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Abstract

This thesis delves into the dynamics of structures subject to velocity dependent restrictions,
which are known as nonholonomic constraints. These constraints are applied to elastic
structures, and their nonlinear dynamics are analyzed within the framework of bifurcation
and stability theory. Initially, the stability of Ziegler's double pendulum is analyzed to show
its interesting dynamic behavior and capability of utter via a Hopf bifurcation.

The main contribution of the thesis is the development of models based on a double
pendulum equipped with a non-holonomic constraint, which is a variant of Ziegler's double
pendulum.

The rst investigation that has been carried out, is to consider this device to have a
charge concentrated at its tip, where the nonholonomic constraint is located. As such, the
new device is named the “charged Ziegler's double pendulum'. This device is then placed
within an ideal solenoid so that there is an additional interaction due to Lorentz force coming
from the magnetic induction eld within the solenoid. After determining the equilibrium of
the system, a stability analysis is preformed, and it is shown that the device still undergoes
a Hopf bifurcation. This then allows for a post critical study, whereby focus is brought onto
the interaction between the Lorentz force and the other forces prescribed to the device. The
study is not limited to the case where the device lies inside the solenoid; the case where
it is outside is also examined. Within this setting, the Lorentz force induced is solely a
property of the electric eld as the magnetic induction eld outside the solenoid vanishes.
This property is known in electromagnetism as the "Maxwell Lodge e ect'.

The second investigation revisits Ziegler's double pendulum under a honholonomic con-
straint and examines its interaction with an oscillator, modeled as a plate attached to an
axial spring. A linear stability analysis is then carried out on this system, revealing again
the possibility of the system to undergo a Hopf bifurcation. However, when in the dy-
namic regime, the uttering which is brought on by the Hopf bifurcation, interacts with
the movement of the plate leading to a self-induced resonance phenomenon. When the fre-
quency of the self-induced vibrations arising from a Hopf bifurcation approaches the natural
frequency of the plate oscillator, both the limit-cycle amplitude and the mean structural ve-
locity diverge. Moreover, instability regions emerge in which the Hopf bifurcation becomes
subcritical; within these regions, the structure may exhibit multiple coexisting limit cycles
or transition to chaotic dynamics.

These instability mechanisms are of practical importance: resonance between Hopf-
induced oscillations and structural modes can severely reduce stability margins and promote
fatigue. Conversely, the same mechanisms may be harnessed for controlled ampli cation and
nonlinear sensing applications.
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Introduction

The ability to craft and design a structure with prescribed properties is a task crucial to
human innovation which heavily in uences our day to day life. Instabilities used to be con-
sidered detrimental to a materials structure and so the aim was to design a material without
these features. However, there has now been a shift, and the exploitation of instabilities in
solids and structures is now being embraced [3]. Motivated by this sentiment, this thesis is
based on the stability, or more tting, the instability, of elastic structures which are sub-
ject to non-holonomic constraints. The work lies at the intersection of several theoretical
frameworks, including analytical mechanics, electrodynamics, structural stability, and bifur-
cation theory. These areas are combined providing a framework for understanding how these
constraints can fundamentally alter the stability and dynamical behavior of mechanical sys-
tems. More speci cally, a core theme throughout this work is a variant of Ziegler's double
pendulum [4], presented by Cazzoli et al. [5], in which Ziegler's pendulum is subject to a
nonholonomic constraint. In this setting, the device can experience dynamic instability even
under conservative loading. The structure of the thesis is broken down into three separate
chapters.

Chapter 1 outlines relevant theories by which the thesis itself should remain self-contained.
Starting from a review on the simplest form of Ziegler's double pendulum, its governing equa-
tions are presented and subsequently placed into their dimensionless counterparts by which
the characteristic polynomial can be computed. An analytical approach is presented to
analyze the roots of the characteristic polynomial in the absence of damping. Then, when
damping is added, the Routh Hurwitz stability criterion is employed alongside a direct in-
spection of the characteristic polynomial. These methods reveal the interesting stability
characteristics of Ziegler's double pendulum. Then an adaption of the double pendulum is
presented. One that is seen in Cazzoli et al. [5], where one end of the pendulum remains
constrained to move horizontally and the tip of the pendulum now features a non holonomic
constraint. It's kinematics are shown and dynamic equations derived via the Extended
Hamilton principle. Next, a rst glimpse into some theories in electrodynamics is presented,
concentrating on the paradigmatic problem of an ideal solenoid within the setting of the
temporal gauge, to eliminate the scalar potential, . Allowing for the rst introduction of
the Maxwell Lodge e ect [6].

Chapter 2 builds upon the theoretical framework introduced in the rst, by considering
a charged version of the device proposed by Cazzoli et al. [5]. The system is placed within,
or in the vicinity of, an ideal solenoid, and the charged is assumed to be concentrated at the
skate constraint. A representative example is shown in Fig. 1, where the blue circle indicates
the magnetic induction eld, while the red region represents the electric eld induced by
the magnetic eld. For this reason, the system is referred to as the Charged Ziegler's double
pendulum. The dynamic equations are derived again using the Extended Hamilton principle,
then the the static equilibrium is determined, by which the stability of the system can be

1
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Figure 1: The constrained Ziegler's double pendulum within an ideal solenoid.

explored. This is done to ascertain the impact in which the Lorentz force, stemming from
the charged skate being within a magnetic induction eld (or outside), has on the overall
stability of the system. Moving forward, this chapter is closed with two virtual experiments
contextualized for micro-robotics in biological applications. The rst experiment sees the
device placed within the solenoid.In the second experiment, the device is placed outside the
solenoid, where the Maxwell Lodge e ect is observed.

Figure 2: The constrained Ziegler's double pendulum interacting with a moving plate.

Finally, Chapter 3 follows again an extension of the work presented by Cazzoli et al. [5],
where the device can interact with a plate, modeled as a point mass which is connected
to an axial spring restricting its movement. This structure is shown in Figure 2. The only
interaction between the two systems occurs through the nonholonomic skate constraint. The
kinematics of this model is presented, and the equations of motion obtained. An alternative
derivation is obtained using a constrained version of D'Alembert's principle of virtual work.

2



Subsequently, a stability analysis is performed about a selected equilibrium con guration,
followed by an examination of how the nature of the Hopf bifurcation changes. Finally,
the post critical behavior of the system is analyzed. This reveals an interesting resonant
phenomenon, where the self induced vibrations which arise from the uttering of the double
pendulum, form an internal resonance with the natural frequency of the plate oscillator. The

Figure 3: Resonance-driven transition from stable utter (upper part) to chaotic utter (lower part).

resonance leads to large-amplitude, potentially divergent responses, as illustrated in Figure
3, where stable periodic motion transitions to chaotic dynamics due to resonant interactions.
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Chapter 1

Some consolidated results

In this chapter, The stability of Ziegler's double pendulum is explored, revealing its interest-
ing stability pro le. Then, its constrained counterpart is shown, introducing the adaptions
to the double pendulum and the nonholonomic constraint. Finally then problem of an ideal
solenoid is presented, posulating the existence of a non-null vector potential outside of the
solenoid, even when the magnetic induction eld is null, known as the "Maxwell Lodge e ect’
[6]. The text and equations consolidating this chapter are taken from [1].

1.1 Ziegler's double pendulum

Ziegler's double pendulum [4], in its simplest form, is constructed by two homogeneous and
rigid bars, of equal length * and equal mass m, connected one to the other via a hinge. The
masses of the bars are considered to be concentrated at their midpoints. One of the two bars
is hinged on a xed frame, and the other is subjected to a force, F, directed in parallel with
it, known as a follower force. Moreover, the hinges are regarded as viscoelastic, with angular
stiness k > 0, and damping ¢ > 0. These coe cients lump the viscoelastic properties of
the structure into the joints connecting the double pendulum to the xed frame and the two
bars to each other [4, 7]. For reference a diagram of the double pendulum is presented in
Figure 1.1. The equations of motion for this system read
= 2

1 1
Y 2e + = ~2 4+ = 2 i
4m 1 2m cos( 1 2) %2 2m sin( 1 2) =

=k 1 2 c2 a4 =)rFsin( 1 2); (1.1a)
1 . o1 01,
émzcos(l 2)1+21m22 Sm Zsin( 1 2)2
=k( 2 1) c( 2 =) (1.1b)
By introducing the dimensionless mappings:
=

S a— cTl po—; Frol (1.2)
m" 2=k mk k

Equations (1.1a) and (1.1b), once linearized about their trivial equilibrium con guration
(1= 2=0) hold the form
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Figure 1.1: Ziegler's double pendulum.

Mg+ Caq+(K+F G)g=0: (1.3)

Where g=[ 1 »]", with the superscript dot representing the derivative with respect to the
dimensionless time variable, and the explicit notations for the matrices given by,
" # " # " # " #

11
N = ; C= ; K= ; G= : (1.49)
0 O

NI Mo

Within the theory of small oscillations [8, 9], and in the neighborhood of the equilibrium,

1 and , are assumed to be harmonic functions of time,; = A exp! fori=1;2. Where

A; are (complex) amplitudes, and is the complex circular frequency. Substituting these

harmonic functions into Equation (1.3) yields a generalized eigenvalue problem for?2, which
is given by

h i
M 2+C+ K+F G A=0: (1.5)

Computing the determinant of the block-wise matrix on the left-hand side of Equation (1.5)
yields a polynomial equation of the fourth order in , which can be written as

Q() =ap *+a; *+a, 2+asz +a 4=0; (1.6)
with the coe cients a ¢;a;; ay; az; a4 being all real and given by

ap = 1; a; =44c; a, =44 +16c? 12F; a3=32c; as = 16: (1.7)



1.1. ZIEGLER'S DOUBLE PENDULUM

Although ag is equal to unity, a; and ag depend only on ¢, and a depends on both c and F,
it is convenient to regard all coe cients as formally depending on ¢ and F. In particular,
as the purpose of this study is to analyze the stability of the system under the follower force

The polynomial equation (1.6) has in general four complex roots. Since it has real
coe cients and is of even grade, its four roots, hereafter denoted as1; »; 3; 4, are paired
in the sense that, if ; and , are complex numbers, then 4 L and 3 > We also
notice that the roots 1; 2; 3; 4 are functions of F depending parametrically on c.

1.1.1 The case of the undamped double pendulum: symmetric di-
agram of the roots

If c is set equal to zero, Equation (1.6) simpli es to a biquadratic equation in , since the
coe cients a1 and ag disappear, (1.7). Hence, by setting (F) = [a2(F)]? 4a 4(F), the
roots of Equation (1.6) can be solved for 2 as

P—— p

F F F F .
iF)= aZ(Z) p(z) ; 5(F) = a2(2)+ p(z) . if (F) 0; (1.8a)
2(F) = a2(2F) i J('ZZ)J (R = 612(2':)_'_i J(ZF)J . if (F)<0: (1.8b)

Note that the form of 2(F) and 3(F) in Equations (1.8a) and (1.8b) depends on the
asymmetry of the matrix K+F G when F 6= 0. Indeed, when this matrix is symmetric, the
roots are purely imaginary [8].

For the following calculations, it is convenient to introduce the auxiliary quantities

P—— p
H.i(F) = aZ(ZF) + (5) ; Ho(F) = a2(2F) (;) ; if (F) 0, (1.9a)
po___ po___
K.(F) = aZ(ZF) +i ’('2:)’ L K(F) = aZ(ZF) i ’('2:)’ . if (F)<0. (1.9b)

For notational convenience, we set K(F):=K ((F) K(F) for (F)<O0.

Case #1: =0 We have H 3(F) H (F) H(F) =ay(F)=2, and, in terms of the

values assumed by a and a4, the discriminant '= a3 4a 4 vanishes at the two critical
values of F:
13
F1:3; F2: 3; (1.10)

For these values, the squared eigenvalues are

2F= 3FE0=HE o= 200 s asi 2 (111)
(R = 3F)=HE 9= 20D ouy (112)
leading to
11(F1) = 21(F1) = i2; 12(F1) =  22(F1) = +i2; (1.13a)
12(F2)= 21(F2) = 2; 11(F2) = 22(F2) =+2: (1.13b)

7
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Case #2: >0 The discriminant is positive for the values of F:
F2[0;F¢[[IF 2;+1[: (1.14)
Two situations occur:

2.1 For F 2 [0; F4[, the coe cient a »(F) is strictly positive. The following two di erent
real and negative values of 2 exist

0> 2(F)=i 2Hy(F); H1(F)>0 (1.15a)
0> 3(F)=i?Ha(F); H2(F)>0 (1.15b)

Since 2(F)and 3(F) are negative, each of them produces a pair of purely imaginary
conjugate roots,

11(F) =i E Hi(F); 12(F) = +i E Hi(F); (1.16a)
21(F) =1 Ha(F); 22(F) =+ Hy(F): (1.16b)

Accordingly, the system linearized about the static equilibrium is marginally stable
[10]. So, if perturbed from equilibrium, the system oscillates around its equilibrium
con guration. We emphasize that the necessary and su cient condition for stability,
which requires the real part of all the roots to be strictly negative [10], is not met in
this rst case.

2.2 For F 2]F,; +1[, the coecient a ,(F) is strictly negative and the following two real
and positive values for 2 exist

0< f(F)=H 3(F); H.(F)<0; (1.17a)
0< 3(F)=H »(F); H,(F) < 0; (1.17b)
each of which produces one pair of real roots,
11(F)=+ E H 1(F); 12(F) = z H 1(F); (1.18a)
21(F) = H 2(F); 22(F)=+ H o(F): (1.18b)

Since 11(F) and ,.1(F) are real and strictly positive for F 2]F ,; +1[, the phe-
nomenon of “blow up', or divergence, is expected to occur in this range of values of F,
where the solution is not oscillatory.

Case #3: <0 The discriminant is negative for the following values of F:

F 2]F1;Fal: (1.19)
Two complex conjugate values for 2 exist,
2(F)= K 1(F) = K(F); (1.20a)
5F)=K 2(F)= K(F) (1.20b)
whose roots are given by
11(F) =i P (F)exp +i % ;o 12(F) =+ IO(?)exp +i (Fz)  (1.21a)
2a(F) =i IOﬁeXp i % L 20(F) = +i IO(?)exp i % . (1.21b)



1.1. ZIEGLER'S DOUBLE PENDULUM

where

Im[K(F)]

F) =" ReKENZ+MKEN % (F) =arctan Re[K(F)]

(1.22)

Note that the following conjugacy relations hold 1.1(F) = 22(F)and 12(F)= 21(F).
For future reference, we also provide for these roots the equivalent expressions

11(F)= pﬁ +sin% icos % i 12(F)= pﬁ sin (FZ) +icos (|:2) ;
(1.23a)

21(F) = pﬁ sin (Fz) icos (':2) : 22(F) = pﬁ +sin (FZ) +icos (Fz)
(1.23b)

Referring to Figure 1.2a, since the real parts Re[;.2(F)] = Re[ 2.1 (F)] <0 are negative
for all the considered values of F 2]R; F;[, the roots 1.2(F) and 2.1 (F) yield oscillating
solutions with amplitude decreasing to zero as time increases. However, since the real
parts Re[ 1.1(F)] = Re[ 2:2(F)] are positive, the roots 1.1(F) and 2.2(F) yield oscillating
solutions with amplitudes increasing in time, thereby being responsible for the globally
unstable behavior of the system. This phenomenon is known as utter instability [3].

With these cases in mind, the critical values i and F, henceforth will be renamed F[]d
and Fé}ﬂ to indicate that they specify, in the absence of damping (superscript 'nd’), the
values of F delimitating the region of utter. In particular, for F > F []d at least one root
has positive real part, and, thus, the system passes from the marginally stable region to the
rst unstable region in which utter occurs. The second critical value F ¢ > F "4 marks
the end of the utter regime, and, for F > F 14, the region of divergence instability, without
oscillatory behaviour. It is worth emphasizing that at F []d and Fé‘ie, the real parts of the
roots split in di erent branches, whereas the imaginary parts coalesce. This is illustrated in
Figure 1.2a, where the points B, B, and B, highlight the three branching points of the
real parts when ¢ = 0.

From now on, we adopt the following numbering of the roots, which ensures that both
the real and imaginary parts of all roots are continuous functions of F, while preserving
pairwise conjugacy (i.e., 1(F) and 4(F) are complex conjugate, and »(F) and 3(F) are
complex conjugate for F 2 [0; F1d]):

N
N

12(F) ifF2[0;F ([ 22(F) it F 2[0;F 4[;
1F)= _ 12(F) #F2[F [NFELE 2F)= _ 20(F) ifF2[F IF50] (1.243)

> >
g 21(F) WF2IF dyivil: * 2a(F) IF 20F gl
2 2a(F) ifF2[0;F [ 2 1a(F) ifF2[0;F M
s(F)=_ 1a(F) ifF2[F 5FIL a(F)= | 2a(F) ifF2[F yF50]  (1.24b)
() WF 2 Uil " 12(F) iFF 2]F JO+l:

1.1.2 The case of the damped double pendulum: asymmetric dia-
gram of the roots

In this section we extract the critical loads of utter and divergence for ¢ > 0. We use one
method to determine the critical load of utter and another method for the critical load of
divergence, now seen as depending on c via the notationj~c) and Fg;, (c). The rst method

9
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is the Routh Hurwitz stability criterion [10, 4] and provides an explicit expression for F  (c).
The second method relies on the direct inspection of the characteristic polynomial provided
in Equation (1.6), whereby we compute numerically Ry, (c) for given values of ¢ > 0.

Critical load of utter The Routh Hurwitz criterion is a direct test done on the coef-
cients of a polynomial to determine if all of its roots lie on the left half of the complex
plane, i.e., if they all have negative real parts. For our purposes, we apply this criterion to
the characteristic equation (1.6) to determine su cient and necessary conditions on F to
guarantee that the roots 1; »; 3; 4 all have negative real part. This yields the threshold
value, F (c), approached from the left, i.e., in the limit F ' [F , (c)] , with the force range
[0; Fy (c)[ corresponding to the region, in the undamped case, in which all the roots have
zero real part (see Figure 1.2a for F 2 [0; Fl]d [

The Hurwitz matrix associated with the characteristic polynomial in (1.6) is constructed
as

2 3
a a 0 O

_fag @ a aoé.
H4_§O o ab (1.25)
0 0 0 a

Considering now all the principle minors which are generated by b, the condition to guar-
antee stability of the system is that all of these principle minors must not vanish and be
positive. To this end, we nd that the following relations must hold true for stability,

O<ay; (1.26a)
O<ajay a pas; (1.26b)
O0<as(aia, a oas) a 2as; (1.26¢)
0<(az(aiaz a oasz) a 3ag)ay: (1.26d)

Since a = 44c (see Equation (1.7)), the inequality (1.26a) is identically satis ed, as we
consider strictly positive damping coe cients. Further to this, we notice that the condition
(1.26d) is the condition (1.26¢) multiplied by a4, which, again, is positive (see Equation
(1.7)4, in which a4, = 16). Hence, the inequality (1.26d) is satis ed automatically if the
condition (1.26c¢) is ful lled. We can thus concentrate on the inequalities (1.26b) and (1.26c¢).
By solving them, we obtain the threshold value of F, F, (c), below which all the roots have
negative real part. Such condition reads [8]

F<F () Fo©= 224 4,

5t 3 (1.27)

Therefore, the system is stable for F < F, (c), and it experiences utter or divergence
instability otherwise. More in detail, F , (c) de nes, for varying damping coe cient ¢ > 0,
the onset of utter when damping is present.

Critical load of divergence As mentioned earlier, the critical load of divergence is ob-
tained by directly examining the discriminant of the characteristic polynomial (1.6). The
general formula for the discriminant of a polynomial Q() of grade n is given by [11]

DIQI=(1) "™V al Res[Q;F; Q()=a o "+ai1 "t + +a,1 +an,; (1.28)

10



1.1. ZIEGLER'S DOUBLE PENDULUM

where Q) is the derivative of Q() with respect to , and Res[Q;Q I is the resultant' of
the polynomials Q() and Q ¥). Since, for the problem at hand, the grade n is equal to 4,
Res[Q; @ can be computed as the determinant of the Sylvester matrix § S 4 formed by
the polynomials Q() and Q X ), which reads [12, 13]

a a a a a4 O

0 aQ a a a3

0 0 o a a az
Res[Q; | =det(S4)= 4a 3a 2a a3 O O

0 4 3y 2a a3 0

0 0 4 33y 2a a3

0 0 0 4 33 2a a3

(1.29)

coof oo

Note that, in our case, & = 1. We emphasize that, for ¢ 6= 0, we use the general formula
D[Q] because, even though we have n = 4, Q() does not reduce now to a polynomial of
grade two in 2, as is the case for ¢ = 0. Thus, Equation (1.28) becomes

D[Q] = 256a3 192a ;aza; 128a a3 + 144aya3a, 27a 3+ 144ataral
6a 2a3a, 80a jasaza, + 18aiaya3 + 16asa, 4a a3
27a jaj + 18ajayazay 4a a3 4a 2aja, +aZajas: (1.30)

Since a, ay, ag and a4 can be formally expressed as functions of F, although, in fact,
only a, depends on F (see Equation (1.7)), we can write D[Q] P (F), where P(F) is a
guartic polynomial in F, having coe cients depending parametrically on ¢ > 0. Since the
expression of P (F) is too long, we omit reporting it in this work, and we solve numerically
the equation P (F) = 0 yielding the values of F that, for xed ¢ > 0, entail the vanishing of
the discriminant (1.30). These values of F are those which change the nature of the roots

1; 2; 3, 4 of Q() in the original polynomial. Speci cally, two of the four solutions to
P (F) = 0 are complex and conjugate, and can thus be disregarded since the force F should
be represented by real numbers only. The two remaining solutions of P(F) = 0 are real
numbers corresponding to the branching points of the real parts of the roots of Q() in
Equation (1.6) (see the points marked as B and B, in Figure 1.2b). With respect to Figure
1.2b, referring to the case ¢ = 0:1, the largest of these two (real) solutions to P(F) = 0
identi es the branching point B , and is the one above which all the roots of Q() have zero
imaginary part. In particular, two of them have negative real part, and the other two have
positive real part, thereby leading to blow-up, or divergence (without oscillations), of the
solutions ; and , of the double pendulum.

By using the Routh Hurwitz criterion (see Equation (1.27)) and determining the zeros
of P(F) e.g. for c =0:1, we nd the threshold values of F

F, (c=0:1)=1:7861,; Faiv (c = 0:1) = 5:1623; (1.31)

corresponding to the onset of the utter and divergence instabilities, respectively, in the
presence of damping. The -F diagram for ¢ = 0:1 is presented in Figure 1.2b.

Remark 1 (Ziegler's paradox [8, 14, 15]). If one assumes ¢ = 0, the results presented
in Section 1.1.1 must be recovered. Indeed, one obtains D[Q] P(F) 16a4(F)[(F)] 2
and, thus, the vanishing of P (F) yields the two real and positive values F = Eﬂ =3 and

F = Fé‘ie = 13=3, but both with multiplicity two. Indeed, in this case, in which c is set
equal to zero, there are no dissipative mechanisms in the double pendulum subsystem that

11
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(a) Case ¢ = 0 (symmetric diagram of the roots). (b) Case ¢ = 0:1 (asymmetric diagram of the roots).

Figure 1.2: -F diagrams of the roots of Q(; F) in Equation (1.6) for c =0 and ¢ = 0:1.

can produce limit cycles in the uttering regime. However, as predicted by Ziegler's paradox
(see [8, 14, 15)]), F[]d = 3 is greater than the in mum of F | (c) for ¢ 2]0; +1[, as computed
via the Routh Hurwitz criterion in Equation (1.27), i.e.,

Fid=3>F O == lim  Fy (c) = 39=22" 1:7727: (1.32)
clo +

Thus, for F 2]F EJO) ;F 9], the roots of Q() may take on non-negative values. Hence, one

may nd damping coe cients ¢ > 0 such that for F compliant with F EJO) <Fu(c) F
F[}d, the roots of Q() can have non-negative real part and non-zero imaginary part, so that
utter occurs.

Remark 2 (Symmetry breaking of the -F diagram due to the presence of damping). It is
interesting to see how the branching and merging points of the real and imaginary parts of
the roots of Q() change from Figure 1.2a to Figure 1.2b when switching from zero damping
to nonzero damping (in this case, ¢ = 0:1). Speci cally, the value F = F[]d = 3 corresponds
to the branching point By in the -F diagram in the case with no damping (see Figure 1.2a),
whereas no branching occurs at F = R, (c = 0:1) for the case with damping (see Figure 1.2b,
Point H of the magni ed region). Note that the onset of the utter region has to do only
with the exceeding of the threshold force F (c = 0:1), not with the presence of a branching
point in -F diagram of the roots. In addition, we notice that, in the case with damping,
the real parts of the roots 1(F) (solid line with diamond) and 4(F) (solid line with circles)
overlap from F = O until the abscissa of B,. The same applies also to »(F) (solid line
with triangles) and 3(F) (solid line with squares) from F = 0 until the abscissa of B;.
Moreover, another consequence of damping is that the (real) solutions of P(F) = 0 given
by the abscissae of the points Band B, in Figure 1.2b experience a mutual increase in
distance as c increases. Finally, for ¢ 6= 0, the roots;(F), 2(F), 3(F) and 4(F) can

12



1.1. ZIEGLER'S DOUBLE PENDULUM

be de ned similarly to the roots in Equations (1.24a) and (1.24b), with F{]d and FCQ}S being
replaced by F, (c) and Fg (C), respectively.

With this in mind, and with reference to Figures 1.2a and 1.2b, we can comment on
the type of bifurcation which is experienced in each of the cases. When addressing the case
without damping (Figure 1.2a), Ziegler's double pendulum is depicted as a Hamiltonian
system, and we observe the occurrence of a Hamiltonian Hopf bifurcation [16, 17]. Such a
bifurcation occurs when the roots of the characteristic polynomial Q() behave as follows
(see Figure 1.3 for a graphical representation of points a., b., and c., below):

a. For F 2 [0;F Y[, the four roots of Q() are purely imaginary and occur in two
complex-conjugate pairs, all distinct from one another. Two of them have strictly
positive imaginary part, while the other two have strictly negative imaginary part (see
the four distinct curves on the left-hand side of Figure 1.2a).

b. As the control parameter increases and reaches the critical value F Fl¢, the two
roots with strictly positive imaginary part coalesce into a single purely imaginary root
with positive imaginary part and zero real part. The two roots with strictly negative
imaginary part undergo an analogous coalescence, merging into a purely imaginary root
with negative imaginary part. The two resulting roots still form a complex-conjugate
pair.

c. For F 2]F ﬂd;Fé‘iS[ (the utter region), the two coalesced pairs split and acquire
nonzero real parts: one with positive real part and the other with negative real part.
The corresponding roots are symmetric with respect to the real axis in the -F dia-
gram, but they are no longer complex conjugates of one another.

Figure 1.3: Graphical representation of the behavior of the roots in the case of the Hamiltonian Hopf
bifurcation.

When addressing the case without damping (Figure 1.2b), Ziegler's double pendulum is
no longer depicted as a Hamiltonian system, and in this case we observe the occurrence of
a Hopf bifurcation [15]. This comes about when the following three conditions are met:

1. Atthe onset of utter, g =[0 0] T is an equilibrium state of equations (1.1a) and (1.1b).
This condition is trivially satis ed.

2. AtF =F | (e), only one pair of purely imaginary and complex conjugate eigenvalues
exist, o(F) and 3(F) 2(F), each of which has unitary algebraic multiplicity,
while the remaining ones have nonzero real part (negative in our case).

13
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3. The eigenvalues ,(F) and 3(F) 2(F) that, at F = F  (c), form the aforemen-
tioned pair of conjugate imaginary eigenvalues must depend on F in such a way that
their real part be di erentiable at F , (c) and compliant with the condition

M(F u (€) 6=0: (1.33)
dF

In summary, Ziegler's double pendulum is capable of complex dynamics which is brought
on via a destabilization due to a follower load once it has crossed a certain threshold value.
In the absence of dissipation, this destabilization is materialized with a Hamiltonian Hopf
bifurcation. However, there are no dissipative mechanisms to bind the oscillations which
arise, so uttering occurs without bound. Whereas, when dissipation is considered, a Hopf
bifurcation occurs, and the uttering motion can be bounded. This result is carried through
this work and forms a central part of this thesis when investigating the bifurcations of
analogous systems.

1.2 Ziegler's pendulum subject to a nonholonomic con-
straint

This variant of Ziegler's double pendulum introduced by Cazzolli et al. [5], and it used in
throughout this thesis. It consists of two homogeneous and rigid bars, denoted by B and
B ,, each of length ~ and mass m, connected by a hinge that links the right end of B to
left end of B,. The left end of the bar B ; is hinged on a cart, which is free to move along a
straight line on a xed plane. A wheel is mounted at the end of bar B, the bar acting as its
axle, and rolls without slipping on a xed plane. The non-slipping wheel is the realization
of a non-holonomic constraint of the “skate' type. Overall, the device may experience only
planar motions, parallel to the xed plane, Figure 1.4.

In a xed Cartesian reference frame with origin O and axes aligned with the orthonormal
vectors ey, e, and ez, the motion of the device is con ned to the plane spanned by ¢ and
e,. Angles ; and ;, measure the time-dependent inclinations of the bars B and B, with
the axis parallel with ey, respectively. Moreover, X; denotes the instantaneous position,
measured from O along ¢, of the point of the cart to which B ; is hinged, Figure 1.4. The
Lagrangian parameters 1, », and X, together with their velocities and accelerations, are
collected inthe vectors q := ((1; 2;X¢), 9 :=(a; 2;X%Xc), andg :=( °1; *2; X¢). Moreover, we
introduce the following points of interest, whose spatial positions are expressed as functions
of the Lagrangian coordinates:

Xa =Ra(q) = (X ¢;0;0); (1.34a)
Xg =Rp(q)=(X c+ %‘cos n%‘sin 1,0); (1.34b)
Xm =Rm (@) =X+ cos 1; sin 1;0); (1.34c¢)
Xc =Rc(@)=(X ¢+ cos 1+ %‘cos 2; Sin 1+ %‘sin 2;0); (1.34d)
Xp =Rp(q)=(X c+7cos 1+ coS ,; sin 1+ sin ,;0); (1.34¢)

which represent, in order: the position of the cart (point A); the midpoint of B ; (point B);
the hinge connecting B; to B , (point M); the midpoint of B , (point C); and the position
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of the massless wheel (point D). Accordingly, the instantaneous orientations of the bars B
and B, are given by the unit vectors

ni M@ =(cos 1)e1+(sin 1)ez; nz My(g)=(cos z)e1+(sin z)ez;  (1.35)

while the velocities of the points of interest are

va = ¥a(Q; 9) =Xce1; (1.36a)
vg = ¥g(q; ) = K¢ % 4 Sin 4] e1+[%‘_1005 1]ez; (1.36b)
vm = %M (q; Q) =Ke © asin i]er+[ s cos 1]ez; (1.36¢)
Ve = 0@ G)=Ke © aSin 1 3 oSN oJei+[ 4€05 1+ o 2005 sles; (1.36d)
Vp = ¥p(0; ) =K = asin 1~ psin 2Jer+[ sc0s 1+ 5COS 7]er: (1.36¢e)

The presence of the wheel and the postulate on its motion impose a nonholonomic
constraint: the velocity v of the end-point of B, connected to the wheel is compelled to
be at all times orthogonal to B, (see [5] for details). In the considered reference frame,
this constraint is described by the relation “n, vp =0, which, in terms of the Lagrangian
parameters, reads

C C@a)=4sin(1 2) Xccos;=0; (1.37)

and is referred to as skate' constraint' [5].

To simplify the analysis of the dynamics of the considered device, we prescribe that the
mass of each bar is concentrated at its midpoint, that the cart can be modeled as a material
point of mass m, and that the wheel's mass is negligible (‘"massless wheel' [5]). Moreover,
we assume that the cart and B; as well as B; and B, are connected to each other by means
of viscoelastic spring-like elements of angular sti ness k > 0 and damping coe cient ¢ > 0.
Finally, a constant force of magnitude F > 0 (‘"dead load' [5]) is applied to the cart, while
a “follower force' [5], generated by the nonholonomic constraint, acts on the skate parallel
with the bar B ,, as shown in Figure 1.4.

Under the assumptions above, the system admits the Lagrangian function [5]

2 2+ 1

15 . .
Lo ol @) =5[;m 25+ Zm 25+ @m+m )XJ]

1. 3 . _ 1. .

+5m Z39c08(2 1) S aXesin g Sm' pXesin

1 1

Sk i k(2 D)?+FXg (1.38)

which accounts for all interactions to which the system is subjected, with the exception of
the damping and of the nonholonomic constraint (1.37). Following [5], damping is described
through the Rayleigh dissipation function

R= R(0)= 304+ (= )% (139)
which yields the dissipative forces
gi(g): €2 ) g;(g): (2 ) gic(g):o: (1.40)
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Figure 1.4: Sketch of the device introduced by Cazzolli et al. [5]. Upper part: the straight con guration

( 1= 2 =0) with the cart located on the origin O, so that X ¢ = 0. Lower part: a deformed con guration
(1 6= 0; 2 6= 0), with the cart positioned at a point di ering from the origin (X ¢ 6= 0). The hinges are
characterized by an elastic stiness k > 0 and a viscous damping coe cient ¢ > 0. The reaction force p
associated with the nonholonomic constraint (the “wheel' or the “skate") is directed along the axis of the bar
Bo.

The Lagrangian function L , de ned by Equation (1.38) describes, up to the dissipative
terms, the “original' device (whence the subscript "0') as it was conceived by Cazzolli et al.
[5]. Thus, it features the external potential F X ¢, but it does not depend explicitly on time.

To determine the equations of motion for the considered system, we apply the Extended
Hamilton Method, following Lanczos [18],

Z tfin VA tin P @Q P @ﬁ
- _ 3 3 . .
. Lo(a; g)dt . =1 @g(g) q 1 @ g(q, a)q dt (1.41)
where the integral on the left-hand side is referred to as action functional, i, and t,, denote
an initial and a nal instant of time, and the function of time on the right-hand side is
a Lagrange multiplier introduced to account for the nonholonomic constraint (1.37), see [9,
, 19, 20] for details.
The variation of the action functional, performed as predicted by Hamilton's Principle,
and under the hypothesis q (tin)= q (tn)=0fork=1;2;3, leads to

N Z tein P 3 n
Lo(a; g)dt= -1 (E L) q dt (1.42)

tin tin

thin

with E L, being the Euler Lagrange operator applied to [y,

a d @
Elo= =2(0;9) — —a(q;0); =1;2;3: 1.43
0 @q(q D g @g(q Q) (1.43)
Then, the local form of Equation (1.41) reads
@® a&
El = (a)+ = (a4 0)=0; =1;2;3: 1.44
° @ g(9) @ g(q Q) (1.44)
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EFFECT

The third term on the left-hand side of Equation (1.44) identies, for k = 1;2; 3, the La-
grangian components of the reaction force due to the constraint, which are given by

—@ﬁ(q;g): sin( 1 o) fona(a) B(a)g es; (1.45a)
@
@) T @ @)y es=0; (1.45D)
@
é@i(q;gﬁ cos » Bq) ey (1.45¢)

where "' denotes the cross product and p=p(q) = n , is referred to as a follower force
[5]. We naotice that, in a generic con guration of the device, Equation (1.45a) is the (scalar)
torque that the follower force exerts on B; around the instantaneous position %, of the
point A. Similarly, Equation (1.45b) is the null (scalar) torque that p exerts on B ,, since
p is parallel to B ; by design. Moreover, Equation (1.45c) provides the g-component of p
acting on the cart.

1.3 The paradigmatic solenoid problem and the Maxwell
Lodge e ect

The solenoid S has virtually in nite height, axis parallel with e 3, and circular cross section
C of radius Rs. An electric current owing in the wire constituting the solenoid generates
a magnetic eld H, which, given the magnetic permeability of the vacuum o, yields the
magnetic induction eld B = gH.

Assuming appropriate regularity, the magnetic induction eld B and the electric eld E
must ful Il the equations

divB =0 and curlE = @ B; (1.46)

which constitute two of the four Maxwell equations written in local form. These conditions
permit to express B and E in terms of a vector potential A and of a scalar potential
both at least of class C 2 through the relations B = curlAand E = grad @ tA (see,
[21]). Because of the di erential structure of these relations, the potentials A and are not
unique. Indeed, for any scalar eld at least of class C?, B and E remain invariant under
transformations of the type

A7l A=A+grad ; 7N = @ g (1.47)

known as gauge transformations [21]. The eld is the generator of the gauge transforma-
tions and allows for obtaining new forms of the vector potential and of the scalar potential,
therefore also referred to as gauge potentials. Although the ideal solenoid considered in this
section constitutes a paradigmatic and widely studied physical problem, we review it to
contextualize it within the mechanical framework of the device presented in Chapter 2. The
solenoid problem is grounded on the fundamental hypothesis that the magnetic induction
eld B is non-null and homogeneous in the interior of S and identically null outside it,
whence

B(x;t)=B n(tes; forx2In(S) and B(x;t)=0; forx2R 3nS; (1.48)
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where X is a spatial point of Cartesian coordinates (%; X2; X3), enumerated consistently with
e1, €2, and e, while B (t) is a prescribed function of time t [21].

We notice that the vanishing of B in the exterior of the solenoid is exact “in the station-
ary regime' [6], although it can be maintained also under the hypothesis that the current
owing in the solenoid “varies slowly in time' [6]. The latter condition is fundamental when
introducing the Maxwell Lodge e ect

Within the so-called temporal gauge [22], which prescribes a vanishing scalar potential,
the distribution of B given in Equation (1.48) and the relation B = curlA imply [21]

A(x;t) = %Bh(t)x 2€1+ %Bh(t)x 1€2; (x;t)=0; inlInt(S);
(1.49a)
C — 1 2 X2 1 2 X1 ) - 3 .
A(X,t)— éBh(t)R Sm e]_+ éBh(t)R Sm 82, (X,t)—O, |n R nS
(1.49b)

Therefore, A is continuous on @S . Moreover, it is divergence free both in the interior and

in the exterior of the solenoid, since the equality divA = 0 is identically satis ed both in

Int(S) and in R 3nS, and it is irrotational outside the solenoid, since curlA=0inR 3nS.
It is worth recalling that the Euclidean norm of A(x;t) reads

q
KA(X; k= }th(t)j X2+X3= }th(t)j kr(x)k; in Int(S); (1.50a)

2

KTOOK

KA(X; t)k= ijh(t)jR 5197 ijh(t)j iNnR3nS; (1.50b)

with r(X) = x 1e1+X 2€5, thereby increasing linearly with % = kr(x)k until % = R g, and then
decreasing asymptotically towards zero as % for % > Rs [21, 6].

According to Equations (1.48), (1.49a), and (1.49b), for any open surface with piecewise
regular contour @ lying on a plane that intersects transversely the solenoid, and either
containing the cross section C of the solenoid or being equal to C, the magnetic ux is

z z

m(;h= Bt esda¥)= At ()ds()=B n(®R Z; (1.51)
@

where (x) is the unit vector tangent to @ at x. When contains C, the magnetic
induction eld B is nullin nC and the rstintegral in Equation (1.51) reduces to a surface
integral over C, whence v (;t)=B r()R 2, with R 2 = Area(C). Since w(;t) must
be independent of C, the magnetic ux can be obtained by directly computing the
contour integral in Equation (1.51), with A given by Equation (1.49b) [21].

By employing Equations (1.49a) and (1.49b) for the calculation of the electric eld within
the temporal gauge ( =0), which impliesE=grad @ (A= @ (A, we obtain

E(x;t) = }Bh(t)x 2€1 }Bh(t)x 1€2; in Int(S); (1.52a)

E(x;t) = th() 5 €1 Bh() 5 €2 inR3nS: (1.52b)

2 2
°Xx +x2 X +x2

Remark 3 (The Maxwell Lodge e ect).
Equations (1.49b) and (1.52b) evidence that the vector potential A and the electric eld
E = @ (A are non-null also outside the solenoid, where the magnetic induction eld B
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is null. This result has many important physical consequences, one of which is known as
Maxwell Lodge e ect [23]: by positioning a coil of given electric conductivity around the
solenoid, but not in contact with it, an electric current owing in this coil is observed in
response to the electromotive force generated by the negative of the time derivative of the
magnetic ux Bh(t) R 2, due to B inside the solenoid [6]. While this resyt is exactly
the Faraday Neumann Lenz law, with the electromotive force being E (t) = @ E(x;1)
(X)ds(x) = Bh(t) R 2, and @ representing the coil assumed liform, the fact that

the current in the coil occurs in the region of space in which the magnetic ux is null
(but E = @ A is non-null) constitutes the essence of the Maxwell Lodge e ect. This has
generated considerable debate aiming at clarifying the role and intrinsic meaning of the vector
potential A in classical physics.

On the basis of well documented results on the gauge transformations presented in Equa-
tion (1.47) [21], one can choose the generators

(x;t) = %Bh(t)x 1X2; in Int(S); (1.53a)
(x;t) = %Bh(t)R 2 arctan(x 1=xy); in R®n'S and for x, 6= 0; (1.53b)

thereby moving out from the temporal gauge and switching to the transformed gauge po-
tentials

AX;t) =B nt)x1e2; Xt = %Bh(t)x 1X2; in Int(S); (1.54a)
A(x; 1) = 0; ;1) = %Bh(t)R 2arctan(x1=x2); in R®nS and for x, 6= 0
(1.54b)

(note that has null Laplacian in the region in which it is de ned). The new gauge poten-
tials, however, yield exactly the same Lorentz forces as those reported in Equations (2.1)
and (2.2), with the only (irrelevant) technical di erence being that B and E are now to
be computed as B = curlAand E = grad ~ @ :A. In particular, outside the solenoid,

E = grad ~holds at all points x 2 R ®nS such that x, 6= 0. Therefore, for any open
surface C having piecewise regular contour @ , E is unde ned at both points in which

@ intersects the x;-axis. Howeyer, since these two points constitute a set of null measure,
the electromotive force E (t) = @ grad Tx;t) (x) ds(x) remains unchanged and delivers

Bn(t) R 2, as is the case of the temporal gauge.
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Chapter 2

Charged Ziegler's double
pendulum

In this chapter, the constrained version of Ziegler's double pendulum is considered, and
placed both inside and outside an ideal solenoid. The static equilibrium is determined and a
bifurcation analysis is performed. The post-critical behavior of the system is then examined
in the context of soft-bodied micro-robotic applications in biology. The text and equations
consolidating this chapter are taken from [1]

2.1 Introduction

The double pendulum is a mechanical device that, because of its simplicity, is often employed
to exemplify more complicated structures, which appear in various mechanical contexts,
ranging from di erent branches of engineering [24, 25] to robotics [5, 26], and biomechanics
[27].

One variant of the double pendulum is Ziegler's double pendulum [4], constructed by
two homogeneous and rigid bars, of equal length * and equal mass m, connected one to
the other via a hinge. The masses of the bars are considered to be concentrated at their
midpoints. One of the two bars is hinged on a xed frame, and the other is subjected to a
force directed in parallel to it, known as a follower force. Moreover, the hinges are regarded
as viscoelastic, with angular stiness k > 0, and damping ¢ > 0. These coe cients lump
the viscoelastic properties of the structure into the joints connecting the double pendulum
to the xed frame and the two bars to each other [7, 4]. An important feature of Ziegler's
double pendulum is that it can exhibit utter instability due to the non-conservative nature
of the follower force [4, 8, 14, 15, 25].

Cazzolli et al. [5] introduced a modi cation of Ziegler's double pendulum that reproduces
the same bifurcation and instability landscape as the original structure, but under a conser-
vative load. In particular, one end of the rst bar is pinned to a moving cart (Figure 1.4);
at the tip of the second bar, a nonholonomic constraint enforces orthogonality between the
tip velocity and the bar. This system is designed in a way that it can allow a translational
motion of the cart, when the latter is loaded with a dead force, possible through an oscilla-
tory motion of the arms of the pendulum, a dynamics resembling those of a certain family
of microrobots or micro-structures used in biomechanics [27, 28, 29, 30, 31]. One example
of these microrobots is provided by a "'magnetic exible lament attached to a red blood cell,
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as presented by Dreyfus et al. [32], where the dead load plays the role of the propulsion
thrust in aqueous environment at low Reynolds numbers. This device prompted the present
investigation of analogous systems in microrobotics through a generalization of the loads
considered in [5].

Microrobots for biomedical or biomechanical applications are often susceptible to electro-
magnetic interactions, because they feature magnetized [29, 30, 32] or electrically polarized
parts [33]. Therefore, also Lorentz-type forces contribute to determine the overall dynamics
of such devices in addition to self-propulsion [28] or other stimuli [27].

Despite its fundamental role in physics, certain foundational aspects of electromagnetism
have remained the subject of debate until recently. This applies, for instance, to the true role
and “physical meaning' [6] within classical electromagnetism of the vector potential A, by
which the magnetic induction eld B is expressed as B = curlA. Indeed, whereas the electric
and the magnetic elds both have “tangible' meaning, the vector potential works “behind
the scenes' of the classical theory of electromagnetism. This issue has been thoroughly
investigated in a work by Rousseaux et al. [6], who conclude that there exist e ects which
cannot be understood “without the intervention of' A [6]. As an example for pursuing their
goals, Rousseaux et al. [6] took the paradigmatic problem of the ideal solenoid to unveil the
Maxwell Lodge e ect [23]. This phenomenon predicts that a current is generated in a wire
wound around the solenoid in response to the electric eld induced outside it by the variation
in time of the vector potential (not of the magnetic induction eld, which is zero outside the
ideal solenoid). Although the purpose of this work is not to address the intricacies of the
debate surrounding the vector potential, we embrace the viewpoint of Rousseaux et al. [6]
and apply it to our mechanical device.

In light of the above considerations, the device investigated here can be regarded as
a model of an electrically charged microrobot, with dimensions comparable to those of
eukaryotic cells. It consists of a continuous viscoelastic rod attached to a small mass and
is subjected to the Lorentz force generated by a solenoid [27, 28, 29, 30, 31]. The rod is
idealized as a viscoelastic double pendulum, following the approach of Cazzolli et al. [5].
Compared to that approach, two substantial di erences are introduced: (i) the dead load is
interpreted as a self-propulsion force; (ii) the device carries a concentrated electric charge
located in the structural element imposing the nonholonomic constraint (similar problems
were formulated by Maruskin et al. [34] and Pastore et al. [35]).

Within this setting, the main objectives of our work are twofold:

1. We aim to assess the extent to which the Lorentz force modi es the results reported
by Cazzolli et al. [5] concerning stability, the onset of a Hopf bifurcation, and the
overall dynamical behavior of the device.

2. We revisit the Maxwell Lodge e ect [6] by placing it in the mechanical context of the
device under study. More speci cally, we show that our theoretical framework predicts
a Lorentz force on the charged structural element, even when it is located outside the
solenoid. This result is achieved by placing the device rst inside and then outside
the solenoid. This may provide a potential albeit presently theoretical experimental
setup to detect the Maxwell Lodge e ect, based on microrobotics and serving as an
alternative to the experiment by Rousseaux et al. [6].
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2.2 Charged Ziegler's double-pendulum interacting with
Lorentz force

With reference to the mechanical system described in section 1.2 of the previous chapter
and, in particular, to the Lagrangian function reported in Equation (1.38), we introduce
here two major modi cations:

(1) The massless wheel, concentrated at the geometric point D (see Figure 1.4), carries
electric charge e 6= 0 (it will be assumed e > 0 in the following);

(2) A solenoid S as described in detail in Section 1.3, with radius much larger than 7, is
considered. Two separate cases are then analyzed: the device is placed in the interior
of the solenoid (Case 1); the device is placed in the exterior of the solenoid (Case I).

The reader is referred to Figure 2.1 for a graphical representation device in the presence of
the solenoid, where (1.52a) and (1.52b) then permit to exert a Lorentz force on the charged
skate placed at the end-point D of the bar B, of the device. This Lorentz force reads
di erently for when the device is considered to be inside or outside the solenoid, and it can
be evaluated for each of the cases as follows:

Case I: Device inside the solenoid If the cross section of the solenoid is big enough
to host the device, and if it is assumed that the motion of the device remains con ned to
this cross section, so that the skate does not transit through the lateral boundary of the
solenoid, then the Lorentz force acting on the skate in Int(S) reads

FL(xp(®);t)=e[E(X p();)+Vv p() B(x p(t);1)]

eB'hT(t) Xp2 (t) +eB n(t) xp2 (t) €1

Xp1 () +eB n(t) xp1 (1) e2;

(2.1)

B (1)
2

meaning that it consists both of an electric and of a magnetic contribution. Note that the
elds E and B are de ned at all spatial points, and, consequently, they couple dynamically
with the system through their evaluation at time t and at the spatial point x = x p(t)
occupied by the material point D at the same time.

For this reason, the Lorentz force is evaluated at x = Xp (t), with velocity v p (t) at time
t. The same considerations apply to the vector potential A.

Case II: Device outside the solenoid The nontrivial electric eld present also in the
exterior of the solenoid, as given by Equation (1.52b), generates a Lorentz force acting on
the charged skate, even in the case in which the skate is located outside the solenoid. In this
setting, the Lorentz force in R®n S reads

FL(xp();t)=eE(X p(t);t)
_ Bn(R3 Xp2 (1) Ba(OR S Xp1 (1)
2 [xorMIZ+Xp2(®]12 2 [xo1(M]Z+[Xp2 (0]2

es:
2.2)

Here the Maxwell Lodge e ect manifests itself also in the dynamics of the charged Ziegler
double pendulum in Case Il, when the pendulum is placed outside the solenoid. Indeed,
because of the electric charge e is concentrated at the point D of the device, this point is
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subject to the Lorentz force F_(Xp (t);t) as prescribed by Equation (2.2) when the device
isin R®nS. Inturn, F | (Xp (t);t) in uences the dynamics of the device and interacts with
the dead load F applied to the cart, at least until the device exceeds a certain distance from
the solenoid's boundary, beyond which the amplitude of k (xp (t); t), decreasing radially as
fx p1 ()] 2 + [X p2 ()] 29172 , becomes negligible compared to the dead load F.

Figure 2.1: Sketch of the solenoid, illustrating the electric eld E (red) and the magnetic induction eld

B (blue). The system is shown both in a three-dimensional perspective and in a vertical cross-section, with
the device positions for Case | and Case Il indicated in both views. In the position referring to Case |,
X ¢ =X X ce, With X ¢o being the initial position of the cart. The images correspond to assuming
Bh(t) >0 and By (t) > 0. In the zoomed-in image referring to Case I, eE is directed tangentially to the
circumference centered in O and passing through D, but it can be regarded as approximately parallel to the
X2-axis because the device is placed at a relatively long distance from O.

2.2.1 The Lagrangian function of the charged Ziegler double pen-
dulum

The Lagrangian function of the device subjected to the additional magnetic interaction is
obtained from the Lagrangian function L, in Equation (1.38) by adding the generalized,
velocity-dependent potential eA(xp (t);t) v p(t), in which A is evaluated at time t and at
the spatial point x p (t) that is instantaneously occupied by the moving charge at time t [21,

]. In terms of the system's Lagrangian parameters and generalized velocities, this yields
(see also [34] for the case of the “knife edge with a dipole moment in a magnetic eld')

L Qa a;t) = Co(a; @) +e[Aa;t) = + A 2(a;t) » + A 5(a; ) Xel; (2.3)
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. 1 . -
where, for = 1;2;3, the functions A (q;t) = éBh(t)U (q)'2 express explicitly how the
device interacts with the vector potential and are de ned by the auxiliary quantities

8

3 l+cos(, 1)+(X ¢=)cos Case |
U = . 2.4
@ =5 Rr2 1+cos(, 1)+ (X ¢=)cos 3 case Il (2.42)
" "2 [cos 1+cos o+ (X =)]2+[sin ;+sin ,]?
8
1+cos( » 1)+ (X ¢=")cos , Case |
U = N 2.4b
2= Rr2 1+cos( 2 1)+(X ¢=)cos 2 Case I (2.40)
" "2 [cos 1+c0os o+ (X =)]2+][sin {+sin 5]?
g sin 1+sin > Case |
Us(q) = (2.4¢)
3 sin ;+sin

2
S

= S - - Case Il
3 [cos 1 +cos 2+ (X =)]2+[sin 1 +sin ;]?

More in detail, it can be shown that, both in Case | and in Case Il, the following identi ca-
tions apply:

A1(q@);)=[n a1() Ax b (®);D] es; (2.52)
Az =[n 2() AKx o(®):t)] es; (2.5b)
As(q(t);) = Alx o (1)) e (2.5¢)

We remark that the vector potential A, although having only two nonzero components,
generates the three nonzero components A A,, and Az, with the rst two being conjugate
to the angular velocities of the bars ;3 of », and the last one being conjugate to the linear
velocity X, of the cart along the e;-axis. In addition, functions A1, A, and A3, de ned in
Equations (2.4a) (2.4c) and further explained in Equations (2.5a) (2.5c), describe how the
vector potential couples at each instant of time t with the con guration q(t) assumed by the
system as a whole at time t.

We emphasize that, the charge of the skate is assumed to be su ciently weak so that
the magnetic and the electric elds that it generates can be neglected.

A major di erence with respect to the work by Cazzolli et al. [5] is that, in addition to the
dead load applied to the cart, the system is also subjected to the Lorentz force Hxp (1); 1),
which assumes the expression given in Equation (2.1) or in Equation (2.2), depending on
whether the device is inside or outside the solenoid, respectively.

In Case |, and when A does not depend explicitly on time, the Lorentz force reduces to
FL(xp(@);t)=ev p(t) B(x p(t) and, because of the constraint (1.37), it remains parallel
with the bar B ,, and thus with the follower force p= n », at all times. In addition, the
Lorentz force vanishes whenever y (t) is null.

In Case Il, the Lorentz force features solely the purely electric contribution, which is due
to the explicit time dependence of A, thatis, F| (Xp (t);t) =eE(X p(1);t) = e @ ({A(X p (1); 1).
Therefore, if A is assumed to not be explicitly dependent on time, then the Lorentz force
vanishes identically.
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2.2.2 Dynamic equations

If the dynamic equations (1.44), featuring the Lagrangian functionl’ o, are written explicitly,
they lead to the set of equations presented by Cazzolli et al. [5]. In our framework, however,
since electromagnetic interactions are considered, the dynamic equations follow from the
Lagrangian function [ expressed in Equation (2.3). They read

A R @& . _. Cqoen
EL S 49* gd@9=0 =1;2;3; (2.6)

where, as in Equation (1.44), the contributions @gq R(g) and @y ¢(q; q) identify the dis-
sipative generalized forces associated with damping and the reaction forces due to the non-
holonomic “skate constraint' [5], respectively.

Before deriving the new Euler Lagrange equations, we notice that the Euler Lagrange
operator applied to L produces

P
EC=E Co+e %, F g+eE; =1;2;3; 2.7)
where the quantities F  and E are de ned as

_ @A @A _ @A Croa
=@ @q E = o ; =1;2;3; (2.8)

and represent, in terms of the Lagrangian parameters selected, the components of the gener-
alized Faraday tensor and of the generalized electric eld, respectively. From the discussion
in Section 1.3, in which the electric and the magnetic contributions of the Lorentz force have
been analyzed in Cartesian coordinates, it follows that the magnetic contribution is active
only in the interior of the solenoid. Accordingly, the equations of motion either include or
exclude the magnetic contribution of the Lorentz force, depending on whether the device is
located inside or outside the solenoid (Case | and Case I, respectively). Since this result
must be consistently described when the device is analyzed in terms of the components of
the generalized Faraday tensor and of the generalized electric eld, de ned by Equation
(2.7), the quantities F must vanish identically in Case Il, when the device moves outside
the solenoid.

Speci cally, the generalized Faraday tensor has components

Fio=" 2Bp®)sin( 1 2); Fi13= B n()cos 1; Fa3= B p(t)cos ,; Casel
(2.9a)
Fi=0; F13:0; F23:0; Case Il
(2.9b)
withF = F for ; =1;2;3, while the generalized electric eld has components
1
E @A = 3BaU (@)% =123 (2.10)

where functions U (q) are given in Equations (2.4a) (2.4c), depending on whether Case | or
Case Il is considered.
Finally, upon introducing the components of the generalized Lorentz force

P
FL =e 3:1F g+eE; =1;2;3; (2.112)
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the dynamic equations (2.6) read

A @R a, . o
EL, @(9)"’ @(%9)"‘5 =0; =1;2;3; (2.12)

and, in explicit form, they become

5 . 1. . 3 1,

2" 2o+ Sm 2cos(1 2)% SMsin )X+ Sm Zsin( 1 )2

=k 1 2)c2 a2 =2t sin( 1 2)+Fu; (2.13a)
1. A U R 1 .,

5m 2cos(1 )1+ ik 2e, Smsin 2)Xe  Sm Zsin( 1 2)2

=k( 2 1) c( 2 4)*+Fui; (2.13b)

3 .. 1 .. 3 . 1.
>Mm (sin 1)*1 >m (sin )% +M X, P (cos 1) 2 >M (cos ;)3
= cos L+F+F 3 (2.13c)

where, together with the total mass M = 2m + m ¢, the explicit expressions for the gener-
alized components of the Lorentz force are introduced:

8
< %eB.h(t)Ul(q)‘z eB h(t)[sin( 1 2)=2+(cos 1)(X=)I'? Casel

Fu = 1 (2.14a)
z 58Ba(HU1(0) 2 Case II;
8
< %eB-h(t)Uz(Ol)\2 +eBp()[sin( 1 2)2 (cos 2)(X=)I'? Casel

Fro = 1 (2.14b)
z 58Bn(OU(a) 2 Case II;
8
2 2e8,(DUs(q)? + eBn(Dl(cos 1) +(cos 2] Casel

Fla = 2 (2.14¢)
z EeB.h(t)Ug(q)‘2 Case II:

We emphasize that the magnetic part of the generalized force component in Equation (2.14b)
is zero also in Case | since the terms in square brackets return the constraint (1.37). This
is because the magnetic part of the Lorentz force efy B] is parallel with the bar of unit
vector n, and also with the follower force, as explained at the end of Section 1.2.

Equations (2.13a) (2.13c) are to be solved together with the constraint (1.37), which we
di erentiate with respect to time and turn into the second-order di erential equation

‘sin( 1 2)*1+(cos 2)Xc= pXesSin 2+ 5c08(1 2)(4 -2): (2.15)

Equation (2.15), obtained by changing sign to the time derivative of Equation (1.37), is
necessary to apply Schur's complement technique to the system (2.13a) (2.13c) and (2.15)
(see [35, 36] for details; the sign change is motivated by convenience in the construction of
the Schur matrix).

Alongside the elastic and viscous forces featuring in the right-hand sides of Equations
(2.13a) (2.13c), the additional generalized Lorentz forces 1, F > and F 3 are present, and,
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coherently with Equations (1.45a) (1.45c), the following identi cations apply

Fiu=[nit) F cXo@®;0] e s; (2.16a)
Flo=[n2t F (Xpo®;9] e s; (2.16b)
Fizs =FL(xp(a);t) ex: (2.16¢)

Equations (2.16a) and (2.16b) are the torques generated by the Lorentz force acting on the
bars B1 and B ,, respectively, while Equation (2.16c) is the component of the Lorentz force
acting on the cart.

2.2.3 Determination of static equilibrium

To study the static equilibrium of the system, we consider an initial instant of time tg
at which the system occupies the con guration q(b) = qo, with null velocity g(to), and,
for t > t o, we look for solutions to Equations (2.13a) (2.13c) of the type q(t) = Qe :=
( 1e; 2¢;Xce) Q o, satisfying g(t) = (0;0;0) and

SSin(ie 2= SEOULG? K2 1 ) (2172)
0= JeBaOUG) 2 K( 20 o) (2.17b)
00S 20=  3EBa(OUs(0) 2 +F: 2170)

where ¢ is the (for the moment unknown) Lagrange multiplier at equilibrium [19, p. 25].
Note that the nonholonomic constraint (1.37) is trivially satis ed when the generalized
velocities are all set equal to zero. For this reason, the number of equations characterizing
equilibrium reduces to the three force balances (2.17a) (2.17c), which, however, still feature
the four unknowns 1¢, 2¢, Xce, and . We also notice that the torques due to the magnetic
part of the Lorentz force are not present in Equations (2.17a) (2.17c) because the velocities

are set equal to zero.
Assuming 1e = 1¢ = e, Equations (2.17a) (2.17c) become

0= %eBh(t)Ul(qe)‘z K o (2.18a)
0= ZeBn(OU2(e)> (2.18b)
LCOS o = %é%anhm9Q+F; (2.18¢)

with U1(ge) = U2(ge). Thus, equilibrium in the general case whereB; (t) is di erent from
zero requires from Equation (2.18b) that U (ge) = 0, which may hold true only in Case I.
Hence, we nd

Xce 2‘

U2(0e) =0 ) 2+ —=cos=0 ) X ce= COS e: (2.19)

Moreover, since Y(ge) vanishes too, Equation (2.18a) yields the more stringent condition

e =0: (2.20)
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This implies that U3(qe) also vanishes identically, thereby yielding the force balance
e =F: (2.21)
By gathering the results (2.19) (2.21), we nd
G = ( 1e; 2e;Xce) =(0;0; 27); e=F: (2.22)

The condition U;(ge) = U2(ge) = 0 for nonzero By, (t) amounts to placing the device in a
con guration in which the electric part eE of the Lorentz force acting on the massless wheel

is null (see Figure 2.2). Indeed, given the expression eE®(qge); t) = }eBh(t)(X cet2)e 2,

the requirement of the vanishing of this force means that the skate has to occupy the origin
of the considered reference frame, wherepde) = 0 and, thus, X ¢ = 2.

We note that no equilibrium con guration exists in Case Il, since, when the device is
outside the solenoid, Equation (2.18b) cannot be satis ed unless the trivial condition of
time independent By, is considered. On the other hand, ifBy(t) =0 forallt t o, every
triple ( 1(t); 2(t); X <(t)) = (0;0; X o), with arbitrary X ¢ > R, satis es the equilibrium
conditions.

See Fig. 2.2 for a graphical depiction of the device in the four con gurations of interest
inside the solenoid (Case I).

Remark 4 (One static equilibrium con guration extracted from the manifold in [5]).

The con guration g determined in Equation (2.22) is one particular con guration of the
manifold f(0; 0; X ce): X e 2 Rg of equilibrium con gurations obtained in [5] in the absence
of magnetic interactions. This constitutes an important di erence from the work by Cazzolli
et al. [5]. In our setting, indeed, X, cannot be arbitrary, since the equilibrium con guration
is obtained by imposing the additional condition of null electric part of the Lorentz force
acting on the skate. However, we retrieve the same equilibrium manifold as Cazzolli et al.
[5] if we assume that B, is independent of time, which impliesB;(t) = 0 at all times.
Indeed, under the hypothesis of time-independent B Equation (2.18a) returns = 0O,
Equation (2.18b) is trivially satis ed (thus, there is no counterpart of Equation (2.19) to
determine X¢e, Which remains unprescribed), and Equation (2.18c) reduces to. = F.
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Figure 2.2: Body diagram showing the forces acting on the device in the case in which the radius R s>2 of
the solenoid is su ciently large to fully host the device and its motion (Case |). Four scenarios are depicted:

(a) the device is in the static equilibrium con guration determined in Equation (2.22); (b) although the
device is in a con guration with initial null velocities, such con guration is not of equilibrium because the
Lorentz force, composed only by its electric contribution, produces a non-zero torque, thereby triggering the
motion; (c and d) in each case the device is in a deformed con guration with nonzero velocities and, thus,
the magnetic part of the Lorentz force acts on the device in addition to the electric part. In particular, we
emphasize that, while ev p B is parallelton > by construction, eE has to be tangential to the circumference
instantaneously centered in the origin and passing through x p (t) (indeed, E(x p (t);t) is proportional to
ez r(x p(®) withr(x p())=x p1()es+xp2(t)e2).

2.3 Stability analysis: utter instability and bifurcations
in Case |

In this section, we carry out a comprehensive stability analysis of the system described by
Equations (2.13a) (2.13c) and (2.15). To this end, since we need to perturb the system from
a static equilibrium con guration, we restrict our study to Case | only. For the methodologies
used hereafter, we refer to [4, 5, 9, 37].

Before proceeding with the stability analysis, we notice that Equations (2.13a) (2.13c)
feature together six physical parameters to which we add the magnitude F of the dead load
applied to the cart and the ez-component B (t) of the magnetic induction eld:

P:=fm ¢, m;c;k;"; e; F;Bug; (2.23)

with B y = maxjB(t)j.
Dimensionless quantities are introduced via the mappings

X Xe tmp— . wm . Enl g, BB (2249
m’ 2=k k k mk
Mo Mo oS (2.24b)
m mk

For simplicity, we do not introduce additional notation to indicate the dimensionless quanti-
ties in Equations (2.24a) and (2.24b). Rather, from here on, we simply rename them as X
t, ,F, B wm, M, and c, and we di erentiate with respect to the dimensionless time variable.
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We emphasize that dimensionless variables are used throughout Section 2.3, and physical
dimensions are restored in Section 2.4 to contextualize the numerical results.

2.3.1 Linearization of the equations governing the dynamics of the
structure

To perform the stability analysis in a neighborhood of the pair (¢; ) = (0;0; 2;F),
we consider small perturbations around g and . This is achieved by introducing the
homotopies ¢ and ~ which de ne the perturbed con guration &(t;") and the perturbed
Lagrange multiplier +t;"), with " being a smallness parameter, and by requiring them to
comply with the conditions €(t;0) = ge and «t;0) = .. We assume g and ~to be at least
C? functions of their arguments.

The rst-order expansions of g and ~around " =0 and for all t can be written as:

q(t; ") =(Qet (t)" + O("); "10; (2253)
)= e+%(M)"+o(); "!0; (2.25b)

with (t) = @ &(t;0) and %(t):= @ +t; 0). In the following, we set = (# 1;#2; X¢).

By substituting Equations (2.25a) and (2.25b) into the dimensionless form of Equations
(2.13a) (2.13c) and (2.15), and dropping all terms of order higher than the rst in ", we
obtain the dynamic equations linearized around g and ¢:

Sht morc(2ih #)+(21 #2) F(F 1 # 2)+Ba)xt SBa0Xc=0; (226
%#1+ %#2+c(¢2 Ba)+ o # 1) +Bh() X+ %Bh(t)xczo; (2.26b)
M c+% B n(t)(# + #) %B.h(t)(#1+#2):0; (2.26c)
»*.=0; (2.26d)

where By (t) and By (t) are dimensionless functions of dimensionless time. Accordingly, the
dimensionless characteristic amplitude B, of the magnetic induction eld, as shown in
Equation (2.24a)s, is understood as maxjB(t)j=B w.

Remark 5 (Lorentz force couples the translational and the rotational degrees of freedom).

In the linearized dynamic equations (2.26a) (2.26c), B,(t) and B;(t) make it impossible to
decouple % from #, and #,. This holds true even in the case in which the condition ;x= 0
(representing the linearization of the constraint (1.37)) is substituted in (2.26a) (2.26¢),
because the terms involvingBy,(t) do not cancel, as they represent the electric part of the
Lorentz force. The linear coupling seen here, di ers from the work studied by Cazzolli et al.
[5] in which the absence of the Lorentz force allows for decoupling the dynamics of the cart
from the dynamics of the double-pendulum.

Following Neimark and Fufaev [9], upon introducing the 3 1 array =f# 1 #» XcQ'
and the 1 1 array = f%g, Equations (2.26a) (2.26d) can be recast in matrix formalism
as

Me++[C e +Bnle] +1K o+ FGe+ ZBald] +A ] =0; (2.27a)
Ae+=0; (2.27b)
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where M, K¢, and G represent the mass, sti ness, and damping matrices, respectively, G
is an auxiliary (singular) matrix introduced to account for the force F, A is the constraint

matrix, while L. is the matrix accounting for the contributions due to the Lorentz force.

These matrices read

25 1 o3 25 103 2 2¢ ¢ 0°
Me=41 1 08; ke=91 104 =3¢ ¢ 0f: (2289
00 M 0 0 0 0O 0 0
211 03 20 o T
G=30 0 cd; A=00 1; =30 0 1B: (228
0 00 1 10

Remark 6 (Faraday tensor in matrix formalism and its coupling with C ¢, K¢, and FG).

In the linearized setting, the dead load F, although being applied to the cart, in uences the
double pendulum through the introduction of the “apparent' sti ness matrix F G, referred to
as ‘geometric sti ness matrix' in the literature [8] and adding to the elastic sti ness matrix
Ke. Similarly, B, and By, yield the "apparent’ damping matrix B,Le and the additional
“apparent' sti ness matrix %B.hLe, both due to the linearization of the Lorentz force. It
is worth noticing that ByL is the matrix associated with the generalized Faraday tensor,
evaluated at the equilibrium con guration ¢ in dimensionless form and in the case in which
the device is inside the solenoid (cfr. Equation (2.9a)). Analogously,%BhLe is the matrix
associated with the electric contribution3ByLe of the Lorentz force. We emphasize that the
terms ByLe and %BhLe constitute another relevant di erence from the work by Cazzolli et
al. [5] and add to the damping matrix G and to the sti ness matrix K, respectively.

To solve Equation (2.27a) and (2.27b), we follow standard methods [9], and we enforce
the ansatz

t=He '; ()=Re '; 2C; (2.29)

where H and R are two column vectors of constant amplitudes, having sizes 3 1 and 1 1,
respectively, and is a complex number. Substitution of Equation (2.29) into (2.27a) and
(2.27b) yields

" ) SHCD ()
Me+ [C ¢ +Bhle] +[Ke +FGe + §BhLe]‘Ae H _ 0. (2.30)
0’ '

2p, | o R

where 0 denotes here the 3 1 null array.

To nd nontrivial solutions to Equation (2.30), we impose that the determinant of the
block-wise matrix on the left-hand side of Equation (2.30) vanish. Before proceeding, we
remark that the term  ?A. in the block-wise matrix of Equation (2.30) would lead to a sixth-
grade characteristic polynomial in featuring a factor 2. This corresponds to a vanishing
root of algebraic multiplicity two, which, as explained by Neimark and Fufaev [9, p. 265
267], does not a ect the overall stability properties of the system. Hence, we introduce the
alternative system

" ) CHC ) O)
Me+ [C e +Bnle]+[Ke+FGe+ 1Bale] [Al  H _ 0 |
= o (2.31)

Ao o R
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Figure 2.3: Sketch of the proof that the determinant of the block-wise matrix on the left-hand side of
Equation (2.31) depends on neither B 1, (t) nor B (t).

Computing the determinant of the block-wise matrix on the left-hand side of Equation (2.31)
yields a polynomial equation of the fourth-grade in , which can be written as

Q() =ao *+a; 3+ap 2+az +a4=0; (2.32)
with the coe cients a ¢; a;; ay; as; a4 being all real and given by
ap =1; a; =44c; a, =44+ 16¢c? 12F; asz=32c; a4 = 16: (2.33)

This resulting polynomial equation in fact, is identical to that which is seen in Chapter

1, Section 1.1. Thus, the linear stability analysis falls back to that of Ziegler's double
pendulum,[4, 5, 8]. It should be noted that F here, is representative as the dead load which
is applied to the cart of the device seen in Figure 1.4. Its magnitude is synonymous with the
follower load in Section 1.1, thus the same notation can be used. The reader can be referred
back to this section for a comprehensive look into the study of the roots of this polynomial,
and in turn the eigenvalue analysis. To also see why this result holds true from the algebraic
point of view, we report in Figure 2.3 a sketch of the structure of the block-wise matrix in
Equation (2.31).

2.3.2 Investigation of Hopf bifurcation: from Schur's complement
technigue to dynamical systems

The Schur's complement technique [35, 36] is used in this Section to decouple the com-
putation of the Lagrange multiplier from the determination of 1, », and X.. To this
end, Equations (2.13a) (2.13c) and (2.15) are rewritten in matrix form, isolating the ar-
ray ¢ collecting the second-order derivatives @ (°1; *2; X¢) together with the Lagrange
multiplier . We then reformulate the problem in the state-variable formalism and apply
dynamical-systems techniques to investigate the stability of the device.

In matrix form, Equations (2.13a) (2.13c) and (2.15) read as

Ma) [ A@" ¢ _ By@ g

A@ O Belra) (234)
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where KI(q) denotes the 3 3 mass matrix; A(q) is the 1 3 constraint matrix; O is the

1 1 null matrix; Bq(q; g;t) is a 3 1 array collecting all the terms appearing in Equations
(2.13a) (2.13c¢) that involve neither the generalized accelerations®;, *,, and X, nor the
Lagrange multiplier ; Bc(q; q) is the 1 1 array representing the right-hand side of Equation
(2.15). Note that Bq(q; g;t) depends explicitly on time through B, (t) and By (t). The explicit
expressions foﬂ()l(q), A(q), Bq(q; a), and ﬁc(q; q) are

2
2 fcos(1 ) 3sin
M IOI(q) = E%COS( 1 2) % %Sin 2 ; (235a)
3sin 4 3sin M
8 | , 9 8 9
2 3Sin(1 25 c a2 =2 2 1 2= 2Fu=
by By@d)=_ 3sin(1 2DZc( 2 =) (2 1) o+ F ; (235h)
' 3(cos 1) 3+ 3(cos p) 3 +F ’ " Fus’
be Be(@i@) = (sin J)Xco+cos(1  2)(2 =)= ; (2.35¢)
A A= sin(y 2) 0 cos ,: (2.35d)

Sincel()l(q) is an invertible matrix for all values of g, we can apply the Schur complement
technique [35, 36, 38] to rewrite system (2.34) in normal form and, upon introducing the
Schur complement S= AM 1 AT of M, we obtain

g=M* (M ' AT)S* (AM )by (M * AT)S? by; (2.36a)
=S '[(AM? )by +bg]: (2.36b)

Equation (2.36a) unfolds three scalar equations for the three unknowns collected in g, and,
once these are computed, Equation (2.36b) determines the Lagrange multiplier .

A further step beyond Equation (2.36a) consists in introducing the state-variable formal-
ism, which allows us to recast (2.36a) as a system of six rst-order scalar ordinary di erential
equations. In fact, by setting Y1 = 1, Y2 = 5, Y3 =X Ya = 5, Y5 = 5, Y5 = Xg,
and introducing the 6 1 arrays Y =fY ; Yeg" and Y=Yy Ysg', Equation (2.36a)
is equivalent to

Y =f(Y;t;F); (2.37)

where, for k = 1;2;3, fx(Y;t;F) = Y w3, wWhile f4(Y;t;F), f 5(Y;t;F), and f ¢(Y;t;F) are
the three components of the right-hand side of Equation (2.36a), written in the state variable
formalism.

In Equation (2.37), the vector eld f(Y;t; F) inherits its explicit time dependence from
Bq(q; g; t). However, this dependence appears only in the components;€Y;t; F), f 5(Y;t; F),
and fg(Y;t;F). We also emphasize that we have expressed the functions as parametrically
dependent on the dead load F, which plays the role of the bifurcation parameter. Although
the characteristic magnetic induction By, may, in principle, in uence the stability of the
device [27], it is treated here as a xed parameter for simplicity, and F is taken as the sole
bifurcation parameter of the study.

We now investigate the stability of the equilibrium con guration q ¢, given in Equation
(2.22), following standard dynamical-systems procedures. In particular, we refer to the
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dynamical system described by Equation (2.37). Our aim is to assess whether or not the
system undergoes a Hopf bifurcation at F = F, (c). To this end, we analyze the eigenval-
ues of the Jacobian matrix of the map f in Equation (2.37), evaluated at the equilibrium
point Y = Ye = f0;0; 2;0;0;0g '. This corresponds to expressing ge in the state-variable
formalism of Section 2.3.2, with X.e = 2.

We start considering the rst-order Taylor expansion of f at Y, and for a generic value

X6
1Y F)ly = [ Pl + OF VeiF) e (Y el *okY Y oka)i  (2.38)
—E= O,
= [Jelik

P — : :
where kplk:= " pT p denotes the 2-norm of a generic (column) array p. The 6 6 Jacobian
matrixJe  J(Ye; F) features six eigenvalues given by the roots of the characteristic equation

P(:F)=detld « 'l ¢)= MiQ(!;F)! 2=0; (2.39)

where Q(!; F) is a rewriting of the fourth-grade characteristic polynomial in Equation (1.6),
associated to the double pendulum, with ! replacing and the dependence on F made

As noticed in Section 2.3.1 and sketched in Figure 2.3, the characteristic polynomial
Q(!; F) remains unchanged regardless of whether or not the Lorentz force is considered,
and the same applies to P(!;F). Hence, P(!;F) and its roots can be used to analyze
the occurrence of a Hopf bifurcation as if the Lorentz force were absent, in which case the
dynamical system would behave as autonomous.

Although the characteristic equation (2.39) describes the device as a whole including
the skate, which contributes the factor !? arising from the constraint the decoupling,
in terms of the eigenvalues, between the double pendulum and the cart in the linearized
analysis of Section 2.3 is manifested in the factorization shown in Equation (2.39). Indeed,
the characteristic polynomial features two distinct factors: one of grade four for the double
pendulum, Q(!; F); another of grade two, ! 2, related to the nonholonomic constraint. The
presence of the latter can be related to the linearized constraint, and thus to the acceleration
of the cart» . in Equation (2.26d).

When Equation (2.39) is evaluated at F = F  (c), the polynomial Q(!; F) becomes

Q(;F y(c)=(22+44c!+! 2)(8=11+!2)=0; (2.40)

and the eigenvalues of § 3 (Ye; F . (c)) are the roots of the characteristic equation

P(;F 4 (c) = Mi(22+44c! +1 2)(8=11+! 2 2=0; (2.41)
which read
p TN T el Y
i 1.4 = 22¢ 22 + (%30) ;o] 23 = | 8:]}1, ! 56 — 0: (242)
double pendulum | —{Z—}

constraint

Moreover, the eigenvalues b4 1 1.4(F, (c)) depend parametrically on ¢ both through
F . (c) and through the coe cients of Q(!; F), as shown in Equation (2.40).
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The rst four roots obtained from Equation (2.41), ! 1, !,, ! 3 and !4, are also roots of
Equation (2.40), and refer to the double pendulum, which experiences uHeLinstability. In
particular, the eigenvalue&ﬂ and ! 4, are complex Conjugats for ¢ 2]0; 1= 22[, while they
are purely real for ¢ > 1= 22, and are coincident for ¢ = 1= 22. In all these cases, Re[{]
and Re[!4] are negative for all c > 0. Hence, !1, !5, ! 3, and ! 4 characterize the onset of
utter through a Hopf bifurcation [5]. In particular, a Hopf bifurcation at the equilibrium
Ye, Occurring at F F  (c), arises if the following three conditions are satis ed [39]:

1. At the onset of utter, Y ¢ is an equilibrium state, f(Ye; Fy (c)) =0;

2. At F = F , (c), exactly one pair of purely imaginary complex-conjugate eigenvalues
exists, each of algebraic multiplicity one, while all remaining eigenvalues have nonzero
real part (in our case, negative real part).

3. The eigenvalues L(F) and ! 3(F) ! ,(F) that, at F = F , (c), form to the afore-
mentioned pair of conjugate imaginary eigenvalues must depend on F in such a way
that their real part be di erentiable at F  (c) and compliant with the condition

dRe[! 2;3] _n.
T(F u () 6=0: (2.43)

The ful liment of these conditions is highlighted in Figure 1.2b within the previous Chapter.

Remark 7 (Lorentz force does not a ect the onset of the Hopf bifurcation for F = F  (c)).

It has been shown that, despite the inclusion of the Lorentz force in the model studied by
Cazzolli et al. [5], the system still undergoes a Hopf bifurcation under the same conditions,
namely when the dead load F reaches the critical utter load F (c).

We conclude by noting that a Hopf bifurcation occurs even though the eigenvalues 4
and ! g vanish and, strictly speaking, do not satisfy the second Hopf condition. Moreover,
they make the Jacobian matrix J singular and preclude the possibility of computing the
rst Lyapunov coe cient for the problem as is currently formulated. However, as recalled
in Section 2.3, Is and ! g can be disregarded from the study of stability and, thus, of the
bifurcations [9]. This argument is grounded in the same reasoning used to derive Equation
(2.31) from Equation (2.30) in the stability analysis.

2.4 Post-critical behavior: the Lorentz force can in u-
ence the utter instability

In this section, the aim is to assess how the Lorentz force can in uence the post-critical
behavior of the device both in Case | and in Case Il. As anticipated in the preamble of
Section 2.3, the physical dimensions of the problem are now restored to give context to the
following benchmark tests.

2.4.1 The scenario of a soft bodied micro-robot for biological ap-
plications

Among the various designs that are often employed in micro-robotics [40], we model our
micro-robot as a continuous rod (discretized by the double-pendulum), attached to a small
mass (the cart), having both viscous and elastic material properties (the viscoelastic hinges),
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and a concentrated electric charge at one end (the point charge e in D). Speci cally, we
assume the rod to be made of an idealized rubber-like material with density = 1¢ kg=m®
and Young modulus E, = 10° Pa, [29].

The device's geometry is characterized by slender bars, with length * = 10 m, width
w = 1 m, and thickness = 0:1 m, so that their volumes and moments of inertia read
V ="w and J = (1=12) 3w, respectively (the aspect ratio of the bars and the notation
are taken from [27]). Consequently, the mass of one bar reads m = V, while the sti ness
coe cient k is computed as k = E yJ=" [27]. Once k is obtained, the damping coe cient
¢ (modeling the overall viscous behavior of the robot) is selected coherently with the work
by Cazzolli et al. [5]. Hence, c is claogn in such a way that the dimensionless damping
coe cient of Equation (2.24b) , is c=(" mk) = 0:1 (cfr. Section 2.3).

The value of the dead load F is in line with the typical thrust and propulsion forces
reported for microrobots in biological applications [31]. Speci cally, we choose the value
F = 1:6 pN, for which utter can occur, since F '1:1;F  (c).

The solenoid is assumed to be su ciently long, with height at least four times its diameter
[6], and radius Rs = 5cm, and capable of generating a magnetic induction eld of maximum
amplitude By = 1 T. We emphasize that this value of By, is higher than those typically
used to study, for instance, the motility of micro- or nano-robots in biological environments
(usually around the order of magnitude of 16° T, [31]). Although the value B = 1T may
be considered extreme, we adopt it to make the Lorentz force comparable to the propulsion
forces (dead load) considered in [31] and to the follower force. Solenoids with relatively
small diameters can nevertheless reach MRI-level magnetic induction elds [41, 42] and can
be used for micro-motility applications [43]. However, we remark that if lower values of the
dead load (corresponding to a weaker propulsion) and lower values of 8 are considered,
the springs have to be less sti than those used here.

The magnetic induction eld is assumed to be sinusoidal in time by setting

Bh(t) =B wm sin( t); so that Bn(t) =B m cos( t); (2.44)

with being the its frequency of oscillation. In the following sections, we examine the cases

=5;kHz and = 10;kHz, consistent with the frequency range adopted by Rousseaux et
al. [6] to justify the low-frequency approximation for the vector potential A. We restrict
the analysis to a parametric study of !, while all the other parameters are kept xed.

The point charge concentrated at the skate is in agreement with the e ective net charge
of micro-metric entities in aqueous media, as documented in electrokinetic studies, [28]. We
select e = 0:03 pC rather than the more natural value e = 0:01 pC to amplify the in uence
of the Lorentz force, without allowing the magnetic eld amplitude to exceed 1T.

Remark 8 (Implementation details).

The simulations are obtained by numerically solving the Cauchy problem de ned by Equa-
tion (2.37), together with the the array of initial conditions Yo =f0 0 X o 0 0 Od'. In
Case |, X¢o is chosen as a small deviation from X, in Equation (2.22), while in Case Il

it is X ¢o > Rs. Null initial velocities are assumed. Numerical simulations are performed
in MATLAB [44] using the adaptive Runge Kutta (4,5) scheme implemented in the ode45
function for time integration [45].

2.4.2 Case I: the Lorentz force triggers the uttering motion and
can ‘stop' the device

We consider the case in which the device is fully contained within the solenoid and the cart
is initially positioned at X o = 1:5°. For this con guration, corresponding to Figure 2.2b,
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