics.

2. Basic problem description, Lagrangian function and the ‘skate’ 
constraint

The version of the Ziegler double pendulum introduced by Cazzolli 
et al. (2020) and used in the present investigation consists of two 
homogeneous and rigid bars, denoted by B1 and B2, each of length 
𝓁 and mass 𝑚, connected by a hinge that links the right end of B1 to 
left end of B2. The left end of the bar B1 is hinged on a cart, which is 
free to move along a straight line on a fixed plane. A wheel is mounted 
at the right end of bar B , the bar acting as its axle, and rolls without 
2
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slipping on a fixed plane. The non-slipping wheel is the realization of 
a nonholonomic constraint of the ‘skate’ type. Overall, the device may 
experience only planar motions, parallel to the fixed plane, Fig.  1.

In a fixed Cartesian reference frame with origin 𝑂 and axes aligned 
with the orthonormal vectors 𝒆1, 𝒆2, and 𝒆3, the motion of the device is 
confined to the plane spanned by 𝒆1 and 𝒆2. Angles 𝜃1 and 𝜃2 measure 
the time-dependent inclinations of the bars B1 and B2 with the axis 
parallel to 𝒆1, respectively. Moreover, 𝑋c denotes the instantaneous 
position, measured from 𝑂 along 𝒆1, of the point of the cart to which 
B1 is hinged, Fig.  1. The Lagrangian parameters 𝜃1, 𝜃2, and 𝑋c, together 
with their velocities and accelerations, are collected in the arrays 
𝑞 ∶= (𝜃1, 𝜃2, 𝑋c), 𝑞̇ ∶= (𝜃̇1, 𝜃̇2, 𝑋̇c), and 𝑞 ∶= (𝜃̈1, 𝜃̈2, 𝑋̈c). Moreover, we 
introduce the following points of interest, whose spatial positions are 
expressed as functions of the Lagrangian coordinates as 
𝑥𝐴 = 𝑥̂𝐴(𝑞) = (𝑋c, 0, 0), (1a)

𝑥𝐵 = 𝑥̂𝐵(𝑞) = (𝑋c +
1
2𝓁 cos 𝜃1,

1
2𝓁 sin 𝜃1, 0), (1b)

𝑥𝑀 = 𝑥̂𝑀 (𝑞) = (𝑋c + 𝓁 cos 𝜃1,𝓁 sin 𝜃1, 0), (1c)

𝑥𝐶 = 𝑥̂𝐶 (𝑞) = (𝑋c + 𝓁 cos 𝜃1 +
1
2𝓁 cos 𝜃2,𝓁 sin 𝜃1 +

1
2𝓁 sin 𝜃2, 0), (1d)

𝑥𝐷 = 𝑥̂𝐷(𝑞) = (𝑋c + 𝓁 cos 𝜃1 + 𝓁 cos 𝜃2,𝓁 sin 𝜃1 + 𝓁 sin 𝜃2, 0), (1e)

which represent, in order: the position of the cart (point 𝐴); the 
midpoint of B1 (point 𝐵); the position of the hinge connecting B1 to 
B2 (point 𝑀); the midpoint of B2 (point 𝐶); and the position of the 
massless skate (point 𝐷). Accordingly, the instantaneous orientations 
of the bars B1 and B2 are given by the unit vectors 
𝒏1 ≡ 𝒏̂1(𝑞) = (cos 𝜃1) 𝒆1 + (sin 𝜃1) 𝒆2,𝒏2 ≡ 𝒏̂2(𝑞) = (cos 𝜃2) 𝒆1 + (sin 𝜃2) 𝒆2, (2)

while the velocities of the points of interest are 
𝒗𝐴 = 𝒗̂𝐴(𝑞, 𝑞̇) = 𝑋̇c 𝒆1 , (3a)

𝒗𝐵 = 𝒗̂𝐵 (𝑞, 𝑞̇) =
[

𝑋̇c −
1
2
𝓁 𝜃̇1 sin 𝜃1

]

𝒆1 +
[ 1
2
𝓁𝜃̇1 cos 𝜃1

]

𝒆2 , (3b)

𝒗𝑀 = 𝒗̂𝑀 (𝑞, 𝑞̇) =
[

𝑋̇c − 𝓁 𝜃̇1 sin 𝜃1
]

𝒆1 +
[

𝓁 𝜃̇1 cos 𝜃1
]

𝒆2 , (3c)

𝒗𝐶 = 𝒗̂𝐶 (𝑞, 𝑞̇) =
[

𝑋̇c − 𝓁 𝜃̇1 sin 𝜃1 −
1
2
𝓁 𝜃̇2 sin 𝜃2

]

𝒆1 +
[

𝓁𝜃̇1 cos 𝜃1 +
1
2
𝓁 𝜃̇2 cos 𝜃2

]

𝒆2 , (3d)

𝒗𝐷 = 𝒗̂𝐷(𝑞, 𝑞̇) =
[

𝑋̇c − 𝓁 𝜃̇1 sin 𝜃1 − 𝓁 𝜃̇2 sin 𝜃2
]

𝒆1 +
[

𝓁 𝜃̇1 cos 𝜃1 + 𝓁 𝜃̇2 cos 𝜃2
]

𝒆2 . (3e)

The presence of the skate and the postulate on its motion impose 
a nonholonomic constraint : the velocity 𝒗𝐷 of the end-point of B2
connected to the skate is compelled to be at all times orthogonal to 
B2 (see Cazzolli et al. (2020) for details). In the considered reference 
frame, this constraint is described by the relation 𝒏2 ⋅𝒗𝐷 = 0, which, in 
terms of the Lagrangian parameters and up to the sign, reads 
C ≡ Ĉ(𝑞, 𝑞̇) = 𝜃̇1𝓁 sin(𝜃1 − 𝜃2) − 𝑋̇c cos 𝜃2 = 0, (4)

and is referred to as the ‘‘skate’ constraint’ (Cazzolli et al., 2020).
To simplify the analysis of the dynamics of the considered device, 

we prescribe that the mass of each bar is concentrated at its midpoint, 
that the cart can be modeled as a material point of mass 𝑚c, and that 
the skate’s mass is negligible (‘massless skate’ (Cazzolli et al., 2020)). 
Moreover, we assume that the cart and B1 as well as B1 and B2 are 
connected to each other by means of viscoelastic spring-like elements of 
angular stiffness 𝑘 > 0 and damping coefficient 𝑐 > 0. Finally, a constant 
force 𝑭 = 𝐹𝒆1 of magnitude 𝐹 > 0 (‘dead load’ (Cazzolli et al., 2020)) 
is applied to the cart, while a ‘follower force’ (Cazzolli et al., 2020), 
generated by the nonholonomic constraint, acts on the skate parallel to 
the bar B2, as shown in Fig.  1.

Under the assumptions above, the system admits the Lagrangian 
function (Cazzolli et al., 2020)
L o ≡ L̂ o(𝑞, 𝑞̇) =

1
2

[ 5
4𝑚𝓁

2𝜃̇21 +
1
4𝑚𝓁

2𝜃̇22 + (2𝑚 + 𝑚c)𝑋̇2
c
]

+ 1
2𝑚𝓁

2 𝜃̇1𝜃̇2 cos(𝜃2 − 𝜃1) −
3
2𝑚𝓁 𝜃̇1𝑋̇c sin 𝜃1

− 1
2𝑚𝓁 𝜃̇2𝑋̇c sin 𝜃2

− 1𝑘 𝜃2 − 1𝑘(𝜃 − 𝜃 )2 + 𝐹 𝑋 , (5)
2 1 2 2 1 c

3 
which accounts for all of the interactions to which the system is 
subjected, with the exception of the damping and of the nonholonomic 
constraint (4). Following Cazzolli et al. (2020), damping is described 
through the Rayleigh dissipation function 
R = R̂(𝑞̇) = 1

2 𝑐 𝜃̇
2
1 +

1
2 𝑐(𝜃̇2 − 𝜃̇1)2, (6)

which yields the generalized dissipative forces 

− 𝜕R̂
𝜕𝜃̇1

(𝑞̇) = −𝑐(2𝜃̇1−𝜃̇2), − 𝜕R̂
𝜕𝜃̇2

(𝑞̇) = −𝑐(𝜃̇2−𝜃̇1), − 𝜕R̂
𝜕𝑋̇c

(𝑞̇) = 0. (7)

The Lagrangian function L o defined by Eq.  (5) describes, up to the 
dissipative terms, the ‘original’ device (whence the subscript ‘o’) as it 
was conceived by Cazzolli et al. (2020). Thus, it features the external 
potential 𝐹𝑋c. Moreover, it does not depend explicitly on time.

To determine the equations of motion for the considered system, we 
apply the Extended Hamilton Method, following Lanczos (1970), 

𝛿 ∫

𝑡fin

𝑡in
L̂ o(𝑞, 𝑞̇)d𝑡 = ∫

𝑡fin

𝑡in

(

∑3
𝛼=1

𝜕R̂
𝜕𝑞̇𝛼

(𝑞̇)𝛿𝑞𝛼−
∑3

𝛼=1𝜇
𝜕Ĉ
𝜕𝑞̇𝛼

(𝑞, 𝑞̇) 𝛿𝑞𝛼

)

d𝑡, (8)

where the integral on the left-hand side is referred to as the action 
functional, 𝑡in and 𝑡fin denote an initial and a final instant of time, 
and the function of time 𝜇 on the right-hand side is a Lagrange mul-
tiplier introduced to account for the nonholonomic constraint (4), see 
Pars (1965), Lanczos (1970), Neimark and Fufaev (1972), Gantmacher 
(1975) for details.

The variation of the action functional, performed as predicted by the 
Hamilton Principle, and under the hypothesis 𝛿𝑞𝛼(𝑡in) = 𝛿𝑞𝛼(𝑡fin) = 0 for 
𝛼 = 1, 2, 3, leads to 

𝛿 ∫

𝑡fin

𝑡in
L̂ o(𝑞, 𝑞̇)d𝑡 = ∫

𝑡fin

𝑡in

∑3
𝛼=1(E𝛼L̂ o) 𝛿𝑞𝛼 d𝑡, (9)

with E𝛼L̂ o being the Euler–Lagrange operator applied to L̂ o, 

E𝛼L̂ o ∶=
𝜕L̂ o
𝜕𝑞𝛼

(𝑞, 𝑞̇) − d
d𝑡

(

𝜕L̂ o
𝜕𝑞̇𝛼

(𝑞, 𝑞̇)
)

, 𝛼 = 1, 2, 3. (10)

Then, the local form of Eq.  (8) reads 

E𝛼L̂ o −
𝜕R̂
𝜕𝑞̇𝛼

(𝑞̇) + 𝜇 𝜕Ĉ
𝜕𝑞̇𝛼

(𝑞, 𝑞̇) = 0, 𝛼 = 1, 2, 3. (11)

The third term on the left-hand side of Eq.  (11) identifies, for 
𝛼 = 1, 2, 3, the Lagrangian components of the reaction force due to the 
constraint, which are given by 

𝜇 𝜕Ĉ
𝜕𝜃̇1

(𝑞, 𝑞̇) = 𝜇𝓁 sin(𝜃1 − 𝜃2) ≡
{

𝓁𝒏̂1(𝑞) × 𝒑̂(𝑞)
}

⋅ 𝒆3, (12a)

𝜇 𝜕Ĉ
𝜕𝜃̇2

(𝑞, 𝑞̇) ≡
{

𝓁𝒏̂2(𝑞) × 𝒑̂(𝑞)
}

⋅ 𝒆3 = 0, (12b)

𝜇 𝜕Ĉ
𝜕𝑋̇c

(𝑞, 𝑞̇) = −𝜇 cos 𝜃2 ≡ 𝒑̂(𝑞) ⋅ 𝒆1, (12c)

where ‘×’ denotes the cross product and 𝒑 = 𝒑̂(𝑞) = −𝜇𝒏2 is referred to 
as a follower force (Cazzolli et al., 2020). We notice that, in a generic 
configuration of the device, Eq.  (12a) is the (scalar) torque that the 
follower force exerts on B1 around the instantaneous position 𝑥𝐴 of 
the point 𝐴. Similarly, Eq.  (12b) is the null (scalar) torque that 𝒑 exerts 
on B2, since 𝒑 is parallel to B2 by design. Moreover, Eq.  (12c) provides 
the 𝒆1-component of 𝒑 acting on the cart.

3. Charged Ziegler double pendulum interacting with Lorentz
force

With reference to the mechanical system described in the previous 
section and, in particular, to the Lagrangian function reported in Eq. 
(5), we introduce here two major modifications:

(1) The massless skate, concentrated at the point 𝐷 (see Fig.  1), 
carries an electric charge e ≠ 0 (it will be assumed e > 0 in the 
following);
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Fig. 2. Sketch of the solenoid, illustrating the electric field 𝑬 (red) and the magnetic induction field 𝑩 (blue). The system is shown both in a three-dimensional 
perspective and in a vertical cross-section, with the device positions for Case I and Case II indicated in both views. In the position referring to Case I, 
𝛥𝑋c ∶= 𝑋c0 −𝑋ce, with 𝑋c0 being the initial position of the cart. The images correspond to assuming 𝐵h(𝑡) > 0 and 𝐵̇h(𝑡) > 0. In the zoomed-in image referring to 
Case II, e𝑬 is directed tangentially to the circumference centered in 𝑂 and passing through 𝐷. To emphasize this, both the direction of e𝑬 and the circumference 
trait to which e𝑬 is tangential (dashed line in red) are not drawn to scale. Note that, if e𝑬 were drawn to scale, it would appear approximately parallel to the 
𝑥2-axis because the device is placed at a relatively large distance from 𝑂.
(2) A solenoid S  as described in detail in Section 3.1 is considered 
and two separate cases are analyzed: the device is placed in 
the interior of the solenoid (Case I); the device is placed in the 
exterior of the solenoid (Case II).

We refer the reader to Fig.  2 for a graphical representation of the 
solenoid and of the device.

3.1. The paradigmatic solenoid problem and the Maxwell–Lodge effect

The solenoid S  has virtually infinite height, axis parallel to 𝒆3, 
and circular cross section C  of radius 𝑅s much larger than 2𝓁. An 
electric current flowing in the wire constituting the solenoid generates 
a magnetic field 𝑯 , which, given the magnetic permeability of the 
vacuum 𝜇0, yields the magnetic induction field 𝑩 = 𝜇0𝑯 .

Assuming appropriate regularity, the magnetic induction field 𝑩 and 
the electric field 𝑬 must fulfill the equations 

div𝑩 = 0 and curl𝑬 = −𝜕𝑡𝑩, (13)

which constitute two of the four Maxwell equations written in local 
form. These conditions make it possible to express 𝑩 and 𝑬 in terms 
of a vector potential 𝑨 and of a scalar potential 𝛷 — both at least of 
class 𝐶2 — through the relations 𝑩 = curl𝑨 and 𝑬 = −grad𝛷 − 𝜕𝑡𝑨
(Felsager, 1998). Because of the differential structure of these relations, 
the potentials 𝑨 and 𝛷 are not unique. Indeed, for any scalar field 𝜒 at 
least of class 𝐶2, 𝑩 and 𝑬 remain invariant under transformations of 
the type 

𝑨 ↦ 𝑨̃ = 𝑨 + grad𝜒, 𝛷 ↦ 𝛷̃ = 𝛷 − 𝜕𝑡 𝜒, (14)

known as gauge transformations (Felsager, 1998). The field 𝜒 is the
generator of the gauge transformations and allows for obtaining new 
forms of the vector potential and of the scalar potential, therefore also 
referred to as gauge potentials.

Although the ideal solenoid considered in this section constitutes 
a paradigmatic and widely studied physical problem, we review it 
to contextualize it within the mechanical framework of the device 
presented in Section 2.

The solenoid problem is grounded on the fundamental hypothesis 
that the magnetic induction field 𝑩 is non-null and homogeneous in 
4 
the interior of S  and identically null outside it, whence 

𝑩(𝑥, 𝑡) = 𝐵h(𝑡) 𝒆3, for 𝑥 ∈ Int(S ) and 𝑩(𝑥, 𝑡) = 0, for 𝑥 ∈ R3 ⧵ S ,

(15)

where 𝑥 is a spatial point of Cartesian coordinates (𝑥1, 𝑥2, 𝑥3), enumer-
ated coherently with 𝒆1, 𝒆2, and 𝒆3, 𝐵h(𝑡) is a prescribed function of 
time 𝑡, and Int(S ) is the set of internal points of S  (Felsager, 1998).

We notice that the vanishing of 𝑩 in the exterior of an ideal solenoid 
is exact ‘in the stationary regime’ (Rousseaux et al., 2008), although it 
can be maintained also under the hypothesis that the current flowing 
in the solenoid ‘varies slowly in time’ (Rousseaux et al., 2008). The latter 
condition is fundamental in our setting and will be kept throughout the 
remainder of our work.

Within the so-called temporal gauge (Haller, 1987), which prescribes 
a vanishing scalar potential, the distribution of 𝑩 given in Eq.  (15) and 
the relation 𝑩 = curl𝑨 imply (Felsager, 1998) 
𝑨(𝑥, 𝑡) = − 1

2
𝐵h(𝑡)𝑥2 𝒆1 +

1
2
𝐵h(𝑡)𝑥1 𝒆2, 𝛷(𝑥, 𝑡) = 0, in Int(S ),

(16a)

𝑨(𝑥, 𝑡) = − 1
2
𝐵h(𝑡)𝑅2

s
𝑥2

𝑥21 + 𝑥22
𝒆1 +

1
2
𝐵h(𝑡)𝑅2

s
𝑥1

𝑥21 + 𝑥22
𝒆2, 𝛷(𝑥, 𝑡) = 0, in R3 ⧵ S .

(16b)

Therefore, 𝑨 is continuous on the boundary of the solenoid, 𝜕S . 
Moreover, it is divergence free both in the interior and in the exterior 
of the solenoid, since the equality div𝑨 = 0 is identically satisfied both 
in Int(S ) and in R3⧵S , and it is irrotational outside the solenoid, since 
curl𝑨 = 0 in R3 ⧵ S .

It is worth recalling that the Euclidean norm of 𝑨(𝑥, 𝑡) reads 

‖𝑨(𝑥, 𝑡)‖ = 1
2
|𝐵h(𝑡)|

√

𝑥21 + 𝑥22 =
1
2
|𝐵h(𝑡)| ‖𝒓(𝑥)‖, in Int(S ), (17a)

‖𝑨(𝑥, 𝑡)‖ = 1
2
|𝐵h(𝑡)|𝑅2

s
1

√

𝑥21 + 𝑥22

= 1
2
|𝐵h(𝑡)|

𝑅2
s

‖𝒓(𝑥)‖
, in R3 ⧵ S , (17b)

with 𝒓(𝑥) = 𝑥1𝒆1 + 𝑥2𝒆2, thereby increasing linearly with 𝜚 = ‖𝒓(𝑥)‖
until 𝜚 = 𝑅s, and then decreasing asymptotically towards zero as 𝜚−1
for 𝜚 > 𝑅s (Felsager, 1998; Rousseaux et al., 2008).

According to Eqs. (15), (16a), and (16b), for any open surface 𝛴
with piecewise regular contour 𝜕𝛴 lying on a plane that intersects 
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transversely the solenoid, and either containing the cross section C  of 
the solenoid or being equal to C , the magnetic flux is 

𝛷M(𝛴; 𝑡) = ∫𝛴
𝑩(𝑥, 𝑡) ⋅𝒆3 da(𝑥) = ∫𝜕𝛴

𝑨(𝑥, 𝑡) ⋅ 𝝉(𝑥)d𝑠(𝑥) = 𝐵h(𝑡)𝜋𝑅2
s , (18)

where 𝝉(𝑥) is the unit vector tangent to 𝜕𝛴 at 𝑥. When 𝛴 contains C , the 
magnetic induction field 𝑩 is null in 𝛴 ⧵C  and the first integral in Eq. 
(18) reduces to a surface integral over C , whence 𝛷M(𝛴; 𝑡) = 𝐵h(𝑡)𝜋𝑅2

s , 
with 𝜋𝑅2

s = Area(C ). Since 𝛷M(𝛴; 𝑡) must be independent of 𝛴 ⊇ C , 
the magnetic flux can be obtained by directly computing the contour 
integral in Eq.  (18), with 𝑨 given by Eq.  (16b) (Felsager, 1998).

By employing Eqs. (16a) and (16b) for the calculation of the electric 
field within the temporal gauge (𝛷 = 0), which implies 𝑬 = −grad𝛷 −
𝜕𝑡𝑨 = −𝜕𝑡𝑨, we obtain 

𝑬(𝑥, 𝑡) = 1
2
𝐵̇h(𝑡)𝑥2 𝒆1 −

1
2
𝐵̇h(𝑡)𝑥1 𝒆2, in Int(S ), (19a)

𝑬(𝑥, 𝑡) = 1
2
𝐵̇h(𝑡)𝑅2

s
𝑥2

𝑥21 + 𝑥22
𝒆1 −

1
2
𝐵̇h(𝑡)𝑅2

s
𝑥1

𝑥21 + 𝑥22
𝒆2, in R3 ⧵ S . (19b)

A consequence of Eqs. (19a) and (19b) is the Lorentz force exerted 
on the charged skate placed at the end-point 𝐷 of the bar B2 of the 
device under analysis. As mentioned at the beginning of this section, 
we consider the following two different cases (Fig.  2):
Case I: Device inside the solenoid. If the cross section of the solenoid is 
big enough to host the device, and if we assume that the motion of the 
device remains confined to this cross section, so that the skate does not 
transit through the lateral boundary of the solenoid, then the Lorentz 
force acting on the skate in Int(S ) reads
𝑭 L(𝑥𝐷(𝑡), 𝑡) =e [𝑬(𝑥𝐷(𝑡), 𝑡) + 𝒗𝐷(𝑡) × 𝑩(𝑥𝐷(𝑡), 𝑡)]

=
(

e𝐵̇h(𝑡)
2

𝑥𝐷2(𝑡) + e𝐵h(𝑡)𝑥̇𝐷2(𝑡)
)

𝒆1

−
(

e𝐵̇h(𝑡)
2

𝑥𝐷1(𝑡) + e𝐵h(𝑡)𝑥̇𝐷1(𝑡)
)

𝒆2, (20)

meaning that it consists both of an electric and of a magnetic contribu-
tion. Note that the fields 𝑬 and 𝑩 are defined at all spatial points, and, 
consequently, they couple dynamically with the system through their 
evaluation at time 𝑡 and at the spatial point 𝑥 = 𝑥𝐷(𝑡) occupied by the 
material point 𝐷 at the same time.

For this reason, the Lorentz force is evaluated at 𝑥 = 𝑥𝐷(𝑡), with 
velocity 𝒗𝐷(𝑡) at time 𝑡. The same considerations apply to the vector 
potential 𝑨.
Case II: Device outside the solenoid. The nontrivial electric field present 
also in the exterior of the solenoid, as given by Eq.  (19b), generates a 
Lorentz force acting on the charged skate, even in the case in which the 
skate is located outside the solenoid. In this setting, the Lorentz force 
in R3 ⧵ S  reads
𝑭 L(𝑥𝐷(𝑡), 𝑡) =e𝑬(𝑥𝐷(𝑡), 𝑡)

=
e𝐵̇h(𝑡)𝑅2

s
2

𝑥𝐷2(𝑡)
[𝑥𝐷1(𝑡)]2 + [𝑥𝐷2(𝑡)]2

𝒆1

−
e𝐵̇h(𝑡)𝑅2

s
2

𝑥𝐷1(𝑡)
[𝑥𝐷1(𝑡)]2 + [𝑥𝐷2(𝑡)]2

𝒆2. (21)

Remark 1 (The Maxwell–Lodge effect revisited).
Eqs. (16b) and (19b) evidence that the vector potential 𝑨 and 

the electric field 𝑬 = −𝜕𝑡𝑨 are non-null also outside the solenoid, 
where the magnetic induction field 𝑩 is null. This result has many 
important physical consequences, one of which is known as Maxwell–
Lodge effect (Lodge, 1889): by positioning a coil of given electric 
conductivity around the solenoid, but not in contact with it, an electric 
current flowing in this coil is observed in response to the electromotive 
force generated by the negative of the time derivative of the magnetic 
flux 𝐵h(𝑡)𝜋𝑅2

s , due to 𝑩 inside the solenoid (Rousseaux et al., 2008). 
While this result is exactly the Faraday–Neumann–Lenz law, with the 
5 
electromotive force being E (𝑡) ∶= ∫𝜕𝛴 𝑬(𝑥, 𝑡) ⋅ 𝝉(𝑥)d𝑠(𝑥) = −𝐵̇h(𝑡)𝜋𝑅2
s , 

and 𝜕𝛴 representing the coil — assumed filiform —, the fact that the 
current in the coil occurs in the region of space in which the magnetic 
flux is null (but 𝑬 = −𝜕𝑡𝑨 is non-null) constitutes the essence of the 
Maxwell–Lodge effect. This has generated considerable debate aiming 
at clarifying the role and intrinsic meaning of the vector potential 𝑨 in 
classical physics. Although reviewing the ‘paradoxes and controversies 
around the Maxwell–Lodge effect’ (Rousseaux et al., 2008) is out of the 
scopes of our work (the interested reader is referred to Rousseaux et al. 
(2008)), we argue here that the Maxwell–Lodge effect manifests itself 
also in the dynamics of the charged Ziegler double pendulum in Case 
II, when the pendulum is placed outside the solenoid. Indeed, because 
of the electric charge e concentrated at the point 𝐷 of the device, this 
point is subjected to the Lorentz force 𝑭 L(𝑥𝐷(𝑡), 𝑡) as prescribed by Eq. 
(21) when the device is in R3 ⧵ S . In turn, 𝑭 L(𝑥𝐷(𝑡), 𝑡) influences the 
dynamics of the device and interacts with the dead load 𝐹  applied 
to the cart, at least until the device exceeds a certain distance from 
the solenoid’s boundary, beyond which the amplitude of 𝑭 L(𝑥𝐷(𝑡), 𝑡), 
decreasing radially as {[𝑥𝐷1(𝑡)]2 + [𝑥𝐷2(𝑡)]2}−1∕2, becomes negligible 
compared to 𝐹 .

On the basis of well documented results on the gauge transfor-
mations presented in Eq.  (14) (Felsager, 1998), one can choose the 
generators 

𝜒(𝑥, 𝑡) = 1
2
𝐵h(𝑡)𝑥1𝑥2, in Int(S ), (22a)

𝜒(𝑥, 𝑡) = 1
2
𝐵h(𝑡)𝑅2

s arctan(𝑥1∕𝑥2), in R3 ⧵ S  and for 𝑥2 ≠ 0, (22b)

thereby moving out from the temporal gauge and switching to the 
transformed gauge potentials 

𝑨̃(𝑥, 𝑡) = 𝐵h(𝑡)𝑥1 𝒆2, 𝛷̃(𝑥, 𝑡) = − 1
2
𝐵̇h(𝑡)𝑥1𝑥2, in Int(S ), (23a)

𝑨̃(𝑥, 𝑡) = 0, 𝛷̃(𝑥, 𝑡) = − 1
2
𝐵̇h(𝑡)𝑅2

s arctan(𝑥1∕𝑥2), in R3 ⧵ S

and for 𝑥2 ≠ 0 (23b)

(note that 𝜒 has null Laplacian in the region in which it is defined). The 
new gauge potentials, however, yield exactly the same Lorentz forces as 
those reported in Eqs. (20) and (21), with the only (irrelevant) technical 
difference being that 𝑩 and 𝑬 are now to be computed as 𝑩 = curl𝑨̃
and 𝑬 = −grad 𝛷̃−𝜕𝑡𝑨̃. In particular, outside the solenoid, 𝑬 = −grad 𝛷̃
holds at all points 𝑥 ∈ R3 ⧵S  such that 𝑥2 ≠ 0. Therefore, for any open 
surface 𝛴 ⊃ C  having piecewise regular contour 𝜕𝛴, 𝑬 is undefined at 
both points in which 𝜕𝛴 intersects the 𝑥1-axis. However, since these 
two points constitute a set of null measure, the electromotive force 
E (𝑡) = − ∫𝜕𝛴 grad 𝛷̃(𝑥, 𝑡) ⋅ 𝝉(𝑥)d𝑠(𝑥) remains unchanged and delivers 
−𝐵̇h(𝑡)𝜋𝑅2

s , as is the case of the temporal gauge.

3.2. The Lagrangian function of the charged Ziegler double pendulum

The Lagrangian function of the device subjected to the additional 
magnetic interaction is obtained from the Lagrangian function L o
in Eq.  (5) by adding the generalized, velocity-dependent potential 
e𝑨(𝑥𝐷(𝑡), 𝑡) ⋅ 𝒗𝐷(𝑡), in which 𝑨 is evaluated at time 𝑡 and at the spatial 
point 𝑥𝐷(𝑡) that is instantaneously occupied by the moving charge at 
time 𝑡 (Felsager, 1998; Pastore et al., 2024). In terms of the system’s 
Lagrangian parameters and generalized velocities, this yields (see also 
Maruskin et al. (2012) for the case of the ‘knife edge with a dipole moment 
in a magnetic field’) 

L ≡ L̂(𝑞, 𝑞̇, 𝑡) = L̂ o(𝑞, 𝑞̇) + e
[

A1(𝑞, 𝑡)𝜃̇1 +A2(𝑞, 𝑡)𝜃̇2 +A3(𝑞, 𝑡)𝑋̇c
]

, (24)

where, for 𝛽 = 1, 2, 3, the functions A𝛽 (𝑞, 𝑡) = 1
2𝐵h(𝑡)U𝛽 (𝑞)𝓁2 express 

explicitly how the device interacts with the vector potential and are 
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defined by the auxiliary quantities 

U1(𝑞) ∶=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1 + cos(𝜃2 − 𝜃1) + (𝑋c∕𝓁) cos 𝜃1 Case I

𝑅2
s

𝓁2

1 + cos(𝜃2 − 𝜃1) + (𝑋c∕𝓁) cos 𝜃1
[cos 𝜃1 + cos 𝜃2 + (𝑋c∕𝓁)]2 + [sin 𝜃1 + sin 𝜃2]2

Case II
(25a)

U2(𝑞) ∶=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1 + cos(𝜃2 − 𝜃1) + (𝑋c∕𝓁) cos 𝜃2 Case I

𝑅2
s

𝓁2

1 + cos(𝜃2 − 𝜃1) + (𝑋c∕𝓁) cos 𝜃2
[cos 𝜃1 + cos 𝜃2 + (𝑋c∕𝓁)]2 + [sin 𝜃1 + sin 𝜃2]2

Case II
(25b)

U3(𝑞) ∶=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

−
sin 𝜃1 + sin 𝜃2

𝓁
Case I

−
𝑅2
s

𝓁3

sin 𝜃1 + sin 𝜃2
[cos 𝜃1 + cos 𝜃2 + (𝑋c∕𝓁)]2 + [sin 𝜃1 + sin 𝜃2]2

Case II.
(25c)

More in detail, it can be shown that, both in Case I and in Case II, the 
following identifications apply: 

A1(𝑞(𝑡), 𝑡) = [𝓁𝒏1(𝑡) ×𝑨(𝑥𝐷(𝑡), 𝑡)] ⋅ 𝒆3, (26a)

A2(𝑞(𝑡), 𝑡) = [𝓁𝒏2(𝑡) ×𝑨(𝑥𝐷(𝑡), 𝑡)] ⋅ 𝒆3, (26b)

A3(𝑞(𝑡), 𝑡) = 𝑨(𝑥𝐷(𝑡), 𝑡) ⋅ 𝒆1. (26c)

We remark that the vector potential 𝑨, although having only two 
nonzero components, generates the three nonzero components A1, A2, 
and A3, with the first two being conjugate to the angular velocities 
of the bars 𝜃̇1 and 𝜃̇2, and the last one being conjugate to the linear 
velocity 𝑋̇c of the cart along the 𝒆1-axis. In addition, functions A1, 
A2, and A3, explained in Eqs. (26a)–(26c), describe how the vector 
potential couples at each instant of time 𝑡 with the configuration 𝑞(𝑡)
assumed by the system as a whole at time 𝑡.

We emphasize that the charge of the skate is assumed to be suf-
ficiently weak so that the magnetic and the electric fields that it 
generates can be neglected.

A major difference with respect to the work by Cazzolli et al. (2020) 
is that, in addition to the dead load applied to the cart, the system 
is also subjected to the Lorentz force 𝑭 L(𝑥𝐷(𝑡), 𝑡), which assumes the 
expression given in Eq.  (20) or in Eq.  (21), depending on whether the 
device is inside or outside the solenoid, respectively.

In Case I, and when 𝑨 does not depend explicitly on time, the 
Lorentz force reduces to 𝑭 L(𝑥𝐷(𝑡), 𝑡) = e 𝒗𝐷(𝑡) × 𝑩(𝑥𝐷(𝑡)) and, because 
of the constraint (4), it remains parallel to the bar B2, and thus to the 
follower force 𝒑 = −𝜇𝒏2, at all times. In addition, the Lorentz force 
vanishes whenever 𝒗𝐷(𝑡) is null.

In Case II, the Lorentz force features solely the purely electric 
contribution, which is due to the explicit time dependence of 𝑨, that is, 
𝑭 L(𝑥𝐷(𝑡), 𝑡) = e𝑬(𝑥𝐷(𝑡), 𝑡) = −e 𝜕𝑡𝑨(𝑥𝐷(𝑡), 𝑡). Therefore, if 𝑨 is assumed 
to not be explicitly dependent on time, then the Lorentz force vanishes 
identically.

3.3. Dynamic equations

If the dynamic equations (11), featuring the Lagrangian function 
L̂ o, are written explicitly, they lead to the set of equations presented 
by Cazzolli et al. (2020). In our framework, however, since electromag-
netic interactions are considered, the dynamic equations follow from 
the Lagrangian function L̂ expressed in Eq.  (24). They read 

E𝛼L̂ − 𝜕R̂
𝜕𝑞̇𝛼

(𝑞̇) + 𝜇 𝜕Ĉ
𝜕𝑞̇𝛼

(𝑞, 𝑞̇) = 0, 𝛼 = 1, 2, 3, (27)

where, as in Eq.  (11), the contributions −𝜕𝑞̇𝛼 R̂(𝑞̇) and 𝜇 𝜕𝑞̇𝛼 Ĉ(𝑞, 𝑞̇) iden-
tify the dissipative generalized forces associated with damping and the 
reaction forces due to the nonholonomic ‘‘skate’ constraint’ (Cazzolli 
et al., 2020), respectively.
6 
Before deriving the new Euler–Lagrange equations, we note that the 
Euler–Lagrange operator applied to L̂ produces 
E𝛼L̂ = E𝛼L̂ o + e

∑3
𝛽=1F𝛼𝛽 𝑞̇𝛽 + eE𝛼 , 𝛼 = 1, 2, 3, (28)

where the quantities F𝛼𝛽 and E𝛼 are defined as 

F𝛼𝛽 ∶=
𝜕A𝛽

𝜕𝑞𝛼
−

𝜕A𝛼
𝜕𝑞𝛽

, E𝛼 ∶= −
𝜕A𝛼
𝜕𝑡

, 𝛼, 𝛽 = 1, 2, 3, (29)

and represent, in terms of the Lagrangian parameters selected, the 
components of the generalized Faraday tensor and of the generalized 
electric field, respectively. From the discussion in Section 3.1, in which 
the electric and the magnetic contributions of the Lorentz force have 
been analyzed in Cartesian coordinates, it follows that the magnetic 
contribution is active only in the interior of the solenoid. Accordingly, 
the equations of motion either include or exclude the magnetic contri-
bution of the Lorentz force, depending on whether the device is located 
inside or outside the solenoid (Case I and Case II, respectively). Since 
this result must be consistently described when the device is analyzed 
in terms of the components of the generalized Faraday tensor and of 
the generalized electric field, defined by Eq.  (29), the quantities F𝛼𝛽
must vanish identically in Case II, when the device moves outside the 
solenoid.

Specifically, the generalized Faraday tensor has components 
F12 = −𝓁2𝐵h(𝑡) sin(𝜃1 − 𝜃2), F13 = −𝓁𝐵h(𝑡) cos 𝜃1 , F23 = −𝓁𝐵h(𝑡) cos 𝜃2 , Case I

(30a)
F12 = 0, F13 = 0, F23 = 0, Case II

(30b)

with F𝛼𝛽 = −F𝛽𝛼 for 𝛼, 𝛽 = 1, 2, 3, while the generalized electric field 
has components 
E𝛼 ≡ −𝜕𝑡A𝛼 = − 1

2 𝐵̇h(𝑡)U𝛼(𝑞)𝓁2, 𝛼 = 1, 2, 3, (31)

where functions U𝛼(𝑞) are given in Eqs. (25a)–(25c) both for Case I and 
for Case II.

Finally, upon introducing the components of the generalized Lorentz 
force 
FL𝛼 ∶= e

∑3
𝛽=1F𝛼𝛽 𝑞̇𝛽 + eE𝛼 , 𝛼 = 1, 2, 3, (32)

the dynamic equations (27) read 

E𝛼L̂ o −
𝜕R̂
𝜕𝑞̇𝛼

(𝑞̇) + 𝜇 𝜕Ĉ
𝜕𝑞̇𝛼

(𝑞, 𝑞̇) +FL𝛼 = 0, 𝛼 = 1, 2, 3, (33)

and, in explicit form, they become 
5
4
𝑚𝓁2 𝜃̈1 +

1
2
𝑚𝓁2 cos(𝜃1 − 𝜃2)𝜃̈2 −

3
2
𝑚𝓁(sin𝜃1)𝑋̈c +

1
2
𝑚𝓁2 sin(𝜃1 − 𝜃2)𝜃̇22

= −𝑘(2𝜃1 − 𝜃2) − 𝑐(2𝜃̇1 − 𝜃̇2) + 𝜇𝓁 sin (𝜃1 − 𝜃2) +FL1, (34a)
1
2
𝑚𝓁2 cos(𝜃1 − 𝜃2)𝜃̈1 +

1
4
𝑚𝓁2𝜃̈2 −

1
2
𝑚𝓁(sin𝜃2)𝑋̈c −

1
2
𝑚𝓁2 sin(𝜃1 − 𝜃2)𝜃̇21

= −𝑘(𝜃2 − 𝜃1) − 𝑐(𝜃̇2 − 𝜃̇1) +FL2, (34b)
− 3

2
𝑚𝓁(sin 𝜃1)𝜃̈1 −

1
2
𝑚𝓁(sin 𝜃2)𝜃̈2 +𝑀𝑋̈c −

3
2
𝑚𝓁(cos 𝜃1)𝜃̇21 −

1
2
𝑚𝓁(cos 𝜃2)𝜃̇22

= −𝜇 cos 𝜃2 + 𝐹 +FL3, (34c)

where the total mass 𝑀 ∶= 2𝑚 + 𝑚c is introduced. The explicit 
expressions for the generalized components of the Lorentz force are: 

FL1 =

{

− 1
2
e𝐵̇h(𝑡)U1(𝑞)𝓁2 − e𝐵h(𝑡)[sin(𝜃1 − 𝜃2)𝜃̇2 + (cos 𝜃1)(𝑋̇c∕𝓁)]𝓁2 Case I

− 1
2
e𝐵̇h(𝑡)U1(𝑞)𝓁2 Case II

(35a)

FL2 =

{

− 1
2
e𝐵̇h(𝑡)U2(𝑞)𝓁2 + e𝐵h(𝑡)[sin(𝜃1 − 𝜃2)𝜃̇1 − (cos 𝜃2)(𝑋̇c∕𝓁)]𝓁2 Case I

− 1
2
e𝐵̇h(𝑡)U2(𝑞)𝓁2 Case II

(35b)

FL3 =

{

− 1
2
e𝐵̇h(𝑡)U3(𝑞)𝓁2 + e𝐵h(𝑡)[(cos 𝜃1)𝜃̇1 + (cos 𝜃2)𝜃̇2]𝓁 Case I

− 1
2
e𝐵̇h(𝑡)U3(𝑞)𝓁2 Case II. (35c)
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We emphasize that the magnetic part of FL2 in Eq.  (35b) (i.e., the 
one featuring 𝐵h(𝑡)) is zero also in Case I since the terms in square 
brackets return the constraint (4). This is because the magnetic part of 
the Lorentz force e 𝒗𝐷 × 𝑩 is parallel to the bar B2, of unit vector 𝒏2, 
and also to the follower force 𝒑, as explained at the end of Section 2.

Eqs. (34a)–(34c) are to be solved together with the constraint 
(4), which we differentiate with respect to time and turn into the 
second-order differential equation 

−𝓁 sin(𝜃1−𝜃2)𝜃̈1+(cos 𝜃2)𝑋̈c = 𝜃̇2𝑋̇c sin 𝜃2+𝓁𝜃̇1 cos(𝜃1−𝜃2)(𝜃̇1− 𝜃̇2). (36)

Eq.  (36), obtained by changing sign to the time derivative of Eq.  (4), 
is necessary to apply the Schur complement technique to the system 
(34a)–(34c) and (36) (for details, see Zampieri (2000), Pastore et al. 
(2024) and Section C of the Supplementary Material; the sign change 
is motivated by convenience in the construction of the Schur matrix).

Alongside the elastic and viscous forces featuring in the right-hand 
sides of Eqs. (34a)–(34c), the additional generalized Lorentz forces FL1, 
FL2 and FL3 are present, and, coherently with Eqs. (12a)–(12c), the 
following identifications apply 

FL1 = [𝓁𝒏1(𝑡) × 𝑭 L(𝑥𝐷(𝑡), 𝑡)] ⋅ 𝒆3, (37a)

FL2 = [𝓁𝒏2(𝑡) × 𝑭 L(𝑥𝐷(𝑡), 𝑡)] ⋅ 𝒆3, (37b)

FL3 = 𝑭 L(𝑥𝐷(𝑞), 𝑡) ⋅ 𝒆1. (37c)

Eqs. (37a) and (37b) are the torques generated by the Lorentz force 
acting on the bars B1 and B2, respectively, while Eq.  (37c) is the 
component of the Lorentz force acting on the cart.

3.4. Determination of static equilibrium

To study the static equilibrium of the system, we consider an initial 
instant of time 𝑡0 at which the system occupies the configuration 𝑞(𝑡0) =
𝑞0, with null velocity 𝑞̇(𝑡0) = (0, 0, 0), and, for 𝑡 > 𝑡0, we look for 
solutions to Eqs. (34a)–(34c) of the type 𝑞(𝑡) = 𝑞e ∶= (𝜃1e, 𝜃2e, 𝑋ce) ≡ 𝑞0, 
satisfying 𝑞̇(𝑡) = (0, 0, 0) and 

−𝜇e𝓁 sin (𝜃1e − 𝜃2e) = − 1
2e𝐵̇h(𝑡)U1(𝑞e)𝓁2 − 𝑘(2𝜃1e − 𝜃2e), (38a)

0 = − 1
2e𝐵̇h(𝑡)U2(𝑞e)𝓁2 − 𝑘(𝜃2e − 𝜃1e), (38b)

𝜇e cos 𝜃2e = − 1
2e𝐵̇h(𝑡)U3(𝑞e)𝓁2 + 𝐹 , (38c)

where 𝜇e is the (still unknown) Lagrange multiplier at equilibrium 
(Gantmacher, 1975, p. 25).

Note that the nonholonomic constraint (4) is trivially satisfied when 
the generalized velocities are all set equal to zero. For this reason, the 
number of equations characterizing equilibrium reduces to the three 
force balances (38a)–(38c), which, however, still feature the four un-
knowns 𝜃1e, 𝜃2e, 𝑋ce, and 𝜇e. We also notice that the torques due to the 
magnetic part of the Lorentz force are not present in Eqs. (38a)–(38c) 
because the velocities are set equal to zero.

Assuming 𝜃1e = 𝜃2e = 𝜃e, Eqs. (38a)–(38c) become 

0 = − 1
2e𝐵̇h(𝑡)U1(𝑞e)𝓁2 − 𝑘𝜃e, (39a)

0 = − 1
2e𝐵̇h(𝑡)U2(𝑞e)𝓁2, (39b)

𝜇e cos 𝜃e = − 1
2e𝐵̇h(𝑡)U3(𝑞e)𝓁2 + 𝐹 , (39c)

with U1(𝑞e) = U2(𝑞e). Thus, equilibrium in the general case in which 
𝐵̇h(𝑡) is different from zero requires from Eq.  (39b) U2(𝑞e) = 0, which 
may hold true only in Case I. Hence, we find 

U2(𝑞e) = 0 ⇒ 2 +
𝑋ce
𝓁

cos 𝜃e = 0 ⇒ 𝑋ce = − 2𝓁
cos 𝜃e

. (40)

Moreover, since U1(𝑞e) vanishes too, Eq.  (39a) yields the more stringent 
condition 
𝜃 = 0. (41)
e
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This implies that U3(𝑞e) also vanishes identically, thereby yielding the 
force balance 
𝜇e = 𝐹 . (42)

By gathering the results (40)–(42), we find 
𝑞e = (𝜃1e, 𝜃2e, 𝑋ce) = (0, 0,−2𝓁), 𝜇e = 𝐹 . (43)

The condition U1(𝑞e) = U2(𝑞e) = 0 for nonzero 𝐵̇h(𝑡) amounts to 
placing the device in a configuration in which the electric part e𝑬 of 
the Lorentz force acting on the massless skate is null (see Fig.  3(a)). 
Indeed, given the expression e𝑬(𝑥̂𝐷(𝑞e), 𝑡) = − 1

2e𝐵̇h(𝑡)(𝑋ce + 2𝓁)𝒆2, the 
requirement of the vanishing of this force means that the skate has to 
occupy the origin of the considered reference frame, where 𝑥̂𝐷(𝑞e) = 0
and, thus, 𝑋ce = −2𝓁.

We note that no equilibrium configuration exists in Case II, since, 
when the device is outside the solenoid, Eq.  (39b) cannot be satisfied 
unless the condition 𝐵̇h(𝑡) = 0 is considered for all 𝑡 ≥ 𝑡0, which means 
that 𝐵h is constant in time. On the other hand, if 𝐵̇h(𝑡) = 0 for all 𝑡 ≥ 𝑡0, 
every triple (𝜃1(𝑡), 𝜃2(𝑡), 𝑋c(𝑡)) = (0, 0, 𝑋ce), with arbitrary 𝑋ce > 𝑅s, 
satisfies the equilibrium conditions.

See Fig.  3 for a graphical depiction of the device in the four 
configurations of interest inside the solenoid (Case I).

Remark 2 (One static equilibrium configuration extracted from the ‘mani-
fold’ (Cazzolli et al., 2020)).

The configuration 𝑞e determined in Eq.  (43) is one particular con-
figuration of the manifold {(0, 0, 𝑋ce) ∶ 𝑋ce ∈ R} of equilibrium 
configurations obtained by Cazzolli et al. (2020) in the absence of 
magnetic interactions. Eq.  (43) constitutes an important difference from 
the work by Cazzolli et al. (2020). In our setting, indeed, 𝑋c cannot be 
arbitrary, since the equilibrium configuration is obtained by imposing 
the additional condition of null electric part of the Lorentz force acting 
on the skate. However, we retrieve the same equilibrium manifold as 
Cazzolli et al. (2020) if we assume that 𝐵h is independent of time, 
which implies 𝐵̇h(𝑡) = 0 at all times. Indeed, under the hypothesis of 
time-independent 𝐵h, Eq.  (39a) returns 𝜃e = 0, Eq.  (39b) is trivially 
satisfied (thus, there is no counterpart of Eq.  (40) to determine 𝑋ce, 
which remains indeterminate), and Eq.  (39c) reduces to 𝜇e = 𝐹 .

4. Stability analysis: flutter instability and bifurcations in Case I

In this section, we carry out a stability analysis of the system 
described by Eqs. (34a)–(34c) and (36). To this end, since we need to 
perturb the system from a static equilibrium configuration, we restrict 
our study to Case I only.

For the methodologies used hereafter, we refer to Neimark and Fu-
faev (1972), Ziegler (1977), Guskov and Thouverez (2012), Bentvelsen 
and Lazarus (2018), Cazzolli et al. (2020), Guillot et al. (2020), Agún-
dez et al. (2021).

Before proceeding with the stability analysis, we notice that
Eqs. (34a)–(34c) feature together six physical parameters to which we 
add the magnitude 𝐹  of the dead load applied to the cart and the 
amplitude 𝐵M ∶= max𝑡 |𝐵h(𝑡)| of the 𝒆3-component 𝐵h(𝑡) of the magnetic 
induction field (hereafter, 𝐵h is assumed to be a function defined over 
a closed and bounded interval of time): 
P ∶= {𝑚c; 𝑚, 𝑐, 𝑘,𝓁; e; 𝐹 ,𝐵M}. (44)

Dimensionless quantities are introduced via the mappings 

𝑋c ↦
𝑋c
𝓁

, 𝑡 ↦ 𝑡
√

𝑚𝓁2∕𝑘
, 𝜇 ↦

𝜇𝓁
𝑘

, 𝐹 ↦
𝐹𝓁
𝑘

, 𝐵M ↦
e𝐵M𝓁
√

𝑚𝑘
, (45a)

𝑀 ↦
𝑀
𝑚

, 𝑐 ↦ 𝑐

𝓁
√

𝑚𝑘
. (45b)

For simplicity, we do not introduce additional notation to indicate 
the dimensionless quantities in Eqs. (45a) and (45b). Rather, from 
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Fig. 3. Body diagram showing the forces acting on the device in the case in which the radius 𝑅s > 2𝓁 of the solenoid is sufficiently large to fully host the device 
and its motion (Case I). Four scenarios are depicted: (a) the device is in the static equilibrium configuration determined in Eq.  (43); (b) although the device is 
in a configuration with initial null velocities, such a configuration is not of equilibrium because the Lorentz force, composed only by its electric contribution, 
produces a non-zero torque, thereby triggering the motion; (c and d) in each case the device is in a deformed configuration with nonzero velocities and, thus, 
the magnetic part of the Lorentz force acts on the device in addition to the electric part. In particular, we emphasize that, while e 𝒗𝐷 × 𝑩 is parallel to 𝒏2 by 
construction, e𝑬 has to be tangential to the circumference instantaneously centered in the origin and passing through 𝑥𝐷(𝑡) (indeed, 𝑬(𝑥𝐷(𝑡), 𝑡) is proportional to 
𝒆3 × 𝒓(𝑥𝐷(𝑡)), with 𝒓(𝑥𝐷(𝑡)) = 𝑥𝐷1(𝑡) 𝒆1 + 𝑥𝐷2(𝑡) 𝒆2).
here on, we simply rename them as 𝑋c, 𝑡, 𝜇, 𝐹 , 𝐵M, 𝑀 , and 𝑐, and 
we differentiate with respect to the dimensionless time variable. We 
emphasize that dimensionless variables are used throughout Section 4, 
while physical dimensions are restored in Section 5 to contextualize the 
numerical results.

4.1. Linearization of the equations governing the dynamics of the structure

To perform the stability analysis in a neighborhood of the pair 
(𝑞e;𝜇e) = (0, 0,−2;𝐹 ), we consider small perturbations around 𝑞e and 
𝜇e. This is achieved by introducing the homotopies 𝑞 and 𝜇̃, which 
define the perturbed configuration 𝑞(𝑡, 𝜀) and the perturbed Lagrange 
multiplier 𝜇̃(𝑡, 𝜀), with 𝜀 being a smallness parameter, and by requiring 
them to comply with the conditions 𝑞(𝑡, 0) = 𝑞e and 𝜇̃(𝑡, 0) = 𝜇e. We 
assume 𝑞 and 𝜇̃ to be at least 𝐶2 functions of their arguments.

The first-order expansions of 𝑞 and 𝜇̃ around 𝜀 = 0 and for all 𝑡 can 
be written as: 

𝑞(𝑡, 𝜀) = 𝑞e + 𝜂(𝑡)𝜀 + 𝑜(𝜀), 𝜀 → 0, (46a)

𝜇̃(𝑡, 𝜀) = 𝜇e + 𝜚(𝑡)𝜀 + 𝑜(𝜀), 𝜀 → 0, (46b)

with 𝜂(𝑡) ∶= 𝜕𝜀𝑞(𝑡, 0) and 𝜚(𝑡) ∶= 𝜕𝜀𝜇̃(𝑡, 0). In the following, we set 
𝜂 ∶= (𝜗1, 𝜗2, 𝑥c).

By substituting Eqs. (46a) and (46b) into the dimensionless form of 
Eqs. (34a)–(34c) and (36), and dropping all the terms of order higher 
than the first in 𝜀, we obtain the dynamic equations linearized around 
𝑞e and 𝜇e: 
5
4
𝜗̈1 +

1
2
𝜗̈2 + 𝑐 (2𝜗̇1 − 𝜗̇2) + (2𝜗1 − 𝜗2) − 𝐹 (𝜗1 − 𝜗2) + 𝐵h(𝑡)𝑥̇c +

1
2
𝐵̇h(𝑡)𝑥c = 0, (47a)

1
2
𝜗̈1 +

1
4
𝜗̈2 + 𝑐 (𝜗̇2 − 𝜗̇1) + (𝜗2 − 𝜗1) + 𝐵h(𝑡)𝑥̇c +

1
2
𝐵̇h(𝑡)𝑥c = 0, (47b)

𝑀𝑥̈c + 𝜚 − 𝐵h(𝑡)(𝜗̇1 + 𝜗̇2) −
1
2
𝐵̇h(𝑡)(𝜗1 + 𝜗2) = 0, (47c)

𝑥̈c = 0, (47d)

where 𝐵h(𝑡) and 𝐵̇h(𝑡) are dimensionless functions of the dimensionless 
time.
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Remark 3 (𝐵̇h(𝑡) couples the translational and the rotational degrees of 
freedom).

In the linearized dynamic Eqs. (47a)–(47c), 𝐵̇h(𝑡) makes it impossi-
ble to decouple 𝑥c from 𝜗1 and 𝜗2. This can be seen by substituting the 
condition 𝑥̈c = 0 in Eq.  (47c), and the condition 𝑥̇c = 0 (representing 
the linearization of the constraint (4)) in Eqs. (47a) and (47b), because 
the term 12 𝐵̇h(𝑡)𝑥c does not cancel, as it represents the electric part of 
the Lorentz force. This is another difference with the case studied by 
Cazzolli et al. (2020), in which the framework considered allows for 
decoupling the dynamics of the cart from the dynamics of the double 
pendulum. Note that the decoupling is recovered also in our study when 
the electric part of the Lorentz force vanishes, so that 𝐵̇h(𝑡) = 0 for 
𝑡 ≥ 𝑡0.

Following Neimark and Fufaev (1972), upon introducing the 3 × 1 
array η = {𝜗1 𝜗2 𝑥c}T and the 1 × 1 array ρ = {𝜚}, Eqs. (47a)–(47d) 
can be recast in matrix formalism as 

Meη̈ +
[

Ce + 𝐵hLe
]

η̇ +
[

Ke + 𝐹Ge +
1
2 𝐵̇hLe

]

η − ATeρ = 0, (48a)

− Ae η̈ = 0, (48b)

where Me, Ke, and Ce represent the mass, stiffness, and damping 
matrices, respectively, Ge is an auxiliary (singular) matrix introduced 
to account for the force 𝐹 , Ae is the constraint matrix, while Le is the 
matrix accounting for the contributions due to the Lorentz force. These 
matrices read

Me ∶=

⎡

⎢

⎢

⎢

⎣

5
4

1
2 0

1
2

1
4 0

0 0 𝑀

⎤

⎥

⎥

⎥

⎦

, Ke ∶=
⎡

⎢

⎢

⎣

2 −1 0
−1 1 0
0 0 0

⎤

⎥

⎥

⎦

, Ce ∶=
⎡

⎢

⎢

⎣

2𝑐 −𝑐 0
−𝑐 𝑐 0
0 0 0

⎤

⎥

⎥

⎦

,

(49a)

Ge ∶=
⎡

⎢

⎢

⎣

−1 1 0
0 0 0
0 0 0

⎤

⎥

⎥

⎦

, Ae ∶=
[

0 0 −1
]

, Le ∶=
⎡

⎢

⎢

⎣

0 0 1
0 0 1
−1 −1 0

⎤

⎥

⎥

⎦

.

(49b)
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Remark 4 (Faraday tensor in matrix formalism and its coupling with C e, 
K e, and 𝐹Ge).

In the linearized setting, the dead load 𝐹 , although being applied 
to the cart, influences the double pendulum through the introduction 
of the ‘apparent’ stiffness matrix 𝐹Ge, referred to as ‘geometric stiffness 
matrix’ in the literature (Bigoni and Kirillov, 2019), which adds to the 
elastic stiffness matrix Ke. Similarly, 𝐵h and 𝐵̇h yield the ‘apparent’ 
damping matrix 𝐵hLe and the additional ‘apparent’ stiffness matrix 
1
2 𝐵̇hLe, both due to the linearization of the Lorentz force. It is worth 
noticing that 𝐵hLe is the matrix associated with the generalized Faraday 
tensor, evaluated at the equilibrium configuration 𝑞e in dimensionless 
form and in the case in which the device is inside the solenoid (cfr. Eq. 
(30a)). Analogously, 12 𝐵̇hLe is the matrix associated with the electric 
contribution 12 𝐵̇hLeη of the Lorentz force. We emphasize that the terms 
𝐵hLe and 12 𝐵̇hLe constitute another relevant difference from the work 
by Cazzolli et al. (2020) and add to the damping matrix Ce and to the 
stiffness matrix Ke, respectively.

To solve Eqs. (48a) and (48b), it is convenient to apply the Schur 
complement technique (Zampieri, 2000; Pastore et al., 2024). Hence, 
Eqs. (48a) and (48b) are rewritten in matrix form as 
[

Me −ATe
−Ae O

]{

η̈
ρ

}

=
{

−Ceff(𝑡) η̇ − Keff(𝑡) η
0

}

, (50)

where the shorthand notation 
Ceff(𝑡) ∶= Ce + 𝐵h(𝑡)Le, (51a)

Keff(𝑡) ∶= Ke + 𝐹Ge +
1
2 𝐵̇h(𝑡)Le (51b)

has been introduced to highlight that the problem at hand naturally 
yields the effective damping matrix Ceff(𝑡) and the effective stiffness 
matrix Keff(𝑡), both depending explicitly on time because of the imposed 
𝐵h(𝑡) (see Remark  4).

At this stage, the system (50) is formally solved for η̈ and ρ, thereby 
obtaining 
η̈(𝑡) = −

[

M−1
e −M−1

e ATeS
−1
e AeM

−1
e
]{

Ceff(𝑡) η̇(𝑡) + Keff(𝑡) η(𝑡)
}

≡ RC(𝑡) η̇(𝑡) + RK(𝑡) η(𝑡), (52a)

ρ(𝑡) = [S−1
e AeM

−1
e ]

{

Ceff(𝑡) η̇(𝑡) + Keff(𝑡) η(𝑡)
}

, (52b)

where the 1 × 1 (invertible) matrix Se ∶= AeM
−1
e ATe  is referred to 

as Schur matrix, and the auxiliary 3 × 3 matrices RK(𝑡) and RC(𝑡) are 
defined as 
RK(𝑡) = −

[

M−1
e −M−1

e ATeS
−1
e AeM

−1
e
]

Keff(𝑡), (53a)

RC(𝑡) = −
[

M−1
e −M−1

e ATeS
−1
e AeM

−1
e
]

Ceff(𝑡). (53b)

It is worth noticing that, although in the present case Se consists 
of the single nonzero real number 1∕𝑀 (because there is only one 
constraint), and is therefore trivially invertible, the Schur matrix is 
invertible even when more (well-posed) constraints are considered; in 
that case, Se is an invertible matrix with number of rows and columns 
equal to the number of the constraints.

Taking advantage from the property of the Schur complement tech-
nique, which allows for decoupling the determination of the Lagrange 
multiplier ρ(𝑡) from the calculation of the elements of the array η(𝑡), we 
start solving Eq.  (52a). To do this, and in view of the linear stability 
analysis that has to be conducted for the problem under consideration, 
Eq.  (52a) is rewritten in the state-variable formalism by introducing the 
state variable Y = {𝜂1 𝜂2 𝜂3 𝜂̇1 𝜂̇2 𝜂̇3}T, so as to obtain 

Ẏ(𝑡) = J(𝑡)Y(𝑡), J(𝑡) ∶=
[

O3×3 I3×3
RK(𝑡) RC(𝑡)

]

, (54)

with J(𝑡) being a 6 × 6 matrix depending on time through 𝐵h(𝑡) and 
𝐵̇h(𝑡), and I𝑛×𝑛 denoting the identity matrix of dimension 𝑛. Note that 
J(𝑡) can be identified with the Jacobian matrix obtained by lineariz-
ing Eqs. (34a)–(34c) and (36), after applying the Schur complement 
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technique and transforming the resulting equations in the state-variable 
formalism. The expression for J(𝑡) is reported in Section A of the 
Supplementary Material.

Eq.  (54) is completed with the initial condition Y(𝑡 = 0) = Ye =
{0 0 −2 0 0 0}T. Moreover, from here on we make the important assump-
tion that 𝐵h(𝑡) is a periodic function of time and, for simplicity, we 
consider 𝐵h(𝑡) = 𝐵M sin(𝛺𝑡), with 𝛺 > 0 being an assigned frequency. 
To justify the approach followed in this work of a magnetic induction 
field ‘slowly varying in time’ (Rousseaux et al., 2008), 𝛺 must be chosen 
small enough (see Section 5.1 below for the contextualization of this 
assumption in possible biomedical applications).

To properly analyze Eq.  (54), Floquet theory is used. However, 
before proceeding with this analysis, we present an important property 
of J(𝑡), connected with the way in which the Lorentz force couples 
with the elastic structure under consideration in the linearized case. 
This property is formalized by stating a theorem based on the similarity 
relation between two matrices. Indeed, it is known that matrices which 
are similar have the same characteristic polynomial and, thus, the same 
eigenvalues. Hence, to compute the eigenvalues of a given matrix, such 
as J(𝑡), one first determines a similar matrix for which the characteristic 
polynomial is easier to calculate, and then computes the eigenvalues of 
this similar matrix.

Theorem 1 (Lorentz force does not affect the eigenvalues of the Jacobian 
matrix J (𝑡)). 

The characteristic polynomial of the Jacobian matrix J (𝑡) in Eq.  (54) 
is independent of time, and its roots, which are the eigenvalues of J (𝑡), are 
the same as those characterizing the structure in the absence of 𝐵h(𝑡) and 
𝐵̇h(𝑡), which are representative of the Lorentz force, independently of their 
functional forms.

Proof .  Given the Jacobian matrix J(𝑡) in Eq.  (54), one can define 
a constant-in-time, invertible 6 × 6 matrix Σ that transforms J(𝑡)
into the similar Jacobian matrix J̃(𝑡) = ΣJ(𝑡)Σ−1 characterized by a 
lower-triangular block-wise structure, 

J̃(𝑡) =
[

N O2×4
B(𝑡) Z

]

, (55)

where the non-zero blocks read as 

N =

[

0 1
0 0

]

, Z =

⎡

⎢

⎢

⎢

⎢

⎣

0 0 1 0
0 0 0 1

2
5
(2𝐹 − 7) 2

15
(4𝐹 − 9) − 14

5
𝑐 − 6

5
𝑐

6
5
(14𝐹 − 69) 2

5
(28𝐹 − 103) − 414

5
𝑐 − 206

5
𝑐

⎤

⎥

⎥

⎥

⎥

⎦

,

(56a)

B(𝑡) =

⎡

⎢

⎢

⎢

⎢

⎣

0 0
0 0
0 0

20𝐵̇h(𝑡) 40𝐵h(𝑡)

⎤

⎥

⎥

⎥

⎥

⎦

. (56b)

The 2 × 2 matrix N and the 4 × 4 matrix Z in Eq.  (56a) are constant in 
time and equal to the matrices that characterize the Jacobian matrix of 
the mechanical device in the absence of the Lorentz force, as studied 
by Cazzolli et al. (2020) (see also Section B of the Supplementary Ma-
terial). However, the 4 × 2 matrix B(𝑡) depends explicitly on time, and, 
in the transformed Jacobian matrix J̃(𝑡), it is the only block collecting 
the contributions due to the Lorentz force. We call B(𝑡) Lorentz block in 
the following. The expressions of Σ and Σ−1 are reported in Section A 
of the Supplementary Material.

Since J̃(𝑡) is similar to J(𝑡), both matrices have the same charac-
teristic polynomial and, thus, the same eigenvalues. Because of the 
simpler structure of J̃(𝑡), it is convenient to compute its characteristic 
polynomial, 𝑃 (𝜆) ∶= det

[

J̃(𝑡) − 𝜆I6×6
]

. This quantity, in fact, by virtue 
of standard theorems holding for lower-triangular block-wise matrices, 
is the product of the determinants of the diagonal blocks N− 𝜆I  and 
2×2
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Z − 𝜆I4×4, 

𝑃 (𝜆) ∶= det
[

J̃(𝑡) − 𝜆I6×6
]

= det
[

N − 𝜆I2×2
]

det
[

Z − 𝜆I4×4
]

. (57)

Since the contributions of the Lorentz force are confined to the lower-
diagonal block B(𝑡) of Eq.  (55), they do not feature in the characteristic 
polynomial of J̃(𝑡) and J(𝑡), given in Eq.  (57). Consequently, they have 
no effect on the eigenvalues of J̃(𝑡) and J(𝑡), which are therefore equal 
to those obtained in the absence of the Lorentz force. This proves the 
theorem, which holds true independently of the functional form of 𝐵h(𝑡)
and, thus, of 𝐵̇h(𝑡). □

A heuristic evidence for the results summarized in Theorem  1 is 
provided in Fig. S1 of Section B of the Supplementary Material.

We complete Theorem  1 with the following two remarks. 

Remark 5 (The ‘true’ degree of the characteristic polynomial of J (𝑡)). 
The characteristic polynomial in Eq.  (57) coincides with that ob-

tained by Cazzolli et al. (2020) for the Ziegler double pendulum at-
tached to a translating cart. Their model corresponds to the case in 
which no electric charge is concentrated in the skate and, consequently, 
the Lorentz force is absent; see Section B of the Supplementary Ma-
terial. More importantly, with reference to Eq.  (56a), the block N
describes the linearized nonholonomic ‘skate’ constraint, while the 
block Z describes the linearized version of the classical Ziegler double 
pendulum. Since N and Z are a 2 × 2 matrix and a 4 × 4 matrix, 
respectively, the characteristic polynomial 𝑃 (𝜆) is of degree six in 𝜆. 
In particular, the structures of N and Z are such that, as shown in Eq. 
(57), they contribute to 𝑃 (𝜆) through the determinants 

det[N − 𝜆I2×2] = 𝜆2, (58a)
det[Z − 𝜆I4×4] = 16 + 32𝑐 𝜆 + 4(11 + 4𝑐2 − 3𝐹 )𝜆2 + 44𝑐 𝜆3 + 𝜆4 =∶ 𝑄(𝜆).

(58b)

Hence, N contributes to 𝑃 (𝜆) with a factor 𝜆2, which implies that 𝜆 = 0
is an eigenvalue of algebraic multiplicity two. As explained by Neimark 
and Fufaev, 1972, p.265–267, the inclusion or the exclusion of this zero 
root does not affect the overall stability properties of the system. Thus, 
to proceed with the stability analysis, the roots of the fourth-degree 
polynomial 𝑄(𝜆) can be analyzed. Note that the coefficients of 𝑄(𝜆)
encode all the information on stiffness, damping, and the dead load 
𝐹  required to investigate the stability of the Ziegler double pendulum. 
It is emphasized that the procedure by which the analysis is reduced 
to 𝑄(𝜆) is indeed a reduction procedure, grounded in clear mathematical 
properties of the system under study: the Lorentz block B(𝑡) does not 
affect the determination of the system’s eigenvalues, and the zero 
root of 𝑃 (𝜆), with algebraic multiplicity two, can be disregarded. It is 
precisely these properties that allow the stability information on the 
system to be condensed into the polynomial 𝑄(𝜆). Since the roots of 
𝑄(𝜆) determine the occurrence of bifurcations and unstable behaviors in 
response to variations of 𝐹 , 𝑄(𝜆) is expressed as a parametric function 
of 𝐹  and is denoted as 𝑄(𝜆;𝐹 ) from here on. The roots of 𝑄(𝜆;𝐹 ) are 
denoted by 𝜆1, 𝜆2, 𝜆3, 𝜆4. By including also the roots 𝜆5 = 𝜆6 = 0 (which 
replace the null root with algebraic multiplicity 2), the six roots of 𝑃 (𝜆)
are obtained.

Remark 6 (Necessity for the Floquet theory). 
The ‘heart’ of Theorem  1 is the similarity transformation that relates 

J(𝑡) to J̃(𝑡) = ΣJ(𝑡)Σ−1, from which if follows that J̃(𝑡) has the same 
eigenvalues as J(𝑡), a consequence of the fact that J(𝑡) and J̃(𝑡) belong to 
the same class of equivalence generated by similarity. In turn, J̃(𝑡) has 
the same eigenvalues as diag{N,Z}, the diagonal and block-wise matrix 
that describes the structure under study when both 𝐵h(𝑡) and 𝐵̇h(𝑡)
are identically zero (thereby recovering the case analyzed by Cazzolli 
et al. (2020)). However, since there exists no similarity transformation 
that relates J̃(𝑡) to diag{N,Z}, these two matrices do not belong to 
the same class of equivalence and, accordingly, the systems that they 
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describe are not equivalent to each other. This result is reflected by the 
type of solutions that pertain to these two nonequivalent systems: for 
the system described by the state equation ̇̃Y(𝑡) = diag{N,Z}Ỹ(𝑡), the 
tentative solution has the form Ỹ(𝑡) = Ỹ0e𝜆𝑡; for the system described 
by the state equation ̇̃Y(𝑡) = J̃(𝑡)Ỹ(𝑡), the previous tentative solution 
is impossible and, if J̃(𝑡) is periodic in time, as is the case in our 
work, the Floquet theory becomes necessary, which will be discussed 
below. It is recalled that the periodicity of J̃(𝑡) follows from the choice 
𝐵h(𝑡) = 𝐵M sin(𝛺𝑡).

4.2. Floquet theory: 𝐵h(𝑡) and 𝐵̇h(𝑡) are assumed to be time periodic

The functional form of 𝐵h(𝑡), which is sinusoidal in time with period 
𝑇 = 2𝜋∕𝛺 and fixed frequency 𝛺 > 0, allows us to write 
𝐵h(𝑡) = 𝐵M sin(𝛺𝑡) ≡ 𝐵M

2𝑖 e
𝑖𝛺𝑡 − 𝐵M

2𝑖 e
−𝑖𝛺𝑡 = 𝑖𝐵M

2 e−𝑖𝛺𝑡 − 𝑖𝐵M
2 e𝑖𝛺𝑡, (59a)

𝐵̇h(𝑡) = 𝛺𝐵M cos(𝛺𝑡) ≡ 𝐵M𝛺
2 e𝑖𝛺𝑡 + 𝐵M𝛺

2 e−𝑖𝛺𝑡 = 𝐵M𝛺
2 e−𝑖𝛺𝑡 + 𝐵M𝛺

2 e𝑖𝛺𝑡.

(59b)

Under Eqs. (59a) and (59b), Ceff(𝑡) and Keff(𝑡) are periodic functions 
of time with period 𝑇 = 2𝜋∕𝛺. Therefore, the Jacobian J(𝑡) in Eq.  (54)2
is periodic with the same period, and can be decomposed into a finite 
number of harmonics as follows (Bentvelsen and Lazarus, 2018): 
J(𝑡) = J−1e−1(𝑖𝛺𝑡) + J0e0(𝑖𝛺𝑡) + J+1e+1(𝑖𝛺𝑡) = J−1e−𝑖𝛺𝑡 + J0 + J+1e𝑖𝛺𝑡, (60)

where J−1, J0, and J+1 are constant-in-time complex matrices, repre-
senting the contributions to J(𝑡) related to the fundamental harmonics 
e−1(𝑖𝛺𝑡), e0(𝑖𝛺𝑡), and e+1(𝑖𝛺𝑡), respectively. Note that J−1 = J̄+1 (the 
overbar denotes the operation of complex conjugation), and that J0 is 
a real matrix. For problems more involved than the one analyzed here, 
it becomes necessary to expand J(𝑡) in a Fourier series.

Given the structure of Eq.  (54) and the periodicity of the Jacobian 
J(𝑡) in Eq.  (60), the generic entry of the unknown array Y(𝑡) can be 
expanded in Floquet form as (Guskov and Thouverez, 2012; Bentvelsen 
and Lazarus, 2018) 
𝑌𝛼(𝑡) = e𝜆𝑡𝑝𝛼(𝑡) = e𝜆𝑡

∑+∞
𝜈=−∞𝑝𝛼,𝜈e𝑖𝜈𝛺𝑡 =

∑+∞
𝜈=−∞𝑝𝛼,𝜈e(𝜆+𝑖𝜈𝛺)𝑡, 𝛼 = 1,… , 6, (61)

where 𝜆 is an unknown complex number referred to as Floquet exponent
(Bentvelsen and Lazarus, 2018), and 𝑝1(𝑡),… , 𝑝6(𝑡) are periodic func-
tions with period 𝑇 = 2𝜋∕𝛺 and Fourier series 𝑝𝛼(𝑡) =

∑+∞
𝜈=−∞𝑝𝛼,𝜈e𝑖𝜈𝛺𝑡. 

For each 𝛼 = 1,… , 6, and for all integers 𝜈 ∈ Z, the coefficients 𝑝𝛼,𝜈 are 
complex numbers satisfying the property 𝑝𝛼,−𝜈 = 𝑝̄𝛼,𝜈 . For future use, 
the arrays p(𝑡) = {𝑝1(𝑡)⋯ 𝑝6(𝑡)}T and p𝜈 ∶= {𝑝1,𝜈 ⋯ 𝑝6,𝜈}T, with 𝜈 ∈ Z, 
are introduced, so that Eq.  (61) can be rewritten in compact form as 
Y(𝑡) = e𝜆𝑡p(𝑡), with p(𝑡) = ∑+∞

𝜈=−∞p𝜈e𝑖𝜈𝛺𝑡.
It is worth recalling that Y(𝑡) = e𝜆𝑡p(𝑡) is referred to as the fun-

damental solution (Bentvelsen and Lazarus, 2018). It represents the 
periodic-case generalization of the solution Y(𝑡) = e𝜆𝑡p0, with constant 
p0, which arises when the Jacobian is independent of time.

In general, 𝜆 can be written as 𝜆 = Re[𝜆] + 𝑖 Im[𝜆], and, for a given 
Im[𝜆], there exists a real number 𝑟 such that Im[𝜆] can be expressed 
as Im[𝜆] = 𝑟𝛺. Such a number 𝑟, in turn, can be decomposed as 
𝑟 = ⌊𝑟⌋ +m(𝑟), where ⌊⋅⌋ ∶ R → Z denotes the floor function and m ∶
R → [0, 1[  is the sawtooth wave. A substitution of this representation 
of 𝜆 back into Eq.  (61), rewritten in terms of the arrays Y(𝑡) and p(𝑡), 
leads to 

Y(𝑡) = e𝜆𝑡p(𝑡) = e𝜆𝑡∑+∞
𝜈=−∞p𝜈e𝑖𝜈𝛺𝑡 = eRe[𝜆]𝑡e𝑖⌊𝑟⌋𝛺𝑡e𝑖m(𝑟)𝛺𝑡∑+∞

𝜈=−∞p𝜈e𝑖𝜈𝛺𝑡.

(62)

Since ⌊𝑟⌋ is an integer number, the phase factor e𝑖⌊𝑟⌋𝛺𝑡 is periodic 
with period 𝑇 = 2𝜋∕𝛺. Indeed, e𝑖⌊𝑟⌋𝛺(𝑡+𝑇 ) = e𝑖⌊𝑟⌋𝛺𝑡, because e𝑖⌊𝑟⌋𝛺 2𝜋

𝛺 =
e𝑖2𝜋⌊𝑟⌋ = 1. Thus, the possible non-periodicity of Y(𝑡) is due to Re[𝜆]
and m(𝑟), whenever at least one of them is nonzero. However, the 
origin of the non-periodicity of Y(𝑡) connected to Re[𝜆] is different from 
that connected to m(𝑟). Indeed, the non-periodicity due to Re[𝜆] ≠ 0 is 



A. Pastore et al. Applications in Engineering Science 27 (2026) 100345 
related to the presence of the damping 𝑐 in the viscoelastic hinges, and 
to the dead load 𝐹  (in fact, even for 𝑐 = 0 there is a nonzero Re[𝜆]
for values of 𝐹  above the critical load for flutter). The non-periodicity 
associated with m(𝑟) ≠ 0 is an intrinsic property of the system and 
of the considered interactions, reflected in the nature of the computed 
Floquet exponent.

It is also important to note that, since the dimension of the array 
Y(𝑡) is equal to 6, it is possible to determine six fundamental Floquet 
exponents 𝜆f1,… , 𝜆f6, each of which is representable as 𝜆f𝛼 = Re[𝜆f𝛼] +
𝑖 Im[𝜆f𝛼] = Re[𝜆f𝛼] + 𝑖m(𝑟f𝛼)𝛺, for 𝛼 = 1,… , 6, and, thus, with ⌊𝑟f𝛼⌋ = 0, 
for all 𝛼 = 1,… , 6.

As shown below, substituting Eq.  (62) into Eq.  (54) leads to an 
eigenvalue problem whose eigenvalues are the Floquet exponents. 
Among these eigenvalues, the nonzero fundamental Floquet exponents 
are those that break the discrete time-translation symmetry associated 
with the periodic functions 𝐵h(𝑡) and 𝐵̇h(𝑡) featuring in the Lorentz 
force.

Substituting the Fourier expansion of p(𝑡) given in Eq.  (62) into 
Y(𝑡) = e𝜆𝑡p(𝑡) yields 
Y(𝑡) =

∑+∞
𝜈=−∞p𝜈e(𝜆+𝑖𝜈𝛺)𝑡. (63)

Thus, upon the assumption of uniform convergence of the Fourier series 
of p(𝑡), differentiation with respect to time leads to 
Ẏ(𝑡) =

∑+∞
𝜈=−∞(𝜆 + 𝑖𝜈𝛺)p𝜈e(𝜆+𝑖𝜈𝛺)𝑡. (64)

Next, a substitution of Y(𝑡) and Ẏ(𝑡) into Eq.  (54)1 produces an alge-
braic system for the infinitely many unknown Fourier coefficients p𝜈 of 
p(𝑡). To emphasize the properties of this system, we start considering 
the more general case in which J(𝑡) is a periodic function of time that, 
instead of the simple expression given in Eq.  (60), has Fourier series 
J(𝑡) =

∑+∞
𝜈=−∞J𝜈e𝑖𝜈𝛺𝑡. Then, the product J(𝑡)Y(𝑡) on the right-hand side 

of Eq.  (54)1 becomes the Fourier series of the discrete convolution prod-
uct, multiplied by e𝜆𝑡, between the sequences {J𝜈}𝜈∈Z and {p𝜈}𝜈∈Z of 
the Fourier expansions of J(𝑡) and p(𝑡), respectively. In fact, it is possible 
to show that J(𝑡)p(𝑡) becomes J(𝑡)p(𝑡) = ∑+∞

𝜈=−∞[
∑+∞

𝜅=−∞J𝜈−𝜅p𝜅 ]e(𝜆+𝑖𝜈𝛺)𝑡. 
Consequently, Eq.  (54)1 becomes
∑+∞

𝜈=−∞
{
∑+∞

𝜅=−∞J𝜈−𝜅p𝜅 − (𝜆 + 𝑖𝜈𝛺)p𝜈
}

e(𝜆+𝑖𝜈𝛺)𝑡

= e𝜆𝑡∑+∞
𝜈=−∞

{
∑+∞

𝜅=−∞[J𝜈−𝜅 − 𝛿𝜈𝜅 𝑖𝜅𝛺 I6×6]p𝜅 − 𝜆p𝜈
}

e𝑖𝜈𝛺𝑡 = 0, (65)

where 𝛿𝜈𝜅 is the Kronecker Delta. Furthermore, by exploiting the or-
thonormality of the Fourier basis functions {

√

𝛺∕2𝜋 e𝑖𝜈𝛺𝑡}𝜈∈Z, the al-
gebraic system for the infinitely many unknown Fourier coefficients 
{p𝜈}𝜈∈Z is obtained 
∑+∞

𝜅=−∞[J𝜈−𝜅 − 𝛿𝜈𝜅 𝑖𝜅𝛺 I6×6]p𝜅 − 𝜆p𝜈 = 0, 𝜈 ∈ Z. (66)

The infinite matrix [J𝜈−𝜅 − 𝛿𝜈𝜅 𝑖𝜅𝛺 I6×6]𝜈,𝜅∈Z is referred to as the Hill 
matrix (Bentvelsen and Lazarus, 2018; Guillot et al., 2020). This is a 
block matrix in which the generic 𝜈𝜅 block is given by the 6 × 6 matrix 
[J𝜈−𝜅 − 𝛿𝜈𝜅 𝑖𝜅 𝛺 I6×6].

Finally, the change of variable 𝜈 − 𝜅 = 𝛾 leads to 
∑+∞

𝛾=−∞[J𝛾 − 𝛿𝜈(𝜈−𝛾)𝑖(𝜈 − 𝛾)𝛺 I6×6]p𝜈−𝛾 − 𝜆p𝜈 = 0, 𝜈 ∈ Z. (67)

Eqs. (66) and (67) are equivalent forms of the extended eigenvalue prob-
lem (Bentvelsen and Lazarus, 2018; Guillot et al., 2020). Note that Eq. 
(67) is the frequency-domain analogue of the Bloch–Floquet problem 
in wave-vector space. In solid-state physics, this problem provides the 
formal basis for the Bloch theory of conduction in metals (Ashcroft and 
Mermin, 1976).

The case of interest in the present work, in which J(𝑡) is given in Eq. 
(60), is recovered by identically setting J𝜈 = 0 for |𝜈| ≥ 2. Under this 
hypothesis, Eq.  (67) can be rewritten as 
J+1p𝜈−1 + (J0 − 𝑖𝜈𝛺 I6×6)p𝜈 + J−1p𝜈+1 − 𝜆p𝜈 = 0, 𝜈 ∈ Z. (68)

Following Bentvelsen and Lazarus (2018), Guillot et al. (2020), the 
system of equations (68) is truncated to a sufficiently large value 𝐻
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of 𝜈. Since each Fourier coefficient p𝜈 is a 6-dimensional array, the 
truncation order must satisfy 𝐻 ≥ 6. The truncated version of Eq.  (68) 
is then a finite-dimensional eigenvalue problem and can be recast in 
block-wise form as
⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

J0 + 𝑖𝐻𝛺 J−1 06×6 06×6 ⋯ 06×6

J+1 J0 + 𝑖(𝐻 − 1)𝛺 J−1 06×6 ⋯ 06×6

06×6 J+1 J0 + 𝑖(𝐻 − 2)𝛺 J−1 ⋯ 06×6

⋮ ⋱ ⋮ ⋮ ⋱ ⋮

06×6 ⋯ J+1 J0 − 𝑖(𝐻 − 2)𝛺 J−1 06×6

06×6 ⋯ 06×6 J+1 J0 − 𝑖(𝐻 − 1)𝛺 J−1

06×6 ⋯ 06×6 06×6 J+1 J0 − 𝑖𝐻𝛺

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

p−𝐻

p−(𝐻−1)

p−(𝐻−2)

⋮

p+(𝐻−2)

p+(𝐻−1)

p+𝐻

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎭

=𝜆

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

p−𝐻

p−(𝐻−1)

p−(𝐻−2)

⋮

p+(𝐻−2)

p+(𝐻−1)

p+𝐻

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎭

. (69)

The tridiagonal 6(2𝐻+1)×6(2𝐻+1) matrix on the left-hand side is called 
the truncated Hill matrix of order 𝐻 (Bentvelsen and Lazarus, 2018). The 
6(2𝐻 +1)×1 array {p−𝐻 ⋯p+𝐻}T is the generic eigenvector associated 
with the eigenvalue 𝜆 in Eq.  (69).

The characteristic polynomial of the truncated Hill matrix has 
6(2𝐻 + 1) complex roots 𝜆1,… , 𝜆6(2𝐻+1), for each 𝐻 ≥ 6. For a 
sufficiently large value of 𝐻 , the imaginary part of only six of these 
roots belongs to the fundamental frequency interval [−𝛺∕2,+𝛺∕2[ , see 
the eigenvalue sorting done by Bentvelsen and Lazarus (2018). These 
roots are denoted by 𝜆f1,… , 𝜆f6 and are such that Im[𝜆f𝛼] = 𝑟f𝛼𝛺
belongs to the interval [−𝛺∕2,+𝛺∕2[  for 𝛼 = 1,… , 6. Therefore, it is 
concluded that 𝑟f𝛼 ∈ [−1∕2,+1∕2[ .

The sawtooth map establishes a one-to-one correspondence between 
𝑟f𝛼 ∈ [−1∕2,+1∕2[  and m(𝑟f𝛼) ∈ [0, 1[ . Therefore, instead of selecting 
the six fundamental roots such that 𝑟f𝛼 ∈ [−1∕2,+1∕2[ , one may 
equivalently select them so that 𝑟f𝛼 ∈ [0, 1[ , for 𝛼 = 1,… , 6. For these 
roots, it holds automatically that 𝑟f𝛼 ≡m(𝑟f𝛼).2

The above discussion justifies the representation of Y(𝑡) provided 
in Eq.  (62), where the sawtooth wave was used, and explains the loss 
of periodicity of Y(𝑡) due to the factor e𝑖m(𝑟)𝛺𝑡. In the following, results 
are presented by considering the six fundamental roots 𝜆f1,… , 𝜆f6 with 
imaginary parts Im[𝜆f𝛼] ∈ [−𝛺∕2,+𝛺∕2[ , for each 𝛼 = 1,… , 6, as 
suggested by Bentvelsen and Lazarus (2018).

In the limit for 𝐻 → +∞, the roots 𝜆f1,… , 𝜆f6 converge to the 
six fundamental Floquet exponents of the infinite-dimensional problem 
in Eq.  (68). To ‘simulate’ numerically such infinite dimensionality, a 
sufficiently large value of 𝐻 is considered.

After the six fundamental Floquet exponents are computed, the 
solution Y(𝑡) to the linear system given in Eq.  (54)1 can be obtained
as (Bentvelsen and Lazarus, 2018) 

Y(𝑡) =
∑6

𝛼=1𝑦𝛼e
𝜆f𝛼 𝑡

∑+∞
𝜈=−∞p𝜈,𝛼e𝑖𝜈𝛺𝑡 =

∑6
𝛼=1𝑦𝛼e

Re[𝜆f𝛼 ]𝑡e𝑖 Im[𝜆f𝛼 ]𝑡
∑+∞

𝜈=−∞p𝜈,𝛼e𝑖𝜈𝛺𝑡,

(70)

where 𝑦1,… , 𝑦6 are real constants.
The preceding discussion provides the general framework for treat-

ing the problem under study when the linearized governing equations, 
written in state-variable form, have time-dependent coefficients. How-
ever, one important feature of our problem is that the presence of the 

2 Having set Im[𝜆f] = 𝑟f𝛺, the inequality −𝛺∕2 ≤ Im[𝜆f] < +𝛺∕2 can be 
rewritten as −1∕2 ≤ 𝑟f < +1∕2. We use now the property of the sawtooth wave 
m(𝑥) = 1 − m(−𝑥) for all 𝑥 ∈ R ⧵ Z to map 𝑟f ∈ [−1∕2,+1∕2[  into [0, 1[ . 
If 𝑟f ∈ [−1∕2, 0[ , then m(𝑟f) = 1 −m(−𝑟f) = 1 + 𝑟f ∈ [1∕2, 1[ ; if 𝑟 = 0, then 
m(0) = 0; if 𝑟f ∈ ]0, 1∕2[ , then m(𝑟f) = 𝑟f ∈ ]0, 1∕2[ . In conclusion, the interval 
𝑟 ∈ [−1∕2,+1∕2[  is mapped into m(𝑟 ) ∈ [0, 1[ , and vice versa.
f f
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terms J−1 and J+1, which represent the time variability of J(𝑡) induced 
by the Lorentz force through 𝐵h(𝑡) and 𝐵̇h(𝑡), does not contribute to 
the value of the fundamental Floquet exponents. Therefore, apart from 
the choice of their representation, the exponents coincide with those 
obtained from the eigenvalues of the associated problem in the absence 
of the Lorentz force, as shown in Remark  7 below. This property 
is limited to the type of problems analyzed here, but it provides a 
relevant result following from the way in which the Lorentz force 
couples with the other interactions of the system in the linearized 
dynamic equations (47a)–(47d) (see also Remark  4, and Section B of 
the Supplementary Material). This result can be formalized through the 
following theorem.

Theorem 2 (Lorentz force does not affect the Floquet exponents). 
Given the extended eigenvalue problem (68), the Floquet exponents are 

independent of the Fourier coefficients J−1 and J+1 that account for the 
time dependence of the Jacobian J (𝑡) in Eq.  (54)1. Rather, they depend 
solely on J 0 and, thus, on the matrices N and Z .

Proof .  The transformation matrix Σ is applied to the extended eigen-
value problem (68). Thus, by introducing, for each 𝜈 ∈ Z, the trans-
formed array p̃𝜈 ∶= Σp𝜈 , Eq.  (68) is rewritten as 
J̃+1p̃𝜈−1 + (J̃0 − 𝑖𝜈𝛺 I6×6)p̃𝜈 + J̃−1p̃𝜈+1 − 𝜆p̃𝜈 = 0, 𝜈 ∈ Z, (71)

where the transformed Fourier coefficients J̃+1 = ΣJ+1Σ−1, J̃0 =
ΣJ0Σ−1, and J̃−1 = ΣJ−1Σ−1 are 

J̃−1 =

[

O2×2 O2×4

B−1 O4×4

]

, J̃0 =

[

N O2×4

O4×2 Z

]

, J̃+1 =

[

O2×2 O2×4

B+1 O4×4

]

. (72)

Here, B−1 and B+1 ≡ B−1 are two 4 × 2 matrices representing the −1 
and +1 Fourier coefficients of the matrix B(𝑡) introduced in Eq.  (56b).

By letting 𝜈 vary over Z from 𝜈 = −𝐻 to 𝜈 = +𝐻 , dropping the terms 
involving p̃−𝐻−1 and p̃+𝐻+1, and introducing the notation 𝜎𝜈 ∶= 𝜆+𝑖𝜈𝛺, 
Eq.  (71) can be rewritten as 

(J̃0 − 𝜎−𝐻 I6×6)p̃−𝐻 + J̃−1p̃−𝐻+1 = 0, 𝜈 = −𝐻, (73a)
J̃+1p̃𝜈−1 + (J̃0 − 𝜎𝜈 I6×6)p̃𝜈 + J̃−1p̃𝜈+1 = 0, 𝜈∈ ] −𝐻,+𝐻[ ∩Z

(73b)

J̃+1p̃+𝐻−1 + (J̃0 − 𝜎+𝐻 I6×6)p̃+𝐻 = 0, 𝜈 = +𝐻. (73c)

Now the matrices in Eq. (72) are substituted into Eqs. (73a)–(73c), and 
p̃𝜈 is written as p̃𝜈 = {r̃𝜈 s̃𝜈}T, for 𝜈 = −𝐻,… ,+𝐻 , where each r̃𝜈 is a 
2 × 1 array and each s̃𝜈 is a 4 × 1 array. All the resulting equations are 
then reordered in the block-wise system

⎡

⎢

⎢

⎣

diag0[N − 𝜎𝜈 I2×2]𝜈 O2(2𝐻+1)×4(2𝐻+1)

diag−1[B+1] + diag+1[B−1] diag0[Z − 𝜎𝜈 I4×4]𝜈

⎤

⎥

⎥

⎦

⎧

⎪

⎨

⎪

⎩

{r̃𝜈}𝜈

{s̃𝜈}𝜈

⎫

⎪

⎬

⎪

⎭

=

⎧

⎪

⎨

⎪

⎩

{02×1}𝜈

{04×1}𝜈

⎫

⎪

⎬

⎪

⎭

,

(74)

which consists of 6(2𝐻 + 1) equations. The matrix diag0[N − 𝜎𝜈 I2×2]𝜈 is 
a block matrix of dimension 2(2𝐻 + 1) × 2(2𝐻 + 1) with square blocks, 
among which the only non-null elements are the blocks [N − 𝜎𝜈 I2×2]
allocated along the principal diagonal from 𝜈 = −𝐻 to 𝜈 = +𝐻 . 
The matrix diag0[Z − 𝜎𝜈 I4×4]𝜈 has exactly the same structure as the 
previous one, the only difference being that the generic 𝜈-th block of the 
principal diagonal is a 4 × 4 matrix. Finally, diag−1[B+1] is a rectangular 
block matrix of dimension 4(2𝐻 + 1) × 2(2𝐻 + 1), in which each block 
is a 4 × 2 matrix, and the only non-null blocks are given by the 4 × 2 
matrix B+1, ‘repeated’ along the first lower-diagonal (note that, viewed 
in terms of blocks, diag−1[B+1] is a (2𝐻+1)×(2𝐻+1) square matrix). The 
matrix diag+1[B−1] shares the same properties, but the non-null blocks 
are obtained by ‘repeating’ B−1 along the first upper-diagonal.

Let us now denote by D𝐻  the 6(2𝐻 + 1) × 6(2𝐻 + 1) matrix on the 
left-hand side of Eq. (74). For an arbitrary value of 𝐻 ≥ 6, the Floquet 
exponents are obtained as the eigenvalues of the eigenvalue problem 
12 
(74), and are computed as the roots of the characteristic polynomial 
P𝐻 (𝜆) of degree 6(2𝐻 + 1) provided by the determinant of D𝐻 . By 
applying again the theorems on lower-triangular block matrices used 
in Theorem  1 to obtain Eq.  (57), one finds
P𝐻 (𝜆) ≡detD𝐻

=det{diag0[(N − 𝑖𝜈𝛺I2×2) − 𝜆I2×2]𝜈}

⋅ det{diag0[(Z − 𝑖𝜈𝛺I4×4) − 𝜆I4×4]𝜈}. (75)

The consequence of Eq.  (75) is that the Fourier components of the 
Lorentz force contributions, accounting for its explicit variation in time 
and entering D𝐻  through the matrices B+1 and B−1, are irrelevant for 
the determination of P𝐻 (𝜆) and, thus, for the calculation of its roots, 
which coincide with the Floquet exponents of the theory. □

Theorem  2 displays an interesting additional property: since the 
matrices N and Z are exactly the same as those in the problem by 
Cazzolli et al. (2020), the six fundamental Floquet exponents are com-
putable analytically for any 𝜈 ∈ Z, and are ‘equivalent’ to the six 
eigenvalues found in Cazzolli et al. (2020) (see also Sections B and C 
of the Supplementary Material). This statement is further expanded in 
the following corollary and remark. 

Corollary 1 (Floquet exponents and eigenvalues in the absence of the 
Lorentz force). 

Let 𝜆1,… , 𝜆6 be the eigenvalues of the Jacobian matrix J̃ (𝑡), or J (𝑡), 
i.e., the six roots of the polynomial 𝑃 (𝜆), as computed in Eq.  (57) of Theo-
rem  1 (these eigenvalues are independent of the Lorentz force contributions). 
For arbitrary values of 𝐻 ∈ N, the characteristic polynomial P𝐻 (𝜆) given 
in Eq.  (75) can be factorized into a product of 2𝐻 +1 polynomials, each of 
degree 6 and characterized by the same coefficients as 𝑃 (𝜆), provided that, 
for each 𝜈 = −𝐻,… ,+𝐻 , the change of variables 𝜆 ↦ 𝜎𝜈 = 𝜆 + 𝑖𝜈𝛺 is 
made. Moreover, when 𝐻 = 0, P0(𝜆) = 𝑃 (𝜆), and the Floquet exponents 
coincide with the six roots of P0(𝜆), which are trivially equal to 𝜆1,… , 𝜆6; 
for 𝐻 > 0, the roots of P𝐻 (𝜆) can be computed by first determining the 
roots 𝜎1,𝜈 ,… , 𝜎6,𝜈 of the generic 𝜈-th factor of P𝐻 (𝜆), which are identical to 
𝜆1,… , 𝜆6 for each 𝜈 = −𝐻,… ,+𝐻 , and finally through 𝜆𝛼,𝜈 = 𝜎𝛼,𝜈 − 𝑖𝜈𝛺, 
for all 𝛼 = 1,… , 6.

Proof .  Using Eqs. (58a) and (58b) into Eq.  (75), P𝐻 (𝜆) can be 
rewritten as

P𝐻 (𝜆) =
+𝐻
∏

𝜈=−𝐻
det[N − (𝜆 + 𝑖𝜈𝛺)I2×2] det[Z − (𝜆 + 𝑖𝜈𝛺)I4×4]

=
+𝐻
∏

𝜈=−𝐻
(𝜆 + 𝑖𝜈𝛺)2 𝑄(𝜆 + 𝑖𝜈𝛺) =

+𝐻
∏

𝜈=−𝐻
𝑃 (𝜆 + 𝑖𝜈𝛺). (76)

By setting 𝜎𝜈 ∶= 𝜆 + 𝑖𝜈𝛺, for each 𝜈 = −𝐻,… ,+𝐻 , one can obtain 
P𝐻 (𝜆) =

∏+𝐻
𝜈=−𝐻 𝑃 (𝜎𝜈 ), meaning that P𝐻 (𝜆) is factorized in the product 

of 2𝐻 +1 polynomials. For each 𝜈 = −𝐻,… ,+𝐻 , the polynomial 𝑃 (𝜎𝜈 )
has degree six and the same coefficients as 𝑃 (𝜆) in Eq.  (57), evaluated 
at 𝜎𝜈 .

If 𝐻 = 0, the only factor of P0(𝜆) is 𝑃 (𝜆), and thus P0(𝜆) ≡ 𝑃 (𝜆), 
whence 𝜎𝛼,0 = 𝜆𝛼 , for all 𝛼 = 1,… , 6.

If 𝐻 > 0, for each 𝜈 = −𝐻,… ,+𝐻 , the roots of 𝑃 (𝜎𝜈 ) are 𝜎𝛼,𝜈 ≡ 𝜆𝛼 , 
for all 𝛼 = 1,… , 6, and the roots of P𝐻 (𝜆) are 𝜆𝛼,𝜈 = 𝜎𝛼,𝜈−𝑖𝜈𝛺 = 𝜆𝛼−𝑖𝜈𝛺. 
Therefore, in the limit 𝐻 → +∞, one obtains the infinite sequence 
of Floquet exponents {𝜆𝛼,𝜈}𝜈∈Z, with 𝜆𝛼,𝜈 = 𝜆𝛼 − 𝑖𝜈𝛺. Thus, each 𝜆𝛼,𝜈
differs from 𝜆𝛼 by the purely imaginary offset −𝑖𝜈𝛺 determined by the 
frequency 𝛺 of 𝐵h(𝑡) and 𝐵̇h(𝑡) featuring in the Lorentz force, while 𝜆𝛼
itself is independent of the Lorentz force. □

Remark 7 (Construction of the fundamental Floquet exponents). 
Given the frequency 𝛺 > 0, and for varying values of the dead 

load 𝐹 > 0, each Floquet exponent 𝜆𝛼,𝜈 = 𝜆𝛼 − 𝑖𝜈𝛺, with 𝛼 = 1,… , 6
and 𝜈 ∈ Z, is to be regarded as a function of 𝐹 . Hence, we write 
𝜆 (𝐹 ) = 𝜆 (𝐹 ) − 𝑖𝜈𝛺. Let us then consider the rescaled imaginary part 
𝛼,𝜈 𝛼



A. Pastore et al. Applications in Engineering Science 27 (2026) 100345 
Im[𝜆𝛼,𝜈 (𝐹 )∕𝛺] = Im[𝜆𝛼(𝐹 )∕𝛺]−𝜈. Because of the properties of the floor 
function and of the sawtooth wave, the following relations hold: 
⌊Im[𝜆𝛼,𝜈 (𝐹 )∕𝛺]⌋ = ⌊Im[𝜆𝛼(𝐹 )∕𝛺] − 𝜈⌋ = ⌊Im[𝜆𝛼(𝐹 )∕𝛺]⌋ − 𝜈, 𝛼 = 1,… , 6,

(77a)
m

(

Im[𝜆𝛼,𝜈 (𝐹 )∕𝛺]
)

=m
(

Im[𝜆𝛼(𝐹 )∕𝛺] − 𝜈
)

=m
(

Im[𝜆𝛼(𝐹 )∕𝛺]
)

, 𝛼 = 1,… , 6.

(77b)

Therefore, the offset −𝜈 in Im[𝜆𝛼,𝜈 (𝐹 )∕𝛺] is unessential for the calcula-
tion of m

(

Im[𝜆𝛼,𝜈 (𝐹 )∕𝛺]
)

, which, indeed, coincides with
m
(

Im[𝜆𝛼(𝐹 )∕𝛺]
)

. Hence, we can write
Im[𝜆𝛼,𝜈 (𝐹 )] = Im[𝜆𝛼,𝜈 (𝐹 )∕𝛺]𝛺 =

{

⌊Im[𝜆𝛼,𝜈 (𝐹 )∕𝛺]⌋ +m
(

Im[𝜆𝛼,𝜈 (𝐹 )∕𝛺]
)}

𝛺

=
{

⌊Im[𝜆𝛼(𝐹 )∕𝛺]⌋ − 𝜈 +m
(

Im[𝜆𝛼(𝐹 )∕𝛺]
)}

𝛺

= ⌊Im[𝜆𝛼(𝐹 )∕𝛺]⌋𝛺 − 𝜈𝛺 +m
(

Im[𝜆𝛼(𝐹 )∕𝛺]
)

𝛺. (78)

As discussed after Eq.  (62), the integer numbers ⌊Im[𝜆𝛼(𝐹 )∕𝛺]⌋ − 𝜈
cannot contribute to the fundamental Floquet exponents and can, thus, 
be disregarded. By definition, m(

Im[𝜆𝛼(𝐹 )∕𝛺]
) belongs to the interval 

[0, 1[  (accordingly, m(

Im[𝜆𝛼(𝐹 )∕𝛺]
)

𝛺 ∈ [0, 𝛺[ ). However, since the 
characterization of the fundamental Floquet exponents is done with 
respect to the rescaled interval [−1∕2,+1∕2[  (thus, with respect to 
[−𝛺∕2,+𝛺∕2[ , when m(

Im[𝜆𝛼(𝐹 )∕𝛺]
)

𝛺 is used), the construction of 
the fundamental Floquet exponents for each value of 𝐹  proceeds as 
follows (see footnote 2): 
Ifm

(

Im[𝜆𝛼(𝐹 )∕𝛺]
)

∈
[

0, 12
[

, then Im[𝜆f𝛼(𝐹 )∕𝛺] ∶=m
(

Im[𝜆𝛼(𝐹 )∕𝛺]
)

∈
[

0, 12
[

, (79a)

ifm
(

Im[𝜆𝛼(𝐹 )∕𝛺]
)

∈
[ 1

2 , 1
[

, then Im[𝜆f𝛼(𝐹 )∕𝛺] ∶=m
(

Im[𝜆𝛼(𝐹 )∕𝛺]
)

− 1 ∈
[

− 1
2 , 0

[

. (79b)

Therefore, the fundamental Floquet exponents are the complex num-
bers 𝜆f1(𝐹 ),… , 𝜆f6(𝐹 ), with imaginary parts obtained by multiplying 
the right-hand sides of Eqs. (79a) and (79b) by 𝛺. Their real parts 
are identified with the real parts Re[𝜆𝛼(𝐹 )], for 𝛼 = 1,… , 6, of the 
eigenvalues of the Jacobian matrix J̃(𝑡), or J(𝑡).

In conclusion, for each 𝛼 = 1,… , 6, the fundamental Floquet expo-
nents are constructed as
𝜆f𝛼 (𝐹 ) = Re[𝜆f𝛼 (𝐹 )] + 𝑖 Im[𝜆f𝛼 (𝐹 )]

=

{

Re[𝜆𝛼 (𝐹 )] + 𝑖m
(

Im[𝜆𝛼 (𝐹 )∕𝛺]
)

𝛺, if m
(

Im[𝜆𝛼 (𝐹 )∕𝛺]
)

∈ [0, 1
2
[ ,

Re[𝜆𝛼 (𝐹 )] + 𝑖
(

m
(

Im[𝜆𝛼 (𝐹 )∕𝛺]
)

− 1
)

𝛺, if m
(

Im[𝜆𝛼 (𝐹 )∕𝛺]
)

∈ [ 1
2
, 1[ .

(80)

For all the Floquet exponents, the representation 𝜆𝛼,𝜈 (𝐹 ) = 𝜆𝛼(𝐹 ) −
𝑖𝜈𝛺, with 𝛼 = 1,… , 6 and 𝜈 ∈ Z, is now available and can be used 
to assess the stability of the system under analysis and the onset of 
bifurcations.

It should be emphasized that it is not always possible to express the 
fundamental Floquet exponents as in Eq.  (80); in such cases, algorithms 
are needed to determine them (Bentvelsen and Lazarus, 2018; Guillot 
et al., 2020). Yet, due to the weak coupling of the Lorentz force with 
the structure under study in the linearized case, our problem has the 
intrinsic advantage of allowing for a determination of such exponents 
in closed form, as shown in Remark  7. Therefore, when the procedure 
based on the truncated Hill matrix is employed, as in Eq.  (69), the 
value of 𝐻 for which the numerically computed fundamental Floquet 
exponents match those determined in closed form can be identified 
by direct inspection, depending on the problem parameters (see the 
caption of Fig.  4).

4.3. Flutter instability, secondary Hopf bifurcations, and ‘phase-locking’

From the computation of 𝜆f1,… , 𝜆f6 for selected values of the pa-
rameters 𝑐, 𝐹 , 𝐵M, and 𝛺, a parametric study is developed with 
the objective of performing the stability analysis of the system under 
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investigation. Two main cases are addressed: the undamped case (𝑐 = 0) 
and the damped case (𝑐 > 0). We begin with 𝑐 = 0.1 for the damped 
case, because this is one of the (dimensionless) damping coefficients 
that were used also by Cazzolli et al. (2020), without Lorentz force.

Before presenting the results, it is observed that Eq.  (75) implies 
that variations in 𝐵M do not affect the stability of the system. Indeed, 
although 𝐵M influences the dynamical behavior of the system, as shown 
in Section 5, it does not alter the main qualitative stability results 
around the equilibrium configuration reported in Eq.  (43). Hence, in 
this section, the dimensionless amplitude of the magnetic induction is 
fixed coherently with the ‘virtual’ experiment described in Section 5. In 
particular, 𝐵M = 0.003 is selected and the frequency of 𝐵h(𝑡) and 𝐵̇h(𝑡)
featuring in the Lorentz force is set as 𝛺 = 0.5. 

4.3.1. Flutter and ‘phase-locking’ regimes
The real and imaginary parts of the fundamental Floquet exponents 

𝜆f1,… , 𝜆f6 are analyzed as functions of the dead load 𝐹  both in the 
undamped case (Fig.  4(a)) and in the damped case (Fig.  4(b), with 
𝑐 = 0.1). The present findings are compared with those of Cazzolli et al. 
(2020), who showed that, for their structure (Fig.  1), which is subjected 
neither to a Lorentz force nor to any other external stimulus varying 
periodically in time, three distinct stability regimes arise, depending 
on the value of the dead load 𝐹  (Ziegler, 1977; Bigoni and Kirillov, 
2019; Cazzolli et al., 2020). These three regimes are defined by two 
critical values of 𝐹 , which are referred to as critical load for flutter
𝐹flu and critical load for divergence 𝐹div, and are further particularized 
depending on whether or not damping is considered. While the term 
‘critical load for flutter’ is retained in the present context, the term 
‘critical load for divergence’ is used when no external periodic stimulus 
is considered and the imaginary parts of the eigenvalues vanish both in 
the undamped and in the damped case (see Figs. S2a and S2b in Sec-
tion B of the Supplementary Material, together with the corresponding 
discussion).

Since 𝐵h(𝑡) and 𝐵̇h(𝑡) require the tentative solution Y(𝑡) = e𝜆𝑡p(𝑡)
introduced in Eq.  (62), the notion of ‘critical load for divergence’ should 
be reformulated. As shown below, both in the undamped and in the 
damped case, there exists a value of 𝐹  above which the imaginary 
parts of all the six fundamental Floquet exponents vanish, Im[𝜆f𝛼] = 0, 
for 𝛼 = 1,… , 6. They therefore lie within the fundamental frequency 
interval [−𝛺∕2,+𝛺∕2[ . Bentvelsen and Lazarus (2018) termed this 
behavior ‘locking-in’ of the fundamental Floquet exponents. Follow-
ing Kuznetsov (2023), we instead refer to it as ‘phase-locking’, although 
we use here this term with a slightly different meaning. Accordingly, 
the ‘critical load for divergence’ is replaced by the critical load for phase-
locking (Kuznetsov, 2023), denoted by 𝐹loc. In spite of this change of 
the symbol used, it holds that 𝐹loc = 𝐹div. For 𝐹 ≥ 𝐹loc, 

Im[𝜆f𝛼] = 0, 𝛼 = 1,… , 6, (81)

whereas the corresponding non-fundamental Floquet exponents satisfy 
Im[𝜆f(𝛼+𝑘)] = 𝑘𝛺, 𝑘 ∈ Z ⧵ {0}, |𝑘| ≥ 7. (82)

Equivalently, if the sawtooth wave is used and the fundamental 
frequency interval is [0, 𝛺[, then Eq.  (81) reads ⌊Im[𝜆f𝛼]∕𝛺⌋ = 0 and 
m(Im[𝜆f𝛼∕𝛺]) = 0, for 𝛼 = 1,… , 6.

Therefore, for 𝐹 ≥ 𝐹loc, Y(𝑡) becomes 

Y(𝑡) =
∑6

𝛼=1𝑦𝛼e
Re[𝜆f𝛼 ]𝑡∑+∞

𝜈=−∞p𝜈,𝛼e𝑖𝜈𝛺𝑡, (83)

so that the real parts of the fundamental Floquet exponents are the sole 
responsible for the lack of periodicity of Y(𝑡).

In the undamped case, besides the two fundamental Floquet expo-
nents that are identically zero, two exponents have negative real parts 
and two have positive real parts. These pairs are symmetric with respect 
to the 𝐹 -axis, implying that Y(𝑡) is unbounded as 𝑡 → +∞. The damped 
case exhibits the same qualitative behavior, although the symmetry 
between the pairs with negative and positive real parts is lost.
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Fig. 4. (Left panels) The Re[𝜆]-𝐹  curves and Im[𝜆]-𝐹  curves coincide with those obtained in the absence of the Lorentz force. Here, 𝐵M and 𝛺 play no role. In 
the Re[𝜆]-𝐹  curves, the points 𝐻𝐻 (Hamiltonian Hopf bifurcation, undamped case) and 𝑆𝐻 (secondary Hopf bifurcation, damped case), as well as 𝐵1 and 𝐵2, 
coincide with those obtained in the absence of the Lorentz force. In the Im[𝜆]-𝐹  curves, the point 𝐿, corresponding to the onset of the phase-locking regime, 
coincides with the lower bound of the divergence regime in (Cazzolli et al., 2020). (Right panels) The magnified panels do not represent zoomed-in views of the 
values of Im[𝜆] within the interval [−𝛺∕2,+𝛺∕2[ . Rather, they enlarge this interval to show the distribution of the imaginary parts of the fundamental Floquet 
exponents, computed as described in Remark  7. Both figures are generated using values of 𝐹  spaced by 𝛥𝐹 = 0.01. When the Hill method is employed, the same 
plots are obtained with 𝐻 = 14 in the undamped case and with 𝐻 = 13 in the damped case.
Looking at the right panel of Fig.  4(a) (undamped case, 𝑐 = 0), 
we notice that, for each value of 𝐹 ∈ [0, 𝐹 ndflu [ , five distinct points 
are found (the superscript ‘nd’ means ‘non-dissipative’). The point on 
the horizontal axis, Im[𝜆] = 0, is associated with the eigenvalues 
𝜆5 = 𝜆6 = 0 of the Jacobian J(𝑡), and must thus be counted twice. 
The remaining four distinct points, instead, are associated with the 
imaginary parts of the eigenvalues 𝜆1, 𝜆2, 𝜆3, 𝜆4, which are distinct from 
one another, as shown in the bottom-left panel of Fig.  4(a). Moreover, 
for 𝐹 ∈ [𝐹 ndflu , 𝐹

nd
div[ = [𝐹 ndflu , 𝐹

nd
loc[ , only three distinct points are found for 

each value of 𝐹 . This is because, besides the point on the horizontal 
axis (which has to be counted twice for the reason explained above), 
also the other two points correspond to overlapping imaginary parts of 
the eigenvalues of J(𝑡); see, again, the bottom-left panel of Fig.  4(a). 
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Finally, for 𝐹 > 𝐹 nddiv = 𝐹 ndloc, each value of 𝐹  yields only one point in 
the right panel of Fig.  4(a) because the imaginary parts of all the eigen-
values are zero. This occurrence is consistent with the ‘phase-locking’
regime (Bentvelsen and Lazarus, 2018; Kuznetsov, 2023). Analogous 
considerations apply also for the damped case (𝑐 = 0.1, Fig.  4(b)), 
although the eigenvalues of J(𝑡) overlap for different values of 𝐹 ∈
[𝐹flu(𝑐), 𝐹loc(𝑐)[ .

Remark 8 (A relevant property of the Lorentz force).
A consequence of Corollary  1 is that the real parts of the funda-

mental Floquet exponents coincide with those of the eigenvalues of 
the Jacobian matrix associated with the mechanical device studied by 
Cazzolli et al. (2020). Therefore, the flutter regime begins at the same 
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critical values of the dead load 𝐹  found by Cazzolli et al. (2020), both 
in the undamped and in the damped case. In the work by Cazzolli 
et al. (2020), the onset of flutter is associated with a Hamiltonian Hopf 
bifurcation for 𝑐 = 0 and with a Hopf bifurcation for 𝑐 > 0; see Section B 
of the Supplementary Material. Our results predict the same bahaviors 
because both bifurcations occur when the same specific conditions on 
the real parts of the eigenvalues of the Jacobian matrix are satisfied.

The same argument applies to the ‘phase-locking’ regime, which 
begins at the same values of the dead load 𝐹  as the divergence regime 
identified by Cazzolli et al. (2020), both for 𝑐 = 0 and for 𝑐 > 0
(specifically, 𝑐 = 0.1). This equivalence is a notable consequence of 
the Lorentz force and, in particular, of the way in which its asso-
ciated matrix Le enters the problem through the effective damping 
and stiffness matrices, Ceff and Keff, defined in Eqs. (51a) and (51b). 
A detailed calculation of the eigenvalues is provided in Section B of 
the Supplementary Material. Moreover, Fig. S1 of the Supplementary 
Material provides a heuristic explanation of why the sparsity of Le does 
not affect the eigenvalues and, consequently, the onset of flutter or 
phase-locking.

As reported above, in the undamped case (𝑐 = 0, Fig.  4(a)) the
critical load for flutter and the critical load for phase-locking are denoted 
as 𝐹 ndflu  and 𝐹 ndloc, with ‘nd’ standing for ‘non-dissipative’. The system 
is marginally stable for 𝐹 ∈ [0, 𝐹 ndflu [ , experiences flutter instability for 
𝐹 ∈ [𝐹 ndflu , 𝐹

nd
loc[ , and enters the phase-locking regime for 𝐹 ∈ [𝐹 ndloc ,+∞[ .

The values 𝐹 ndflu  and 𝐹 ndloc are 

𝐹 ndflu = 3, 𝐹 ndloc = 13∕3 ≃ 4.3333. (84)

In the damped case (𝑐 > 0), the critical load for flutter and the 
critical load for phase-locking can both be expressed as functions of 
the damping parameter 𝑐. These functions are denoted as 𝐹flu(𝑐) and 
𝐹loc(𝑐), respectively, and, for any fixed 𝑐 > 0, we observe a region 
of stability for 𝐹 ∈ [0, 𝐹flu(𝑐)[ , a region of flutter instability for 𝐹 ∈
[𝐹flu(𝑐), 𝐹loc(𝑐)[ , and the appearance of phase-locking (Kuznetsov, 2023) 
for 𝐹 ∈ [𝐹loc(𝑐),+∞[ . In agreement with Remark  8, 𝐹flu(𝑐) and 𝐹loc(𝑐)
correspond to the same threshold loads characterizing the case in which 
the Lorentz force is absent, provided that the ‘phase locking’ regime is 
identified with the ‘divergence’ regime. Specifically, the value 𝐹flu(𝑐)
is determined by the analytical expression (Ziegler, 1977; Bigoni and 
Kirillov, 2019; Cazzolli et al., 2020) 

𝐹flu(𝑐) =
39
22

+ 4𝑐2
3

, (85)

and 𝐹loc(𝑐) is the analogue of 𝐹div(𝑐), defined when the forces do not 
vary explicitly in time.

As depicted in Fig.  4(b) for 𝑐 = 0.1, 𝐹flu(𝑐) and 𝐹loc(𝑐) are 

𝐹flu(𝑐 = 0.1) ≃ 1.7861, 𝐹loc(𝑐 = 0.1) ≃ 5.1623. (86)

The derivation of the critical loads, Eqs. (85) and (86), is reported in 
Section B of the Supplementary Material.

Remark 9 (The Ziegler paradox). 
The Ziegler paradox (Kirillov and Verhulst, 2010; Kirillov, 2013; 

Bigoni and Kirillov, 2019) is found in the structure under analysis. It 
consists in 𝐹 ndflu  exceeding the infimum of 𝐹flu(𝑐) for 𝑐 > 0, 

𝐹 ndflu = 3 > 𝐹 0+
flu ∶= lim

𝑐→0+
𝐹flu(𝑐) = inf

𝑐>0
𝐹flu(𝑐) =

39
22

≈ 1.7727 . (87)

Therefore, there exist values of 𝑐 > 0 such that 𝐹flu(𝑐) ∈ ]𝐹 0+
flu , 𝐹

nd
flu ] . 

Thus, for positive damping coefficients, flutter may occur at dead loads 
lower than or equal to the critical load of the non-dissipative system.

4.3.2. Characterization of the bifurcations: Secondary Hopf bifurcations 
and quasi-periodicity

The parametric analysis of the real parts of the fundamental Flo-
quet exponents as 𝐹  increases reveals the occurrence of a Hopf-type 
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bifurcation marking the onset of flutter. The corresponding imaginary 
parts provide additional insight into the system dynamics and allow 
for a more detailed characterization of the bifurcation (Guskov and 
Thouverez, 2012; Bentvelsen and Lazarus, 2018; Guillot et al., 2020).

Following Guillot et al. (2020), each Floquet exponent 𝜆𝛼,𝜈 = 𝜆𝛼 −
𝑖𝜈𝛺, where 𝛼 = 1,… , 6 and 𝜈 ∈ Z, is associated with the Floquet 
multiplier 𝜁𝛼,𝜈 ∶= e(2𝜋∕𝛺)𝜆𝛼,𝜈 . It is obtained by evaluating the factor e𝜆𝑡
in Eq.  (62) for 𝜆 = 𝜆𝛼,𝜈 and over one period of 𝐵h(𝑡) and 𝐵̇h(𝑡), namely 
at 𝑡 = 𝑇 = 2𝜋∕𝛺,

𝜁𝛼,𝜈 ∶= e
2𝜋
𝛺 𝜆𝛼,𝜈 = e

2𝜋
𝛺 {Re[𝜆𝛼 ]+𝑖(Im[𝜆𝛼 ]−𝜈𝛺)}

= e
2𝜋
𝛺 Re[𝜆𝛼 ]

{

cos
( 2𝜋
𝛺 Im[𝜆𝛼]

)

+ 𝑖 sin
( 2𝜋
𝛺 Im[𝜆𝛼]

)

}

. (88)

Since cosine and sine are periodic functions, only six Floquet multipliers 
are uniquely defined and are in a one-to-one relation with the roots 
𝜆1,… , 𝜆6 of the characteristic polynomial 𝑃 (𝜆), Eq.  (57). Therefore, 
the subscript ‘𝜈’ can be dropped from 𝜁𝛼,𝜈 , which is rewritten as 𝜁𝛼 . 
Moreover, the following relation holds 

|𝜁𝛼| = e
2𝜋
𝛺 Re[𝜆𝛼 ], 𝛼 = 1,… , 6. (89)

In fact, since each 𝜆𝛼 has to be interpreted as a function of the 
dead load 𝐹 , Figs.  4(a) and 4(b) (left panels), the Floquet multiplier 
can be rewritten as 𝜁𝛼(𝐹 ) = e(2𝜋∕𝛺)𝜆𝛼 (𝐹 ) and can be interpreted as 
a reparameterization of the diagram of the corresponding 𝛼-th root 
𝜆𝛼(𝐹 ) of the characteristic polynomial 𝑃 (𝜆) in the complex plane. The 
introduction of 𝜁𝛼(𝐹 ) is useful to visualize the bifurcations occurring in 
the problem under analysis.

The real and the imaginary parts of 𝜁1,… , 𝜁6 are reported in Fig. 
5(a) for the undamped case, 𝑐 = 0. To facilitate the visualization, 
only the semi-axis of the non-negative real parts of 𝜁1,… , 𝜁6 is shown 
for 𝐹  varying in a neighborhood of 𝐹 ndflu , such that 𝐹  is sufficiently 
smaller than 𝐹 ndloc. In the following, U −(𝐹 ndflu ) and U +(𝐹 ndflu ) denote the 
left and the right neighborhood of 𝐹 ndflu , respectively, and it is assumed 
that U −(𝐹 ndflu ) ∩ U +(𝐹 ndflu ) = {𝐹 ndflu }. The point at which the unit circle 
intersects the positive real axis corresponds to the identically zero roots 
𝜆5 = 𝜆6 = 0; indeed, 𝜁5 = 𝜁6 = e(2𝜋∕𝛺)0 = 1 + 𝑖0.

The points on the unit circle correspond to the values of 𝐹 ∈
U −(𝐹 ndflu ). For these values, Re[𝜆𝛼] = 0 for 𝛼 = 1,… , 4, and, since 𝜆1 and 
𝜆4 as well as 𝜆2 and 𝜆3 are both pairs of complex conjugate eigenvalues, 
it follows that Im[𝜆1] and Im[𝜆2] are strictly positive, while Im[𝜆3]
and Im[𝜆4] are strictly negative (see Fig. S2a of the Supplementary 
Material). Hence, the points in the complex plane associated with 𝜁1 =
e(2𝜋∕𝛺)𝜆1  and 𝜁2 = e(2𝜋∕𝛺)𝜆2  lie on the quarter-circle in the first quadrant, 
whereas those associated with 𝜁3 = e(2𝜋∕𝛺)𝜆3  and 𝜁4 = e(2𝜋∕𝛺)𝜆4  lie on 
the quarter-circle in the fourth quadrant. Note the conjugacy relations 
𝜁1 = 𝜁4 and 𝜁2 = 𝜁3.

A more distinctive configuration of the points occurs for 𝐹 ∈
U +(𝐹 ndflu ), as it is associated with the onset of flutter through a Hamil-
tonian Hopf bifurcation, as discussed below.

For 𝐹 ∈ U +(𝐹 ndflu ), the eigenvalues 𝜆1 and 𝜆4 (see Fig. S2a of 
the Supplementary Material) have negative real part, which implies 
that e(2𝜋∕𝛺)Re[𝜆1] and e(2𝜋∕𝛺)Re[𝜆4] are both smaller than unity. In Fig. 
5(a), the points lying inside the unit semicircle in the complex plane 
correspond to 𝜁1 and 𝜁4. Moreover, because 𝜆1 and 𝜆4 are complex 
conjugates, their imaginary parts have opposite signs. Accordingly, as 
𝐹  increases beyond 𝐹 ndflu , the corresponding multipliers 𝜁1 and 𝜁4 move 
symmetrically away from the real axis and toward the origin in Fig. 
5(a). Note that, because 𝜆1 and 𝜆4 are a complex conjugate pair, the 
corresponding Floquet multipliers 𝜁1 = e(2𝜋∕𝛺)𝜆1  and 𝜁4 = e(2𝜋∕𝛺)𝜆4  are 
also complex conjugates.

The eigenvalues 𝜆2 and 𝜆3 (see Fig. S2a of the Supplementary 
Material) have positive real parts for 𝐹 ∈ U +(𝐹 ndflu ), and imply that 
e(2𝜋∕𝛺)Re[𝜆2] and e(2𝜋∕𝛺)Re[𝜆3] are both greater than unity, which is why 
the corresponding points in Fig.  5(a), namely 𝜁 = e(2𝜋∕𝛺)𝜆2  and 𝜁 =
2 3
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Fig. 5. The Floquet multipliers in the complex plane for the undamped case (a) and the damped case (b).
e(2𝜋∕𝛺)𝜆3 , move away from the unit circle toward its exterior. Also in 
this case, because 𝜆2 and 𝜆3 are complex conjugates, their imaginary 
parts have opposite signs. Consequently, as 𝐹  increases beyond 𝐹 ndflu , 
the corresponding multipliers 𝜁2 and 𝜁3 separate symmetrically in the 
complex plane. The multipliers 𝜁2 and 𝜁3 are themselves complex 
conjugates.

The real and the imaginary parts of 𝜁1,… , 𝜁6 are reported in
Fig.  5(b) for the damped case, 𝑐 = 0.1. For this value of damping, the 
point 1 + 𝑖0 corresponds to the Floquet multipliers e(2𝜋∕𝛺)𝜆5 = e(2𝜋∕𝛺)𝜆6 , 
because the eigenvalues 𝜆5 and 𝜆6 are both identically zero.

For 𝐹 ∈ U −(𝐹flu(𝑐)), the complex-conjugate eigenvalues 𝜆1 and 
𝜆4 have equal negative real parts, Re[𝜆1] = Re[𝜆4], which are more 
negative than the equal real parts of the complex-conjugate pair 𝜆2
and 𝜆3, Re[𝜆2] = Re[𝜆3]; see Fig. S2b of the Supplementary Material. 
Consequently, the Floquet multipliers 𝜁1 and 𝜁4 have smaller moduli 
and lie close to the origin of the complex plane.

More importantly, since the real part of 𝜆2 and 𝜆3 is negative for 
𝐹 ∈ U −(𝐹flu(𝑐)) ⧵ {𝐹flu(𝑐)} and zero for 𝐹 = 𝐹flu(𝑐), the complex 
conjugate pair 𝜁2 and 𝜁3, defined by Eq.  (88) for 𝛼 = 2, 3, traces two loci 
in the complex plane that originate inside the unit circle and intersect 
it at 𝐹 = 𝐹flu(𝑐).

For 𝐹 ∈ U +(𝐹flu(𝑐)), the real parts of 𝜆1 and 𝜆4 become increasingly 
negative, causing the corresponding Floquet multipliers 𝜁1 and 𝜁4 to 
move toward the origin of the complex plane. However, the real parts 
of 𝜆2 and 𝜆3 become positive. Consequently, the corresponding Floquet 
multipliers 𝜁2 and 𝜁3 cross the unit circle and trace two symmetric spiral 
branches: the branch associated with 𝜆2 evolves counterclockwise, 
whereas that associated with 𝜆3 evolves clockwise. This crossing of the 
unit circle by 𝜁2 and 𝜁3 characterizes the occurrence of a secondary 
Hopf bifurcation (Guskov and Thouverez, 2012; Bentvelsen and Lazarus, 
2018; Guillot et al., 2020).

The nature of the system and of the applied forces prevents the 
emergence of the limit cycles and periodic asymptotic solutions as-
sociated with a standard Hopf bifurcation. Instead, the occurrence 
of a secondary Hopf bifurcation leads to quasi-periodic asymptotic 
solutions, which are observed after sufficiently long times.
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5. Post-critical behavior: the Lorentz force influences the non-
linear dynamics

In this section, we aim to assess how the Lorentz force can influence 
the post-critical behavior of the device both in Case I and in Case II.

As anticipated in the preamble of Section 4, we now restore the 
physical dimensions to the quantities that we made dimensionless. We 
do this to provide context for the following numerical test.

5.1. The scenario of a soft bodied microrobot for biological applications

Among the various designs that are often employed in microrobotics 
(Xu and Xu, 2024), we model our microrobot as a continuous rod (dis-
cretized by the double pendulum) attached to a small mass (the cart), 
having both viscous and elastic material properties (the viscoelastic 
hinges), and a concentrated electric charge at one end (the point charge 
e in 𝐷). Specifically, we assume the rod to be made of an idealized 
rubber-like material with density 𝜌 = 103 kg/m3 and Young modulus 
𝐸Y = 106 Pa (Kim et al., 2019).

The device’s geometry is characterized by slender bars, with length 
𝓁 = 10 μm, width 𝑤 = 1μm, and thickness 𝜏 = 0.1 μm, so that their 
volumes and moments of inertia read 𝑉 = 𝓁𝑤𝜏 and 𝐽 = (1∕12)𝜏3𝑤, 
respectively (the aspect ratio of the bars and the notation are taken 
from Alouges et al. (2015)). Consequently, the mass of one bar reads 
𝑚 = 𝜌𝑉 , while the stiffness coefficient 𝑘 is computed as 𝑘 = 𝐸Y𝐽∕𝓁
(Alouges et al., 2015). Once 𝑘 is obtained, the damping coefficient 
𝑐 (modeling the overall viscous behavior of the robot) is selected 
coherently with the work by Cazzolli et al. (2020). Hence, 𝑐 is chosen 
in such a way that the dimensionless damping coefficient of Eq.  (45b)2
is 𝑐∕(𝓁

√

𝑚𝑘) = 0.1 (cfr. Section 4).
The value of the dead load 𝐹  is in line with the typical thrust and 

propulsion forces reported for microrobots in biological applications 
(Zhang et al., 2009). Specifically, we choose the value 𝐹 = 1.6pN, for 
which flutter can occur, since 𝐹 ≃ 1.1𝐹flu(𝑐).

The solenoid is assumed to be sufficiently long, with height at least 
four times its diameter (Rousseaux et al., 2008), and radius 𝑅s = 5 cm, 
and capable of generating a magnetic induction field of maximum 
amplitude 𝐵M = 1T. We emphasize that this value of 𝐵M is higher 
than those typically used to study, for instance, the motility of micro- 
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Table 1
Numerical values used for the simulations.
 Parameter Symbol Value Unit Ref.  
 Length of each bar 𝓁 10 μm Zhang et al. (2009), Shen et al. (2023) 
 Mass of each bar 𝑚 0.001 ng Kim et al. (2019)  
 Mass of the cart 𝑚c 0.01 ng –  
 Spring stiffness 𝑘 10 pN μm Alouges et al. (2015)  
 Damping coefficient 𝑐 {0.05, 0.10, 0.20} × 10−3 pN μms−1 Cazzolli et al. (2020)  
 Dead load 𝐹 1.6 pN Zhang et al. (2009)  
 Electric charge e 0.03 pC Brown and Poon (2014)  
 Solenoid radius 𝑅s 5 cm Montgomery (1969), Xu et al. (2025)  
 Magnetic amplitude 𝐵M {0.1, 1} T Martel et al. (2007), Xu et al. (2025)  
 Magnetic frequency 𝛺 {5, 10} kHz Rousseaux et al. (2008)  
or nano-robots in biological environments (usually around the order of 
magnitude of 10−3 T (Zhang et al., 2009)). Although the value 𝐵M = 1T
may be considered extreme, we adopt it to make the Lorentz force 
comparable to the propulsion forces (dead load) considered by Zhang 
et al. (2009) and to the follower force. In fact, solenoids with relatively 
small diameters can reach MRI-level magnetic induction fields (Mont-
gomery, 1969; Xu et al., 2025), and can be used for micro-motility 
applications (Martel et al., 2007).  Nevertheless, as a precautionary 
measure, a numerical test is also performed, using a lower value of the 
magnetic induction field and we find that the results are qualitatively 
the same as those obtained for 𝐵M = 1 T, Table  1.

The magnetic induction field is assumed to be sinusoidal in time as 
reported in Eq.  (59a). In the following sections, we examine the cases 
𝛺 = 5 kHz and 𝛺 = 10 kHz, consistent with the frequency range adopted 
by Rousseaux et al. (2008) to justify the low-frequency approximation 
for the vector potential 𝑨.

The point charge concentrated at the skate is in agreement with 
the effective net charge of micro-metric entities in aqueous media, as 
documented in the electrokinetic study by Brown and Poon (2014). 
We select e = 0.03pC rather than the more natural value e = 0.01pC
to amplify the influence of the Lorentz force, without allowing the 
magnetic field amplitude to exceed 1T.

Remark 10 (Implementation details).
The simulations are performed by numerically solving the Cauchy 

problem defined by 
Ẏ = f(Y, 𝑡;𝐹 ), Y(𝑡 = 0) = Y0 = {0 0 𝑋c0 0 0 0}T, (90)

where Y0 is an array of initial conditions (see also Eq. (S38) of Section C 
of the Supplementary Material). The derivation of Eq.  (90) follows that 
of Eq.  (54). However, the Schur complement procedure is applied to 
the nonlinear problem defined by Eqs. (34a)–(34c) and (36), rather 
than to the linearized equations. The resulting expressions are then 
recast in state-variable form. Details are reported in Section C of the 
Supplementary Material. In Case I, 𝑋c0 is chosen as a small deviation 
from 𝑋ce in Eq.  (43), while in Case II it is 𝑋c0 > 𝑅s. Null initial 
velocities are assumed. Numerical simulations are performed in MAT-
LAB (The MathWorks, Inc., 2024) by using the adaptive Runge–Kutta 
(4,5) scheme implemented in the ode45  function for time integration 
(Shampine and Reichelt, 1997).

5.2. Case I:  Lorentz force, flutter, and confinement of the device’s horizon-
tal motion

We consider the case in which the device is fully contained within 
the solenoid and the cart is initially positioned at 𝑋c0 = −1.5𝓁 with zero 
initial velocities. For this initial state, corresponding to |𝑋c0 −𝑋ce| =
0.5𝓁, flutter occurs under the action of the dead load 𝐹  as induced by 
the nonzero torque exerted by the electric part of the Lorentz force. 
This phenomenon does not arise in the problem studied by Cazzolli 
et al. (2020), where flutter is triggered only by perturbations of the 
angles 𝜃  or 𝜃 , or of their associated angular velocities, provided that 
1 2
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the dead load 𝐹 , applied to the cart, is sufficiently strong. Indeed, if 
the initial condition Y0 specified in Eq.  (90)2 were imposed on the 
system studied by Cazzolli et al. (2020), the system would remain at 
equilibrium and no motion would occur (see Remark  2). Note that 
the state Y0 is obtained from that portrayed in Fig.  3(b) by placing 
the concentrated mass of the second bar at the origin of the reference 
frame.

We begin with the frequency 𝛺 = 5 kHz, represented in Fig.  6 by 
the solid blue line marked with diamonds. Fig.  6(a) shows that for 
𝛺 = 5 kHz the motion of the cart, described by 𝑋c, exhibits oscillations 
around a main, roughly linear, trend. In spite of the different setting 
considered in our work, this result is similar to what was found in the 
paper by Cazzolli et al. (2020), in which the cart advances on a large 
scale with a mean velocity, but it experiences oscillations around such 
mean velocity on a smaller scale (see the top left panel of Fig. 12 of 
Cazzolli et al. (2020)). Regarding the large scale motion, the Lorentz 
force seems not to affect significantly the dynamics of the cart: the 
cart moves away from the solenoid center with a comparatively large 
and approximately constant mean velocity of about 260𝜇ms−1, thereby 
covering about 13 body lengths (2𝓁) per second. However, while the 
cart’s small scale oscillations in our work and in that by Cazzolli 
et al. (2020) are comparable to each other in the first instants of our 
simulation (see the zoomed-in region labeled with ‘A’ in Fig.  6(a)), they 
are modified by the Lorentz force over time, as the device advances 
into regions in which the Lorentz force is stronger (see the zoomed-in 
regions B and C in Fig.  6(a)).

Figs.  6(b) and 6(c) show the phase portraits of 𝜃1 and 𝜃2 for the 
case 𝛺 = 5 kHz and over the time windows [0 s, 0.2 s] and [0 s, 7 s], 
respectively. For brevity, the phase portraits corresponding to the 
intermediate time interval [0 s, 2 s] are not shown.

The increasing amplitude of the oscillations of 𝑋c should be com-
pared with the phase plots of 𝜃1 and 𝜃2 in Figs.  6(b) and 6(c), and, 
in particular, with the progressive clustering of the orbits, as time 
goes by, from Fig.  6(b) (corresponding to the region A) to Fig.  6(c) 
(corresponding to the region C). Our conclusion is that the secondary 
Hopf bifurcation, rather than resulting into a stable limit cycle, is 
characterized by an almost quasi-periodic behavior.

A different situation occurs for 𝛺 = 10 kHz. At this frequency, and 
with reference to the solid red line marked with circles in Fig.  6(a), 
the device no longer experiences a motion similar to that reported 
by Cazzolli et al. (2020). Indeed, although the cart initially advances 
as in the case 𝛺 = 5 kHz (and thus as predicted by Cazzolli et al. 
(2020)), exhibiting micro-oscillations in the evolution of 𝑋c (see the 
zoomed-in regions D, E, and F of Fig.  6(a)), the increasing Lorentz 
force causes a qualitative change in the motion. The zoomed-in regions 
D, E, and F in Fig.  6(a) show that 𝑋c oscillates around a non-linear 
trend and that, in this case, the oscillations gain a much more marked 
two-scale character with increasing time (from D to F). For 𝑡 ≥ 7 s, 
the cart swings in a bounded region of space, without appreciable 
further advancement, thereby suggesting an average-in-time balance 
among the dead load, the follower force, and the Lorentz force. This 
behavior implies a confinement of the device in space. Also in this case, 
the oscillations of the cart are to be compared with the progressive 
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Fig. 6. Time history of 𝑋c and phase portraits of 𝜃1 and 𝜃2 concerning the parametric study for variable 𝛺 conducted for Case I and representing the motion 
induced by flutter instability on a movable double pendulum with electrically charged nonholonomic constraint and embedded in a magnetic field.
thickening of the clusters of orbits reported in Figs.  6(d) and 6(e), which 
show the phase portraits of 𝜃1 and 𝜃2 for the case 𝛺 = 10 kHz and 
over the time windows [0 s, 0.2 s] and [0 s, 7 s], respectively. Again, the 
agglomeration of orbits seems to indicate the tendency of the system 
towards quasi-periodicity rather than towards limit cycles.

The increasing impact of the Lorentz force on the flutter instability 
is also reflected in the phase diagrams of 𝜃1 and 𝜃2. Figs.  6(c) and 6(e) 
show that, in contrast to the behavior reported by Cazzolli et al. (2020), 
the phase portraits of 𝜃1 and 𝜃2 do not converge to single closed orbits, 
as is the case when stable limit cycles exist. As time progresses, the 
simulations predict the formation of progressively larger regions, or 
‘bands’, of trajectories in the corresponding phase spaces. This behavior 
is likely due to the modulations induced by the Lorentz force (Figs. 
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6(c) and 6(e)), and is more pronounced in the case with 10 kHz, since 
the oscillations of the cart around the main trend are stronger than for 
𝛺 = 5 kHz.

Lastly, we find it worth mentioning that, both for 𝛺 = 5 kHz (region 
C, corresponding to 𝑡 = 7 s) and for 𝛺 = 10 kHz (regions D, E, and F) 
the Lorentz force seems to induce three-scale dynamics: a main trend, 
which is linear for 𝛺 = 5 kHz and nonlinear for 𝛺 = 10 kHz, ‘slow’ 
oscillations, and ‘fast’ oscillations. The regions C and E of Fig.  6(a) are 
those in which this phenomenon is best displayed.

Lowering the amplitude of the magnetic induction field. In the simulations 
presented so far, the amplitude of the magnetic induction field was 
assumed to be 𝐵 = 1 T. Now the post-critical behavior of the device is 
M
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Fig. 7.  Time history of 𝑋c concerning the same parametric study as conducted in Fig.  6. Here, the strength of the magnetic induction field is selected to be 
𝐵M = 0.1T, from which it follows that the global behavior of the device is maintained. However, it occurs on increased length- and time-scales.
Fig. 8.  Time history of 𝑋c and phase portraits of 𝜃1 and 𝜃2 over the time interval [0 s, 14 s] for the same parametric study as conducted in Fig.  6. Here, the 
strength of the magnetic induction field is selected to be 𝐵M = 1T; other values of parameters are 𝛺 = 10 kHz and 𝐹 = 1.6pN.
analyzed for a smaller value of 𝐵M. Specifically, 𝐵M = 0.1 T is selected 
and the corresponding simulations are reported in Fig.  7. Comparison of 
Figs.  6 and 7 reveals that the post-critical behavior of the system shares 
the same main qualitative features observable for 𝐵M = 1 T, such as the 
presence of micro-oscillations in the cart’s trajectory, the onset of quasi-
periodic orbits (data not shown), and the nonlinear motion of the cart 
for 𝛺 = 10 kHz. However, such behaviors are observed for time- and 
length-scales different from those characterizing the case 𝐵M = 1 T. In 
fact, since switching from 𝐵M = 1 T to 𝐵M = 0.1 T implies decreasing 
the magnitude of the Lorentz force by a factor of 10, the time- and 
length-scales needed by the system to start exhibiting the behaviors 
shown in Fig.  6(c)–6(e) have to increase by a factor of 10. Although 
𝐵M = 0.1 T is still two orders of magnitude above the values found in the 
literature for microrobots (Zhang et al., 2009), Fig.  7 seems to suggest 
that, qualitatively, the behaviors reported in Fig.  6(c)–6(e) could be 
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achieved for lower values of 𝐵M just by increasing the simulation time. 
Further investigations could either confirm or rebut this claim.

Parametric investigation of the damping coefficient. In Fig.  8, the post-
critical behavior is investigated for three choices of the dimensionless 
damping coefficient, 𝑐 ∈ {0.05, 0.10, 0.20}, while setting 𝛺 = 10 kHz, 
𝐵M = 1 T, and 𝐹 = 1.6 pN. Such value of 𝐹  implies 𝐹∕𝐹flu(𝑐 =
0.05) ≃ 1.106, 𝐹∕𝐹flu(𝑐 = 0.10) ≃ 1.100, and 𝐹∕𝐹flu(𝑐 = 0.20) ≃ 1.076, 
thereby ensuring that the system finds itself in the flutter regime in all 
the three considered cases. Note that the three dimensionless damping 
coefficients given above correspond to the physical values (Table  1)

𝑐 = 0.05 × 10−3 pN μms−1, 𝑐 = 0.10 × 10−3pN μms−1,

𝑐 = 0.20 × 10−3pN μms−1. (91)
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It is observed that, for increasing values of the damping parameter from 
𝑐 = 0.05 to 𝑐 = 0.20, the constant position around which the cart tends 
to oscillate increases and is reached at earlier times. Hence, the cart 
covers longer distances in shorter times, but then starts being confined 
at earlier times, see the 𝑋c-𝑡 curves in the left panel of Fig.  8. Note 
that the curve corresponding to 𝑐 = 0.10 (marked with circles) in Fig. 
8 is the same as the curve marked with circles in Fig.  6(a), but plotted 
over the ‘stretched’ time window [0 s, 14 s] to emphasize the presence 
of a ‘plateau’ (we recall that this is an average plateau, about which the 
cart undergoes two-scale micro-oscillations). Also in the current set of 
simulations, the phase portraits of 𝜃1 and 𝜃2 (see the right panel of Fig. 
8) exhibit quasi-periodicity, which seems to be a robust feature of the 
system under consideration, and an increasing clustering of the orbits 
for increasing value of the dimensionless damping coefficient.

5.3. Case II: the Maxwell–Lodge effect in the dynamics of the microrobot

We now consider Case II, in which the device is located outside the 
solenoid. To characterize the overall motion of the device, we examine 
the time evolution of the cart position. We analyze two placements: one 
on the left of the solenoid and one on the right, equidistant from the 
origin.

Fig.  9(a) illustrates the case in which the cart is positioned on 
the left of the solenoid. Each of the branches in Fig.  9(a) represents 
the motion of the cart for different initial conditions 𝑋c0, with the 
upper branch (marked with circles) associated with 𝑋c0 = −13.20 cm
and the lower branch (marked with squares) corresponding to 𝑋c0 =
−13.60 cm. We recall that outside the solenoid any initial position 𝑋c0
of the cart is of non-equilibrium and therefore Fig.  9(a) shows how the 
cart evolves, either moving away from the solenoid’s boundary (curve 
marked with circles) or moving towards it (curve marked with squares). 
Moreover, even if the device is initially in a straight configuration, with 
𝜃1(0) = 𝜃2(0) = 0 and 𝜃̇1(0) = 𝜃̇2(0) = 0, the Lorentz force acting on 
the skate generates an unbalanced torque that induces angular motion 
of the bars, ultimately leading to flutter, as discussed in Section 4.1. 
The observed dynamic behavior is argued to be a consequence of the 
Maxwell–Lodge effect, according to which, even in the absence of the 
magnetic induction field (see Remark  1 and Eqs. (16b), (19b) and (21)), 
the Lorentz force acting on the skate remains non-null.

In addition, both mean positions of the cart — one with initial 
position at −13.20 cm (circles) and the other at −13.60 cm (squares) 
— tend asymptotically toward a position at approximately −13.38 cm, 
about which they oscillate. In view of this behavior, and with a slight 
abuse of terminology, we refer to the point (−13.38 cm, 0.00 cm) as an 
‘attractor’. Complementary to the trajectories of the cart 𝑋c converging 
to the attractor, Figs.  9(d) and 9(e) also present the phase portraits 
of the angles 𝜃1 and 𝜃2 when the cart is at the attractor, together 
with a zoomed-in view of the cart displacement and the trajectory of 
point 𝐷. The dynamical regime in which the device now operates, as 
observed from the phase portraits, appears to lead to limit cycles. This 
is further illustrated in the zoomed-in view of 𝑋c, where no micro-
oscillations are observed to disturb the motion. We believe that, in this 
case, the Lorentz force acting at the tip of the pendulum is the dominant 
contribution.

Analogous considerations apply to Fig.  9(b), although the oppo-
site behavior is observed. For symmetry, we place the cart at two 
initial positions near the point (13.38 cm, 0.00 cm), on the right-hand 
side of the solenoid: 𝑋c0 = 13.36 cm (corresponding to the curve 
marked with circles) and 𝑋c0 = 13.41 cm (corresponding to the curve 
marked with squares). The mean trajectories of the cart are now 
repelled from this point: the one with initial position 𝑋c0 = 13.36 cm
moves back toward the solenoid, whereas the one with initial position 
𝑋c0 = 13.41 cm moves away from it. Accordingly, we refer to the point 
(13.38 cm, 0.00 cm) as a ‘repeller’.

Consistent with the discussion above, we emphasize that the device 
may also undergo backward motion in order to approach the ‘attractor’ 
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or move away from the ‘repeller’, as shown in Fig.  9. Such behavior is 
not achievable in the problem studied by Cazzolli et al. (2020).

Sensitivity to the initial position of the skate. It is also informative to 
examine the post-critical behavior of the system in Case II when the 
initial position of the device is such that 𝑥𝐷2(𝑡 = 0) ≠ 0, that is, with 
the skate located away from the 𝑥1-axis, Fig.  10. To attain this initial 
configuration, 𝜃1(𝑡 = 0) = 𝜋∕8 and 𝜃2(𝑡 = 0) = 𝜋∕4 are selected, which 
yield 𝑥𝐷2(𝑡 = 0) = 10.8979 μm. The effects of this different initial data 
are examined by comparing the simulation for 𝑥𝐷2(𝑡 = 0) = 10.8979 μm
(right panel of Fig.  10) with the simulation for 𝑥𝐷2(𝑡 = 0) = 0 μm (left 
panel of Fig.  10). After a relatively short transient of about 20 time 
steps, corresponding to 0.02 s and during which the initial skate position 
affects the response, the skate exhibits qualitatively similar behavior in 
both simulations. By contrast, marked differences appear in the phase 
portraits of 𝜃1 and 𝜃2 during the transient, although these differences 
vanish at sufficiently long times. 

6. Discussion and conclusions

A mechanical structural system has been proposed and analyzed 
that is capable of generating propulsion from an applied conservative 
force and a magnetic field by exploiting flutter instability and Hopf-
type bifurcations. The system provides a simple model of a microrobot 
suitable for operating in magnetically controlled environments, with-
out relying on conventional propulsion mechanisms. Note that, when 
viscosity is absent, the sole responsible for the variation of energy is 
the electric part of the Lorentz force. When the latter is switched off, 
the system becomes conservative.

Our design has coupled a Ziegler double pendulum with a movable 
cart subjected to a dead load and to an electrically charged nonholo-
nomic constraint. Electromagnetic interactions provide a Lorentz force 
applied on the constraint when placed either inside or outside an ideal 
solenoid. Our setup differs from previously analyzed devices based on 
electric dipoles or magnetic torques (Alouges et al., 2015).

An important outcome of the presented theoretical framework is 
that the Maxwell–Lodge effect (Lodge, 1889; Rousseaux et al., 2008) 
can arise in systems such as the microrobot considered here. Given its 
fundamental relevance in both theoretical and experimental physics — 
Rousseaux et al. (2008) describe it as the ‘classical equivalent’ of the
‘Aharonov–Bohm effect [. . . ] within quantum physics’ — the effect has 
been re-examined in the present setting, with particular attention to its 
influence on the device dynamics.

Two ‘virtual’ experimental configurations, denoted Case I and Case 
II and formulated as dedicated Cauchy problems, have been introduced 
as potential benchmarks for future studies of the post-critical dynamics 
of related systems. The magnetic induction was set to 𝐵M = 1T, 
a value attainable in MRI-based and electron-beam experiments and 
sufficiently large for the Lorentz force to be comparable with the dead 
load 𝐹  typically considered in microrobotic Ziegler double pendulum 
models. A systematic analysis for smaller values of 𝐵M would be 
desirable to further delineate the range of validity of the present results. 
In this respect, the study reported in Fig.  7 represents a first step in this 
direction.

The analysis shows that the Lorentz force acting outside the
solenoid, generated solely by the induced electric field, may either 
attract or repel the microrobot depending on whether its initial position 
lies below or above a critical distance from the solenoid boundaries.

For selected frequencies of the magnetic induction field, the device 
also exhibits confinement, with the cart oscillating about a position 
determined by the system parameters. Because the magnetic induction 
levels considered are, at most, comparable with those used in human-
safe medical procedures such as MRI, this confinement mechanism 
could be exploited in biomedical applications, for instance to enhance 
localized drug delivery. The desired confinement position could be 
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Fig. 9. Time history of 𝑋c (a) and (b), picture of the ‘attractor’ and ‘repeller’ points (c), phase portraits of 𝜃1 and 𝜃2 (d), and trajectory of the point 𝐷 (e) for 
the parametric study of Case II and representing the dynamic motion induced by flutter instability on a movable double pendulum with electrically charged 
nonholonomic constraint, embedded in a magnetic field.
determined through an inverse-design procedure and then used as the 
target location for topical drug release.

The present study aims to contribute to the analysis of the stability 
of microrobots and of structures inspired by the Ziegler double pendu-
lum, particularly when interactions beyond purely mechanical effects 
are taken into account. Such analysis, of course, should be accompanied 
by dedicated experiments, which, however, we have not designed yet. 
Indeed, at the moment, we have no experimental evidences that can 
corroborate or confute the predictions reported in our work. However, 
we are thinking of possible experiments of the system studied in our 
work, which could stimulate further research in the field. For the time 
being, our results may hopefully provide a reference for investigations 
based on experimental set-ups that are ‘richer’ than those concerning 
purely mechanical phenomena (see, e.g., Dreyfus et al., 2005; Alouges 
et al., 2015; Shen et al., 2023; Boiardi and Noselli, 2024).
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Fig. 10.  Path traced by a non-slipping skate positioned at the end of the pendulum alongside its phase plots for two simulations with the device situated outside 
of the solenoid. (Left panel) The three images on the left refer to a simulation carried out with the initial conditions Y0 = {0 0 − 13.6 cm 0 0 0}T. Since the initial 
angles of the two bars are both zero, 𝑥𝐷2(𝑡 = 0) = 0. (Right panel) The three images on the right refer to a simulation carried out with the initial conditions 
Y0 = {𝜋∕8 𝜋∕4 − 13.6 cm 0 0 0}T. Since the initial angles are 𝜃1(𝑡 = 0) = 𝜋∕8 and 𝜃2(𝑡 = 0) = 𝜋∕4, 𝑥𝐷2(𝑡 = 0) = 10.8979 μm. In both cases the first 20 time steps 
(0.02 s) are highlighted in red showing the transient phase.
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