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Abstract

A famous and thoroughly investigated instability set-up, susceptible to wrin-
kling and creasing, consists of an elastic half-space being prestressed under
a dead load, applied at infinity and, possibly, on its surface. We consider the
case of a pressure or a suction applied on the surface and show that wrinkling
and creasing occur in a surprising way, completely different from dead load.
With reference to incompressible neo-Hookean elasticity and assuming the
prevalence of a uniaxial prestress state induced by the application of a uni-
form pressure, no wrinkling or creasing is foreseen, whereas —unexpectedly—
they do when reversing the sign of pressure, which is then a suction, thus
leading to tensile creasing and tensile wrinkling. When a biaxial prestress
state is considered, it is shown that some loading paths can be envisaged,
able to grow to infinity without causing any instability. Consequently, we
suggest that, according to its sign, pressure can promote or delay surface
instabilities, a finding which may have implications for mechanobiology or
microfluidic fluid—structure interaction.
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1. Introduction

More than sixty years ago, Biot [II, 2] discovered that an elastic half-space
subject to a sufficiently intense compression parallel to its free surface may
bifurcate into a mode exhibiting a diffuse undulation exponentially decaying
with depth, a phenomenon often referred to as ‘surface bifurcation” or ‘wrin-
kling’. Since then, this problem has been the subject of extensive theoretical
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exploration, see among many [3, 4, [5, [0, [7]. Experimental investigations [8], 9]
reveal that the Biot’s surface bifurcation is generally preceded by the so-called
‘creasing’, an instability characterized by the appearance of a surface fold-
ing, which evolves into a self-contacting sulcus as the load increases. On the
basis of a numerical investigation, Hohlfeld and Mahadevan [10] recognized
creasing as a scale-free subcritical nonlinear instability mode, distinct from
the surface instability investigated by Biot. This is consistent with the inter-
pretation suggested by Cao and Hutchinson [I1] that wrinkling represents a
bifurcation extremely sensitive to imperfections. According to this approach,
the free surface becomes metastable for a prestress lying between the thresh-
olds for creasing and wrinkling, so that the flat configuration turns out to be
linearly stable, but nonlinearly unstable, see also [12, [13]. This view is the
subject of the discussion in [14]. However, our aim is not to contribute to
this debate, but rather to show that wrinkling and creasing can occur under
conditions that have so far gone unnoticed. In particular, in all the above
quoted works, the half-space is subject to a remotely applied dead loading,
leaving its surface free. Conversely, when a dead load is added onto the
surface, a biaxial prestress develops with components parallel and normal to
it (the out-of-plane component is not considered). Wrinkling is well-known
under these conditions [4], while creasing has not been investigated so far.
Although the analysis in the presence of a dead load on the surface is not
our objective, it is included here as a reference for comparison. Rather, the
present article focuses on the effects of a uniform pressure or suction acting
on the surface of the half-space.

Within the standard framework of incompressible neo-Hookean elastic-
ity in the context of two-dimensional deformation, the analyses of wrinkling
(based on a linearized bifurcation) and creasing (carried out via finite ele-
ments according to the procedure suggested by Suo and co-workers [15]) lead
to the results summarized in Table (1] for a half-space under a prestress normal
to its surface in the elliptic regime.

In particular, when the half-space is subjected to surface pressure or suc-
tion, the following features emerge.

(i) The mechanical conditions required for the formation of creases and
wrinkles are completely different from those involved in the well-known
case of dead load. In particular, the region where wrinkling is excluded
turns out to be unbounded, so that there exist loading paths along
which the prestress may increase without bound, while preserving sta-



Compression Tension
Load — - . —
wrinkling creasing creasing wrinkling
Pressure - — T,= =+1:41 | Ti= = +1:68
Dead T,= = 1:68 - — -

Table 1: Critical prestress Ty for creasing and wrinkling, normalized by the
incremental shear modulus for a neo-Hookean half-space under
a uniform surface load inducing T, with T, = 0.

bility.

(74) Surprisingly, when the load is a pressure inducing a uniaxial compres-
sive state, the half-space does not become unstable to wrinkling or
creasing. However, both instabilities become possible when the sign
of pressure is reversed. In other words, an elastic half-space exhibits
creasing, followed by wrinkling at a higher load intensity, when a uni-
form suction is applied along its surface, producing a uniaxial tensile
stress perpendicular to it.

The above results are complemented by an analysis of wrinkling for
anisotropic elasticity, showing that the main features found for pressure and
suction persist in a context more general than neo-Hookean elasticity. This
means that tensile bifurcation is not merely an ‘accident’ arising from a par-
ticular choice of constitutive parameters. Moreover, our dead load analyses,
carried out for comparison, revealed a complementary, yet unexpected result:
although wrinkling develops as effect of a compressive load applied on the
surface, creasing is absent. Therefore, the symmetry of the instability with
respect to the two principal stresses generated via dead load is lost.

Pressure and suction loads are becoming increasingly relevant in light of
their wide range of applications in mechanobiology (where cilia, flagella, or
lower level organisms interact with fluids for motility or feeding purposes
[16]), or in micro—fluidics (for soft actuation [I7, [I§]), or in the mechanics
of growth [19]. Therefore, the results reported in the present article suggest
possible applications to fluid—structure interaction involving motility, or soft
actuation, or morphogenesis.



2. Bifurcation of an incompressible elastic half-space under pres-
sure/suction and dead load

Referring to the kinematics of a solid, the deformation gradient F and its de-
terminant J are introduced, so that the Nanson’s rule for the transformation
of an oriented area element Ngdagy, as defined in the reference configuration,
into the corresponding element nda, mapped in the current configuration, is

nda=JF Tngday; (1)

this relation leads to the definition of the nominal stress t (the transpose of
the Piola stress) as related to the Cauchy stress T through

Tnda=1t"ngdayg: (2)

2.1. Loads on the surface of a half-space

Two types of loading are considered to be applied along the surface of an
elastic half-space. In addition to the pressure/suction load, which is the focus
of the present study, dead loads, uniform and periodically distributed, are
also considered, the latter acting as perturbing agent in the sense proposed
by Biot [1].

e Pressure/suction load A pressure load p (assumed positive when
compressive) applied to a surface of unit normal n in the current con-
figuration prescribes that the Cauchy traction Tn, but also the nominal
(or Piola) traction t"ng remain aligned with n,

Tnda= pnda=t'noday= pJF "nyday; (3)

where da and dag are the area elements in the current and reference con-
figurations, respectively. Suction is defined here as a negative, namely
tensile pressure, and thus the orientation of the load is determined by
the sign of p, which is negative for suction and positive for pressure. A
material differentiation with respect to a time-like parameter governing
the deformation of eq. yields the incremental condition

t'ng= J pl+p(trL)l pL"™ F Tn; (4)
where L = EF 1! is the gradient of incremental displacement.
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For the elastic half-space X; 0, having boundary outward unit nor-
mal Ng = ey, the incremental boundary conditions in component
form become in an updated Lagrangean deformation where the current
configuration is assumed as reference

iy = P+pvy;, T2 =pVig; (5)

where v; (I = 1;2) are the incremental displacements, so that Lij = Vi;j,
and the incompressibility constraint, J = 1, becomes trL = v;;; = 0.

e Dead load A dead load d, defined in the reference configuration, and
whose direction remains parallel to the reference unit normal N,

t'ny = dny; (6)

is considered to prescribe the assumed initial stress state in the half-
space. As ng = e, the boundary conditions for the incremental
problem become

t, = d-, ti, =0: (7)

At this point, it is instrumental to introduce a variable dead load in-
crement to be used in the subsequent analysis of wrinkling following
Biot[I]. The sinusoidal load, having amplitude and wavelength

a(x2) = cos( Xz); =m =5 m=1;2;3;:: (8)

is added on the half-space surface X; = 0 to the load (dead, pressure
or suction) generating the prestress.

Once the prescribed state of prestress is enforced, the periodic incremen-
tal dead load is superimposed to perturb the underlying homogeneous
solution. As p =d =0, all loads can be described as

i =q(X2)+ Vi, = Vi, 9)

where denotes the incremental shear modulus, as defined in the following
Section, and

=p=;  for pressure/suction loading,

=0; for dead loading.
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2.2. Incremental constitutive equations

An incompressible and initially orthotropic material, experiencing deforma-
tion under a predominant plane strain assumption, responds to an in-plane
incremental deformation as [4]

ty= =2 k Jvia+-=; tp= =Q+Kvar+ (1 )vio; (10)
ti= =0 Jvar+ (0 Kvip; tr= =2 +k v+ o=
where _ represents the increment of the mean in-plane stress  —the La-

grangian multiplier enforcing the incompressibility constraint— whereas pa-

rameters T T T +T
- . k= 1 2; 1 2 11
> > (11)

account, for the effects of prestress through the in—plane principal Cauchy
stresses T; and T,, and the incremental shear moduli and . The ellip-
tic (complex and imaginary) regime is defined by the following constitutive
restrictions: p
>0 k<1l 2 >1 1 k2 (12)

Under a predominant in-plane uniaxial prestress Ty (T, = 0) normal to the
surface of the half-space, =k =T;=(2 ), so that within the elliptic regime,
a uniaxial prestress is restricted to 2 <T; <2 .

2.3. The incremental deformation of an elastic incompressible solid

In the absence of body forces, the incremental nominal stress components
tij obey the equilibrium equations, tjj;;; = 0; so that, upon substitution of
the nominal stress components, Eq. , and use of the incompressibility
constraint, the gradient of the in-plane mean stress turns out to be

-1 = [(A+k 2 )V1;11 @ k)Vl;22] ;

(13)
2= [ Q+Kvan + (1 k2 )vyp]:

For an incompressible solid under incremental plane strain, a stream func-
tion (Xy; Xp) is introduced to define the incremental displacements as

Vi= 2, V2= Ly (14)



so that incompressibility is automatically satis ed. The elimination of from
Egs. (13) allows to obtain the following condition for the stream function

(I+Kk) i 2(1 2) a2+ (1K) 2222=0 (15)
A separate-variables solution for Eq.[(15) can be sought in the form [4]
(X 1;X2) = |1 bie Pt +bye X1 +bge *t+bd P osin(x p); (16)

here =2 ="is the wavenumber of the bifurcated mode, b (j = 1;:::;4) are
arbitrary coe cients and ; (j = 1;::;4) represent the roots of the charac-
teristic equation associated to Eq.[(15),

12+(1) ! p
2 — . = 2 .
J 1T+ k ;  where kz+4 ( 1): a7)
Coecients ; satisfy 3= rand 4= 2. In particular, according to

the sign of 2, the ; are:

" complex conjugate pairs within the elliptic complex regime (EC), » =
1, So that ; and , share the same imaginary part;

~ purely imaginary conjugate pairs in the elliptic imaginary regime (EI).

The incremental solution must satisfy the decay condition at in nity, so
that only the exponents ; with positive imaginary parts are to be retained.
Denoting such roots by ; and , under the assumption Im[ ;] 0 and
Im[ ,] O, the stream function becomes

(Cixa)= b by P sin(x ) (18)

Upon substituting the expression for the stream function into Eqs[ (14), the
components of the incremental displacement are expressed in the form

Vi=i b€ X1+byd ¥t cos(Xy);

. . . (19)
Vo= by 1€ ™1+b, € 2% sin(Xxy):

Eventually, integration of Egs. (13), with the stream function expressed
in Eq. (18), provides the incremental mean in-plane stress as

= ik ) 1€ Pr+by(k+) L€ P cos(Xy); (20)
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so that the incremental nominal stresses in Egs. (10) become

ﬁ:bl( 2 +) 1€ Traby( 2 ) e
ﬁzbl( 2 ) 1€ T b,( 2 +) & 2
(2 e T e 24)e T
isint(z—;z):bl k 1+(1 ) 2

+hok 1+(1 ) Zé >
(21)

3. Wrinkling analysis via the “surface apparent rigidity' approach

Following Biot[1], the perturbing sinusoidal dead load de ned in eq. (8) is
superimposed on the surface of the prestressed half-space. The incremental
boundary conditions (9) are enforced on the surface x O wherep= T 4,
thus setting the parameter to ( +k) and O for pressure and dead load,
respectively. The incremental displacement normal to the surface is

Vi(xz) = cos( X 2); (22)

where represents the amplitude. Therefore, the dimensionless "apparent
rigidity' of the free surface is de ned according to Biot [1] as
' —— 23
5 (23)
and turns out to vanish when a surface bifurcation is met. By connecting
the amplitudes of the incremental displacement and the perturbing load ,
a novel expression for the surface apparent rigidity is derived,
2 2 ,
(kg y=i AL 22 14 2.2 =+ 2 (1 j=12: (24)
Interestingly, the surface rigidity, eq. (24), is valid for any prestress state
and turns out to depend on only through the coe cients . Therefore,
enforcing the boundary condition associated with pressure/suction, + =
k, the coe cients ; become independent of and it follows that:
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for pressure/suction, the surface apparent rigidity ' becomes in-
dependent of .

The onset of surface bifurcation is associated with the vanishing of the
surface rigidity. Equation (24) is specialized to the elliptic regimes (EC) and
(El) for both pressure and dead loading conditions as follows.

" (EC) for 1 pl k?2<2 <1+ pl k ?2,asi <0, theroots ; are
complex numbers with non-vanishing real parts,

1= 1Hi 2 2= 1= 1+1 g (25)

where s

p—— .
_ 1 k2 (Y @az) . _ ...
i~ 2(1 + k) ) (J - 1’ 2) (26)

" (El)for2 > 1+ pl k 2,as 2>0,while ?<0(=1;2), purely
imaginary roots ; are found,

1=1 1 2= 2 (27)

where ; 2 R.

3.1. Tensile and compressive wrinkling for neo-Hookean elasticity

The neo-Hookean case ( = 1) is especially relevant, as its simplicity makes
the main bifurcation features easy to identify. The condition = 1 marks
the transition between the two elliptic regimes, yielding = jkj, so that the

two admissible roots become
r
T i 1 jkj
B 1+k

(28)

2

When =1 and a uniaxial prestress normal to the surface prevails, =
k = T1=(2), the surface rigidity computed from eq. (24) vanishes when

k® 2(k 2 1)=0; (29)
where the sign "+' (the sign " ") applies for pressure load (for dead load).

The solutions to eqgs. (29) can be written as

k=% vy () = +(1) = > a ;

Wl =



where a = +2 for pressure/suction, a = 2 for dead load, and

q b
y= " (19=2)a+ 3 33:

The following real solutions for bifurcation are found.

" Tensile bifurcation for pressure load,

k=+4+0:8393; T,=1:6786 =3:08738 y; at 1 =1:8393;

" Compressive bifurcation for dead load,

k=0:8393; T,= 1:6786 = 3:08738 o, at 1 =0:5437:

The expression = ,=2 2+ 2 hasbeen used above, relating the current
shear modulus to its counterpart in the undeformed con guration . Note
that both critical stretches correspond to = 1:839 ; and to the same

logarithmic strain, di ering only in sign, log ; = 0:60936.

Biot[2] showed that wrinkling occurs when the half-space experiences a
uniaxial compressive stress oriented parallel to the surface; however, the same
condition is found also when the compressive prestress is oriented orthogonal
to it, and is generated by a dead load.

A numerical analysis of wrinkling for neo-Hookean material con rms

the theoretically predicted bifurcation conditions. The analysis, performed
through Abaqus 2022 (standard version), represents a preliminary step to-
ward the subsequent numerical investigation of creasing. The scale-free prob-
lem of an elastic half-space under uniform surface loading is modelled by
ideally excising a square L L planar region from the in nite domain in its
unloaded con guration, sharing a portion of its free surface, Fig. 1(a). A
pressure, or a dead load, is applied horizontally on the left side, while two
orthogonal edges are constrained with rollers; all the surfaces are assumed
to be frictionless. The desired state of prestress is enforced, so to attain,
under a null vertical stress, the uniform stretches; =" ;=L and , =" ,=L,
which satisfy incompressibility, so that ; = 1= , under plane strain as-
sumption. In this condition, the neo-Hookean and Mooney-Rivlin materials
prove to be equivalent, and are used here with the strain energy density
U= o( i+ 3 2)=2
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Figure 1. Square domain near the free surface excised from the reference con gura-
tion of a half-space for Abaqus 2022 simulations. (a) The reference domain
(shown green), has been chosen as a L L square, and is prestressed in order
to reach a desired 1~ , rectangular con guration (shown blue). Wrin-
kling is analyzed through superposition of a perturbative incremental force
_, distributed along the 3 outermost elements on the boundary. (b) The
post-critical distortion enforced on the prestressed con guration to analyse
creasing instability.

The numerical modelling is based on 500 500 hybrid plane strain 4-noded
elements CPE4H. Once the prestressed con guration is obtained through a
nonlinear analysis, the e ects of a distributed dead load _ superimposed in
the normal direction over a small region of the surface (corresponding to
the three outermost elements) are computed through a linear perturbation
analysis. Numerical results are represented in Fig. 2, where the evolution
of the maximum incremental displacement v; induced by _, made dimen-
sionless by multiplication with =(L ), is pictured with respect to the pre-
stress parameter k = T=(2 ) (describing a uniaxial stress state). Wrinkling
corresponds to a vanishing surface rigidity [1], namely to a blow-up of the
incremental displacement. The graph shows this instability occurring under
suction at k = T;=(2) = 0:8393. For a dead load, wrinkling arises only
under compression, k = T=(2) = 0:8393, with an additional bifurcation
occurring in tension at the boundary of the elliptic domain, k ! 1, where a
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shear band parallel to the applied load is known to develop [4]. The two in-
sets show the perturbation-induced deformation at the bifurcation prestress
states, k = 0:839285, representing the wrinkling onset modes.

Figure 2: Wrinkling is detected in a prestressed half-space (insets) subjected to a per-
turbing dead load _ by a sharp loss of surface rigidity and the consequent
blow-up of the incremental displacement v ; (shown in hondimensional
form on a logarithmic scale).

3.2. Results on wrinkling under suction/pressure vs dead load

The condition of vanishing surface rigidity is enforced via eq. (24) for pres-
sure/suction and dead load, with the latter used for comparison. Fig. 3 pro-
vides pictorial representations of the results in the biaxial prestress plane
T,= T ,= for neo-Hookean elasticity ( = 1) and anisotropic elasticity
( = 0:25), respectively in panels (a) and (b). In the gures, the (EI) and
(EC) regimes are shaded green with di erent intensities.

The condition for wrinkling under pressure or suction independent of
is indicated in the gure on the left (on the right) by a blue straight line (by
two blue straight lines), thereby precluding wrinkling to its left (inside the
region comprised between the two lines). The orange curved lines, delimiting
closed sets of prestress states, correspond to the attainment of the condition
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Figure 3: Wrinkling conditions under surface pressure/suction (blue straight lines) in
the biaxial prestress plane for (a) neo-Hookean elasticity ( = 1) and (b)
anisotropic elasticity ( = 0:25). The corresponding instability condition for
dead load is included for comparison as the orange closed curve. Under suc-
tion, wrinkling can occur under uniaxial stress and the no-wrinkling domain
is open, whereas for dead load it is always closed. For < 0:5, two wrinkling
conditions under surface pressure/suction exist (blue straight, parallel lines;
shown here for = 0:25), allowing wrinkling under both uniaxial tension and
compression.

of wrinkling for dead load; consequently, all prestress states lying inside the
set ensure uniqueness of the incremental response.

Note that the orange curves are symmetric with respect to an axis inclined
at =4 and are tangent to the (E) boundaries on both sides, being locally
nearly straight. The symmetry shows that, under dead load, ;Tand T, play
the same role in wrinkling, which is not the case for pressure/suction, where
wrinkling requires a condition well inside (E) and parallel to its limit lines.

A special feature of pressure/suction, in contrast to dead load, is that the
wrinkling locus in the prestress plane is represented by open rather than
closed regions, so that the prestress can be increased up to in nity along
a path inclined at =4 without generating any bifurcation or (E) loss. This
feature is also con rmed by the numerical analyses carried out within the el-
liptic regime for a pure compression and a loading, E T ,, both signi cantly
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