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Abstract

A structural element is designed and investigated, forming the basis for the development of an
elastic multistable metamaterial. The leitmotif of the structural design is the implementation of
a strut characterized by a bifurcation occurring at either vanishing tensile or compressive load. It
is shown that buckling at null load leads to a mechanical equivalence with a unilateral constraint
formulation, introducing shocks in dynamics. Towards a future analysis of the latter, the nonlinear
quasi-static response is investigated, showing the multistable character of the structure, which may
appear as bistable or tetrastable.
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1 Introduction

Elastic metamaterials represent a blowing-up research field, finding crucial applications in vibration
control, wave filtering and conditioning [I, 2, B, @, B, 6, [7, 8, 0, 10, L1, 12, 13, 14, 15, 16, 17, 18].
However, meta-materials exhibit extraordinary mechanical properties even when subject to quasi-static
loading, particularly when large deformations are involved [19, 20], 21], 22], 23], 24] 25, 26]. Examples
are numerous, including cloaking [27], extreme stiffness [28], shape morphing [29], auxeticity [30}, 31],
negative thermal expansion [32], and multistable architectures [33] 34}, 35, 36, 37]. A flow in this research
stream is the exploitation of structures beyond buckling and instability loads [38], in a range of extreme
deformations [39]. Under these conditions, structures become ‘elastic machines’, capable of realizing
soft actuation [40], or developing propulsion forces [41], [42], or being used as soft devices [43].

The nonlinear analysis of the structure shown in Fig. [Ifa), forming an element to be exploited in
a metamaterial design (Fig. [1[d)), is the subject of the present article. The structure is composed
of two superimposed layers of rigid bars essentially working as quadrilateral linkages, but equipped
with an elastic hinge and with a bar containing a slider (a constraint allowing only relative trans-
verse displacement between the connected elements [44]) which buckles under tensile load of vanishing
magnitude.

The latter structural element provides the key mechanical feature implemented in the design of a
simple structure, which displays a series of remarkable mechanical features, although characterized by
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Figure 1: The unit structure of the proposed multistable metamaterial element (sketched in the inset
(d)). It is made up of two superimposed articulated quadrilateral structures, both composed of rigid
bars and containing an elastic hinge (of stiffness Kj, j = 1,2) and a slider at the midpoint of one of
the inclined rigid bars. The introduction of the slider (¢) provides the key mechanical feature, because
it buckles at null axial force, realizing a unilateral constraint in compression. (a) Undeformed and (b)
deformed configuration of the two-layer structure subject to dead loads Hj and Vj, described through
the misalignment angles ¢j or equivalently through the difference angles ;.

only two degrees of freedom. These are related to the fact that the two structural layers can behave
independently or synergically and involve a purely geometrical nonlinearity. In particular, the following
features are found: (i.) the critical loads for bifurcation depend on the geometry of the structure only
through the angle (o, but are independent of the angle ag and of the hinge stiffness Kj (j = 1,2); (ii.)
the structure can have multiple stable equilibrium configurations under the same applied loads, which
may be displayed as bistable or tetrastable (as shown in Fig. [2)); (iii.) the applied loads can be varied in
a way that a negative (a positive) slope in the load/displacement curve represents a stable (an unstable)
loading path. Most of these features are related to the presence of an element bifurcating in tension.
However, it is shown that the a structure exhibiting exactly the same mechanical behaviour can be
obtained through a proper modification of the quadrilateral linkages and substitution of the slider with
a hinge, so that the inclined structural element suffers a bifurcation at a vanishing compressive load.
Interestingly, the elements buckling at vanishing force can be replaced by unilateral constraints, which
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Figure 2: Equilibrium diagram for the structure shown in Fig. 14) and (b), when subject to a constant
vertical load V, expressed in terms of the di erence angles and , as functions of the variable horizontal
load H. Stable and unstable con gurations are displayed as continuous and dashed curves, respectively.
By varying the horizontal load H, the system displays monostability 1, and M), bistability ( B; and
B,), and tetrastability ( T), through the corresponding deformed con gurations sketched beside.

produce the same e ect on the structure, but eliminates the bifurcation. This important aspect (to
which the next Section is dedicated) implies that the dynamic behaviour of the structure is characterized
by the occurrence of impacts, a topic that will be analyzed elsewhere.

2 Buckling vs unilateral constraint

The elementary triangular structure reported in Fig. 3@) represents the essential building block of the
two-layer unit structure depicted in Fig. 1(a), which in turn forms the structure leading to the interface
shown in Fig. 1d). Although the rigid bar containing a slider at the mid-span is at equilibrium in its
straight con guration when axially loaded, bifurcation occurs at null axial force. Therefore, this single
structural element displays an in nite sti ness under compression and a null sti ness under tension.
As a consequence, the mechanical behaviour of the rigid bar containing the slider becomes equivalent
to a unilateral constraint, providing support only when compressed. This equivalence occurs only from
the mechanical point of view, but not from a purely mathematical perspective. Indeed, the structure
shown in Fig. 3() is subject to a bifurcation, while that reported in Fig. 3@) is not. This crucial point

is now explained in detail.

For the structure in Fig. 3(a), the total potential energy can be written as the di erence between
the strain energy stored in the rotational spring of sti nesK and the work done by the external dead
loads H and V)

2
( )=T Hli[cos ¢ cos(o+ )] VlI[sin(o+ ) sin of; (1)
wherel is the length of the bar inclined at an angle ( in the undeformed con guration, with the latter
subject to the following geometrical constraint

0< o< ; (2
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Figure 3: (@) The essential building block (forming the two-layer unit structure shown in Fig. &) is
characterized by one elastic hinge of stinesk and is loaded with vertical V and horizontal H dead
forces. The two structural elements, sketched in isolation in partd) and (c), are able to sustain an
arbitrary amount of compressionR, but they cannot bear any tensile load, as one is equipped with a
unilateral constraint and the other immediately buckles in tension (because it contains a slider). Note
that bifurcation does not play any role for unilateral contact @), described by ¢) the Signorini diagram.
(e) A quadrilateral linkage with two bars aligned parallel buckles in compression at null load, realizing
an unilateral kinematics equivalent to the elementary structured).

while the di erence angle is the Lagrangian parameter subject to the unilateral constraint 0
and de ning the inclination ¢+ in the deformed con guration. Considering now the system in Fig.
3(b), equivalent to the former one, the total potential energy can be written as a function of another
Lagrangian parameter, the misalignment anglé of the rigid bar with slider, as

(=0 CN 3
where the di erence angle is de ned in relation of the misalignment angle as

(" )=arccos cos ,  tan?' 0; (4)

a relation that cannot be inverted, as is insensitive to the signof , (" )= ( '), andwith de ned
as _
B sin & _
2sin gsin( o+ o)’
Note that a Taylor series expansion of eq. (4) about = 0 truncated at the second-order leads to

(5)

(‘) "2 (6)

sin ¢

4
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highlighting the property that the two angle measures at small amplitude have di erent order. This
last property implies that cannot be used as a Lagrangian parameter for the structure in Fig. c)(
and (d).

Equilibrium of the structure sketched in Fig. 3@) on the left corresponds to the stationarity of the
total potential energy ( '), which through the chain rule of di erentiation becomes

— =0; (7)

equivalent to

a ) _,.
@ 0; and/or @
Note that the second condition in eq. (8) becomes possible only when the order of magnitude in the
relation between the parameters is di erent, as for the present structure as shown by (6).
From eq. (1) the condition

=0: (8)

%:K [Hsin( o+ )+ Vcos(o+ )]; 9)
follows, while from eq. (4) the derivative of with respectto can be written as
% _ q 2 tan 2: (10)
cog' 1 (cos g tan?' )

Expansions truncated at the second-order of the two above derivatives at small values oprovide

@ ) @_2 a

— = I(Hsin o+ Vcos y); — = ;

@ ) @' Sin 0

showing that the equilibrium is not only attained for the trivial con guration for every load combination

@ Q@

= =0 — =0 — =0 8 Vand H; 12
) @ ) @ (12)

but also for non-trivial con gurations at the bifurcation condition
Hsin g+ Vcos =0 ) %20) %zo 8' 60 (with "2 '): (13)

Stability of the trivial con guration can be analyzed by considering the sign of the second derivative of
('), calculated at' =0 as

@("') _ I'sin o

@2 .., sin osin( o+ o)

(Hsin o+ V cos o): (14)

Considering that
0> 0; ot o< ; (15)

eg. (14) shows that the trivial con guration is stable whenever

Hsin ¢+ Vcos (< 0; (16)

5
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and otherwise is unstable. Therefore, the structural element containing the slider, Fig.cB(essentially
works as that subject to the unilateral constraint, Fig. 3f), because it buckles at null axial force and
does not bear any tensile load.

The equilibrium equation for the structure subject to the unilateral constraint, Fig. 3), is given

by
a )
0; 17
@ 17)
for all virtual displacements 0, so that the unilateral Kuhn-Tucker conditions are satis ed
00 R 0 R=0; (18)

whereR is the reaction of the unilateral support. Equation (17) holds with the "=' sign for all > 0 and
becomes equivalent to eq. (16), except thak™ has to be replaced with "='". Therefore the presence of
the unilateral constraint eliminates the bifurcation so that the buckling analysis is turned into a purely
equilibrium problem. The unilateral constraint is smooth, so that it does not alter the conservativeness
of the system (which is subject to dead loading in the present formulation). For this reason, the Dirichlet
stability theorem applies even in the boundary case= 0. There, the total potential energy is allowed
to possess a non-analytical minimum to verify stability. Therefore, positiveness of the rst derivative of
eqg. (1), eq. (9) evaluated at =0, leads exactly to the same condition as in eq. (16), thus con rming
that both structures shown in Fig. 3@) and (b exhibit the same mechanical behaviour. Note that
for simplicity, the term bifurcation will be associated in the following to both the misalignment and
di erence angles,’ and .

Buckling in tension vs compression. The kinematics of the inclined bar of length described by
> 0 has been considered as the result of tensile buckling in the simple triangular structure in Figa)l3(
The same kinematics for the inclined bar of length can be, however, equivalently achieved through
buckling in compression as for the elementary triangular structure in Fig. 8], now incorporating a
bar with a hinge (instead of a slider), initially straight and inclined at ¢ in the undeformed state. In
this latter structure, the di erence angle becomes the following function of the misalignment angle

(cog cog g)sin® o N sin(2 g)cos o (cog o+1)sin o

= arccos . : . ;
() 2sin ogsin( o o) 2sin( o o) °

(19)

whose expansion for small values ofsimpli es to

sin o 5.
2sin gsin( o o)

()

(20)

showing the di erent order in the di erence and misalignment angles, in analogy to the misalignment
angle' in the triangular structure with tensile buckling, eq. (6).

Since the total potential energy ( ) (1) is the same for the two triangular structures shown in Figs.
3(a) and (e) when the inclined bar is subject to the same rotation(* ) = ( ), the two structures,
although based on two di erent types of buckling, are mechanically equivalent. For this reason, the
results presented in the following and obtained for the system composed of layers with inclined ele-
ments displaying tensile buckling also holds for the analogous structure whose deformation is linked to
compressive buckling.
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3 Mechanics of the structure

The mechanics of the planar structure sketched in Fig. &) and (b) is investigated. The system
combines two superimposed articulated quadrilateral structures, made up of rigid bars connected to
each other through hinges in a parallelogram shape, and equipped with a slider (imposing continuity of
rotational and axial displacement, but allowing a jump in the transverse displacement) at the mid-span
on the diagonal bars. The slider inside thg-th layer (two layers are considered, so thaf = 1;2)

is activated when the related misalignment anglé; assumes a non-null value. After bifurcation, the
kinematics of thej -th layer, maintaining the shape of a parallelogram (the horizontal bars are subject
to pure translational motion), is described by the two angles; and ; (con guration angles), both
functions of' ; as

i (" j) =arccos COS' | (" j) =arccos cos g tan®' ; ; (21)

—+ ; |
2 COS |
where and are constants depending on the initial con guration angles as follows

sin sin(2 o+ o)
_ S 0 _ .
2sin o O sin( o+ o)’ (22)

while is as dened in eq. (5). Note that o and  correspond to ; and ; measured in the
undeformed con guration described by ; = 0 and are subject to the geometrical constraints de ned
in egs. (2) and (15).

The deformed state is subject to restoring forces provided by the linear elastic rotational springs of
stiness K; andK ,, located at points indicated with letters A" and "B, and unloaded in the undeformed
con guration. The j-th layer is subject to the horizontalH; and vertical V; dead loads, acting at the
middle of the horizontal upper bar. To simplify the presentation, the following dimensionless loads and
the rotational sti ness ratios are introduced

Hi Vi K1
h= —=; V= —; k=—= 0 23

H» V, Kz (23)
From the above description, it follows that the system con guration is entirely described by the evolution
of two degrees of freedom, namely, the misalignment angles(j = 1;2). Due to the properties of the
system and its similarities with a structure with a unilateral constraint shown in the previous Section,
it is expedient to make reference to the di erence angles = ; o, evaluated for both layers similarly
to eq. (4) as

()= ( 1) arccoscos o tan®' . 24)

which yields the following constraints
1 O 2 0O which imply 12 O (25)

Finally, it is worth to highlight that the special case of thej -th parallelogram reducing to a line segment
is provided by the following condition for the di erence angle

(n] —In]

jii= where =n 0 n2N; (26)
implying that the misalignment angle' ; is bounded as
s
i where —=arctan L C9S 0. (27)
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4 Total potential energy and equilibrium

With reference to the misalignment anglée ;, the total potential energy of the system sketched in
panels @) and (d) of Fig. 1, is given as the summation of the elastic energy stored in the two elastic
hinges and the contribution from the work done by the forces acting on each layer

(

G 201 ¢ V2
('1;'2)=K2. —k 1[12( )]
T Da+n?iHoso cos(o ( 1) i )g:

+(1+ V)2V sin g sin o (1) () (28)

where k, h and v are the stiness and loading ratios de ned in eq. (23), whileH and V are the
dimensionless horizontal and vertical dead loads acting on the upper layer, de ned as

H= "> V=" (29)

Further, the system of equilibrium equations can be obtained through the vanishing of the gradient of
, €q. (28), with respect to the misalignment angles' j,

@ "1;'2) _ .
@—,j—o, (30)

which through the chain rule of di erentiation simpli es as

a 1 2)@1+ a 1, 2 @
@ @] @, @]

Considering eq. (24) the following property holds for the structure

=0: (31)

8 :
o 30 qé J;
=4a - ; 2 tan'; .
@ 3 (U g ) = q=j (32)
: cog'; 1 (cos, tan?'j)
and therefore the equilibrium equation (30) is reduced to
Q 1; 2 @

@ @ (33)
where a repeated index does not imply summation, here and henceforth. The equilibrium equations
(33) are always satis ed for the trivial con guration ' ; = ; = 0 because

@,

— =0: (34)

@ J ' i =0

For non-trivial con gurations, the equilibrium equations (33) in terms of the misalignment anglé ;
are quite complex, and therefore are not reported because impractical. However, making use of the
equivalence between the two elementary structures reported in Fig. 3, it is expedient to write the
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equilibrium conditions of the structure in a non-trivial con guration by utilizing as a parameter the
di erence angle j 6 0 through

@ 1; 2)

@ (35)

providing
(h+1)Hsin( o+ 1)+(v+1)Vcos(o+ 1)=k 4; for 1> 0;
(36)

Hsin( ¢ 2) V cos(o 2) = 2 for , < O:

Similarly to the simple case explained in Section 2, thg s do not represent Lagrangian parameters
for the two-layer unit structure shown in Fig. 1 and therefore; = 0 is not a solution for the system of
equations (36). In terms of the unilateral constraint model, when one or both of the layers composing
the planar structure remain undeformed, a reaction emerges preventing the mechanism to move towards
the constrained direction, but does not pose any obstacle to the opposite movement ( Oand , 0).

The unilateral constraints impose the following Kuhn-Tucker conditions

1 0 Ri 0 1R1=0;
(37)
2 0 R., O 2R2=0;

where R; and R, are the reactions emerging in the constraint present within the respective layers,
and are equivalent to the compression force in the bars with the slider. It is also interesting to note
that equilibrium equations (36) reveal that the 2 degrees of freedom of the structure are decoupled.
This implies that the equilibrium of the two-layers relies on the independent “individual' equilibrium of
each layer Therefore, depending on the existence of the non-trivial con guration for each layer, the
equilibrium con gurations for the entire structure can be distinguished in:

" trivial con guration ( ;= , =0, always existing);

" non-trivial con guration for only the lower ( ; =0 and ;, < 0) or the upper (1> 0 and , =0)
layer;

~ non-trivial con guration for both layers ( ; > 0 and , < 0).
Non-trivial con gurations are investigated in the next Section, along with the bifurcation conditions

and the stability of equilibrium.

5 Bifurcation, equilibrium, and multistability

Bifurcation, post-critical behaviour, and stability of the two-layer unit structure shown in Fig. 1 are
analyzed at varying dimensionless horizontdl and vertical V dead loads.

5.1 Critical loads and post-critical response

As mentioned, the equilibrium equations (31) are satis ed by the trivial con guration (; = ; = 0),
while for the non-trivial con guration (' ; 6 0) reference can be made to the equilibrium condition
expressed in terms of;, eq. (36).
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The linearized version of the equilibrium equations (36) can be obtained through a Taylor series
expansion about ; =0 as

. +1)V
(h+1)Hsin g+(v+1)Vcos o= k+(vsin—) 1; for 1>0;
v i (38)
Hsin ¢ V cos o= 1+Sin 2; for , < O:
0

The load pairsH and V, solution of eq. (38) at vanishing , represent the set of bifurcation conditions
for the j -th layer, namely, the critical load combinations The critical pair of loads corresponds to

( ) ( )

h+1 _ v+1 for lower layer bifurcation;
He sin o+ V¢ Ccos g =0; ) _ (39)
1 1 for upper layer bifurcation;

showing independence of the sti ness of the rotational springs, so th#te system bifurcation is purely
geometrical and only involves the referencial con guration angle,.
From eq. (39), the following skew-symmetric behaviour is displayed

Heo(Ver; 0)= H (Ve 0); (40)
and the simultaneous bifurcation of both layers occurs when
h+v= 2 (41)

The post-buckling behaviour in terms of the di erence angles; and , as functions ofV and
H, obtained as the solution of the nonlinear egs. (36), is depicted in Fig. 4 (in the limited range
il < o) for the six sets of parameters reported in Table 1, the rst four associated to a non-
symmetric response, while the last two correspond to a symmetric one.

Table 1: Sets of structural parameters corresponding to the equilibrium con gurations reported in Fig.
4.

Panel , h \Y; k Panel ¢ h
(a) 60 -25 05 2 (d) 20 1.5
(b 20 -2 0 3 (e 120 O
() 60 O 1 1 (f) 80 0

O o wl<
PP WX

A total of three equilibrium surfaces is shown: the trivial equilibrium plane (; = , =0) and two
equilibrium surfaces corresponding to the non-trivial con guration for the lower (; > 0) and the upper
layer ( , < 0). The stability character (addressed in Section 5.2) of the portions of these equilibrium
surfaces is also indicated with the letter "J or 'S, respectively denoting the "unstable' or “stable’
con guration for the j -th layer (namely, U; de nes an unstable con guration for the lower layer).

Fig. 4 can be interpreted in the following way: (stable or unstable) equilibrium con gurations for

1 and , correspond to the intersections of the equilibrium surfaces with the (vertical dashed) line,
de ned by constant values ofH and V, representing a load combination applied to the structure. Every
vertical dashed line always intersects the trivial equilibrium surface, while depending on the structural

10
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Figure 4: Equilibrium con gurations in the H{V{ ; space for the system described by the parameters
sets @{(f) reported in Table 1. Stable and unstable con gurations for thg -th layer are ideniti ed
through the letters "Y' or °'S"'. Bifurcation loads H{V. are given by the intersection of the non-
trivial con guration surfaces with the trivial con guration plane ( j = 0). Uniqueness, non-unigueness,
absence of stable con gurations, monostability, bistability and tetrastability (within the limited range
jii< o and) associated to speci ¢ loads combinationd {V (vertical dashed lines) are highlighted.

11
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and loading parameters it may intersect none, one, or multiple times (in the considered di erence angle
range) the non-trivial surfaces.

Thus, with reference to the systems reported in Fig. 4, examples of loads combination show di erent
numbers of intersections and consequently of equilibrium states. More speci cally:

A

for the load combination highlighted in Fig. 4@) and (e), the vertical dashed line intersects 3

times the equilibrium surfaces, which correspond to four possible equilibrium con gurations: (i.)
1>0and ,<0,(i.) =0and ,<0, (i) >0and ,=0and nally (iv) .= ,=0.

Among these, only (i.) is stable, which corresponds to a deformation involving both layers;

for the load combination highlighted in Fig. 40), the vertical dashed line intersects only the
trivial equilibrium surface, corresponding to the stable trivial con guration for both layers;

for the load combination highlighted in Fig. 4€), the vertical dashed line intersects 4 times the
equilibrium surfaces, leading to 6 equilibrium con gurations: (i.) 1 > O and , < 0, (ii.) two sets
of ;=0and ,< 0, (iii.) two sets of ; > 0and , =0, and (iv.) the trivial state ;= ,=0.
Among these, only 2 con gurations are stable: one of the sets in (ii.) and the trivial con guration
(iv.), so that the system isbistableunder the highlighted H{V loads combination;

for the load combination highlighted in Fig. 4¢), the vertical dashed line intersects 2 times the
equilibrium surfaces and therefore 2 equilibrium con gurations exist: (i.); > 0 and , =0 and
(i.) 1= »=0. Among these, none is stable;

for the load combination highlighted in Fig. 4€ ), the vertical dashed line intersects 5 times the
equilibrium surfaces, providing a total of 7 di erent equilibrium con gurations: (i.) two sets of

1>0and ,< 0, (ii.) two setsof ; =0and , < 0O, (iii.) two sets of ; > 0and , =0 and
(iv.) the trivial state ;= 5, =0. Among these, 4 con gurations are stable: one per each of the
sets (i.), (ii.), (iii.) and the trivial con guration (iv.), so that the system is tetrastable under the
highlighted H{V load combination.

The non-uniqueness of equilibrium con gurations (restricted tg jj < o) reported in Fig. 4(f)
can be further appreciated through their projection onto theH{V plane, as reported in Fig. 5¢). The
in uence of the angle  is shown through the complementary projections corresponding tg = 90 ,
Fig. 5(b), and to =100 , Fig. 5(c), with the other structural and loading parameters remaining the
same as in Fig. 54).

A total of nine regions forH{V load combinations are distinguished, corresponding to a di erent
number and type of equilibrium con gurations. The corresponding stable con gurations are sketched
for each region visible in Fig. 5§). The properties of the equilibrium con gurations of these nine
regions are summarized in Table 2, showing that, when the load combinati¢i{ V varies, under the
restriction j ;j < o, the system changes the number of its stable equilibrium con gurations and in
particular can display: none (region®°and F), one (monostable regionsO, C, D, and E), two (bistable
regionsA and G), or four (tetrastable region B) stable equilibrium con gurations.

It can be observed that the number of stable con gurations can be reduced by increasing the angle

o, for example thetetrastability region disappears, while the region without stable equilibrium solutions
expands. Moreover, roughly speaking, the monostable regi@nis mirrored around the H{axis, when

o moves from the range (90 ) to the range (90;180). It is also interesting to note that the system
may turn from monostableto tetrastable without displaying an intermediate bistable behaviour, as in
the case reported in Fig. 5§) by decreasing values o at H = 0.

12
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Figure 5: (@) Projection onto the H V plane of the equilibrium surfaces (limited toj j <

o) reported in Fig. 4(f), corresponding to the parameters setf() of Table 1. Stable equilibrium
con gurations are sketched inside each region, except for regioRs, where stable con guration do
not exist. Regions with the same letter, but di ering because theg-th layer displays a non-trivial
con guration, are distinguished through the subscriptj. Panels ) and (c) are as panels &), except
that =90 and =100, respectively. The number and properties of the equilibrium con gurations
corresponding to the di erent nine regions are listed in Table 2.

To further appreciate the generation of more than one stable con gurations, the contourplots of
the total potential energy , eq. (28), on the di erence angles plane ;{ , are reported in Fig. 6 for
the parameters set {) of Table 1. The contourplots for six di erent pairs ofH V loads show how
the number of total potential energy wells changes, de ningg, ¢, d, € monostable (f ) bistable or (b)
tetrastable systems.

Equilibrium con gurations expressed as horizontaH and the vertical V loads, functions of the
di erence angles ; and , are reported in Fig. 7, at xed values of the remaining parameters. Stable
and unstable con gurations are distinguished through continuous and dashed lines. The reported curves
show how signi cantly the di erent parameters a ect the critical loads, the post-buckling response of the
structure (by turning the incremental sti ness from positive to negative and by realizing force-reversal
conditions), and the stability. More speci cally,

~ bifurcation of both layers occurs at the unloaded stateH = V = 0), Fig. 7(a, b);

~

at constant vertical load V, the bifurcation load H and the post-buckling behaviour can be
tuned also by varying the con guration angle o, Fig. 7(c);

13
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Table 2: Number of the equilibrium con gurations and their stability corresponding to the regions of
load combinationH{V reported in Fig. 5.

label stable trivial # non-trivial # stable non-trivial structural
con guration con gurations con gurations response
Qo° no 0 0 only unstable confs
o yes 0 0 monostable
A yes 2 1 bistable
B yes 8 3 tetrastable
C yes 3 0 monostable
D no 3 1 monostable
E no 1 1 monostable
F no 1 0 only unstable confs
G no 5 2 bistable

~ when the deformedj-th layer assumes the rectangular shape, condition occurring foy =
( 1)Y(=2 o), the following situations occur:

{ the equilibrium is independent of the vertical loads\ and v), Fig. 7(a), when

K
H= — - 8Vandv f = _ :
2 % (h+1) andv tora=5 o 42)
H= — - V f = —_+ 4
> 0 . 8Vandv for , > 0,

{ when the horizontal forceH does not satisfy eq. (42), the rectangular con guration is
attained only at an in nite value of the vertical load V, Fig. 7(b, ), representing alocking
condition for the system;

" whenh < 0, a stable (an unstable) post-critical behaviour can be associated to negative (positive)
slope in the equilibrium pathH ;, Fig. 7(a, €);

" whenH =0, the equilibrium angle ; is independent ofh, Fig. 7(e);

~ the stiness and loading ratiosk, h and v in uence the bifurcation load and the post-critical
behaviour of the lower layer only, Fig. 74, e, f);

" at null horizontal load (H = 0), both layers bifurcate simultaneously when the vertical load/ is
greater than zero for ¢ 2 (0; =2), Fig. 7(b), or is smaller than zero for ¢ 2 (=2; ).

Symmetric response.  When the sti ness ratio k and the loading ratiosh and v satisfy the following

condition
k=v+1l= h+1; (43)

the post-critical response de ned by eq. (36) reduces to
( WYHsin(o+j i)+ Veos(o+] i) =] ji; (44)
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