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Abstract

The non-smooth dynamics is investigated for an elastic planar metainterface composed by two layers
of buckling elements, each one allowing motion on one side only. Through the analogy between buckling
and unilateral contact and by assuming no-bouncing at impact, the motion of the relevant two degrees of
freedom system is reduced to that of a single degree governed by a piecewise-smooth differential equation.
The metainterface dynamics has strong similarities with the rocking motion of rigid blocks and displays
several types of dynamic bifurcations in the presence of oscillatory forces, including period doubling, branch
point cycle, grazing, as well as quasi-periodic and chaotic responses. Moreover, the multistable response is
found to be broaden to conditions representative of monostable states within a quasi-static setting, disclosing
a multistability anticipation by dynamics. The wide landscape of the dynamic response for the buckling based
metainterface provides a novel theoretical framework to be exploited in the design of mechanical devices for
vibration attenuation and for energy harvesting.

Keywords: Nonlinear dynamics, period doubling, grazing, multistability anticipation.

1 Introduction

Mechanical instability, a classical scientific field initiated around a quarter of millennium ago by Euler, is
nowadays living a second youth. Beside the traditional design principles relied on the rule to avoid instabilities,
a new paradigm emerged over the last decades: to exploit instabilities for attaining novel and desired features
[1]. This new design perspective is being explored in many technological sectors, encompassing high-damping
and energy-absorbing systems [2, 3, [4, 5], wave guiding and manipulation [6, [7, [§], deployable structures
[9, 10} 11] and locomotion [12] [13]. Towards a further advancement in these sectors, several intriguing findings
have been recently discovered in the realm of structural stability as, for example among the many, the buckling
under tensile load [14] 15], the self-restabilization of the trivial path for one-dimensional [16] 17, 18] and bi-
dimensional [19] 20, 21] structures, the flutter instability of conservative systems triggered by non-holonomic
constraints [22, 23], the snapping, coiling, and folding of structures through interaction with fluids [24, 25| 26],
and instability-driven morphologies [27, 28] 29].

The modeling and design of meta-structures and meta-interfaces is a challenging task for scholars and
researchers in mechanics towards the achievement of a designed, tuned, response from a structure or a material
(the reader is refereed to [30, 31l [32] for mechanical metamaterials, metadevices, and microsystems integration
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in metamaterials). Interesting phenomena such as complex nonlinear dynamics, bifurcations, chaotic motions
may arise and need for an in-depth analytical, numerical and experimental investigation, as the behaviour of
many mechanical systems relies on the large amplitude motion of their components. For example, concepts
from dynamical system theory are applied to build up a framework for designing fully nonlinear motions of
lattice mechanical materials [33]. Complex dynamics can also take place in nonlinear piezoelectric mechanical
systems, where linear and nonlinear damping together with piezoelectric coupling may entail some challenging
issues in passive control of flutter instability and post-critical behaviour [34] [35]. Moreover, stress and strain
distributions may be controlled through active mechanical metamaterials, as for example by means of piezostack
actuators and compliant mechanisms, interconnected to an active metamaterial lattice [36]. Advanced dynamic
performances can be also attained through specific periodic microstructures realized with, among different
topologies, one-dimensional cellular lattices build up by a pantograph mechanism in the tetra-atomic cell and
behaving as an inertially amplified metamaterial [37].

Within this context, the mechanical response of an elastic metainterface (Fig. a) based on two layers
of buckling elements is investigated. The unit structural cell of this interface (Fig. b) is composed by stiff
bars joined together through hinges and it can be deformed by storing the elastic energy in two rotational
springs and by means of the slider presence along two diagonal bars. In particular, the slider enables the
bifurcation of the relevant bar at null tensile axial force, which in turn may be exploited to realize a desired
mechanical behaviour. The quasi-static behaviour of this unit element has been analyzed in [38] by showing
(i.) the equivalence of the tensile (or compressive) buckling element with a unilateral constraint and (ii.) the
possibility to realize a multistable device with tunable mechanical response, despite the corresponding small
number of degrees of freedom.

(@)

Total Energy

Figure 1: (a) The metainterface based on two layers of tensile-buckling elements and displaying a piecewise-
smooth dynamics. (b) The unit structural cell composed by stiff bars, rotational springs, dampers and sliders.
(c) Vibrations trajectories for a nonconservative tristable metainterface under constant symmetric loading
conditions (dataset of Fig. c) within the rotation-angular velocity-total energy space, together with the
system discontinuity plane (grey) corresponding to the undeformed configuration.

The objective of the present research is to extend the mechanical behaviour analysis of the unit cell to
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dynamic conditions. The kinematics of this system is dependent on two degree of freedom system (Sect.
[2) and the motion is governed by two coupled nonlinear ordinary di erential equations subject to unilateral
constraints (Sect. [?,). Such constraints limit each layer of the structure to a unilateral motion, which in turn
leads to various impact scenarios, di ering in the bouncing, no-bouncing, or partial-bouncing of the impacting
layer (Sect. B). Under the assumption of no bouncing occurrence, the motion analysis reduces to that of a
single degree of freedom described by a piecewise-smooth di erential equation [39,] 40] 41], with the switching
plane corresponding to the undeformed equilibrium con guration. The non-smoothness in the response is
always realized through an acceleration jump and, depending on impact dissipation phenomena, also through
a possible velocity jump.

Vibration analysis under constant symmetric loading reveals strong similarities with the classical rocking
motion of rectangular rigid bodies in rigid surfaces (Sect.DS), mainly di ering for the absence of the rst order
term of the rotations due to rotational spring in the present system. Small amplitude vibration analysis sheds
light over the nite time decay of the free rocking-like motion (Sect. b.1)). Phase portraits at large amplitude
vibrations disclose the in uence of di erent damping mechanisms and system non-symmetry on the motion,
showing the possible existence of three stable attractors within a feasible range of deformations (Sedt. 5.2).
Moreover, systems with extreme sti ness ratios display an intriguing bouncing-like behaviour even under no
bouncing assumption (Sect,5.B).

Response spectra and bifurcation diagrams reveal a rich mechanical behaviour of the system under oscil-
latory loading conditions, including primary and super-harmonic resonances, period-doubling cascades, quasi-
periodic and chaotic behaviour, grazing, and coexistence of stable equilibrium paths within a chaotic region
(Sect[8). Finally, depending on the force velocity, the interplay between external and parametric excitation may
provide a bistable response at load amplitudes corresponding to a monostable response under the quasi-static
assumption. As a consequence, dynamic e ects realize a multistability anticipation for the system.

The obtained results show the possibility to harness bifurcation phenomena of the present structural system
to display highly desirable mechanical features, without compromising the global stability of the system.
Moreover, the multistable and multisource dissipation mechanisms embedded in the considered metainterface
concept open new possibilities in the design of technological devices for vibration attenuation and energy
harvesting.

2 Mechanical model for the structural unit cell

The mechanical response is addressed for a planar structural system made up of two layers of an articulated
guadrilateral structure with parallelogram shape, realized by rigid bars connected to one another through
hinges and with dimension scaled through the lengthl corresponding to that of the inclined bars along the
parallelogram perimeter (Fig. [J). Two visco-elastic hinges are present by adding linear rotational springs of
stiness K1 and K, and dashpots of viscous coe cientsC; and C, respectively to the hinges located at the
points "A' and "B', while two sliders are located at the mid-span of a diagonal of each parallelogram. Since each
slider constraints the continuity in axial and rotational displacements but allows for a jump in the transverse
displacement, thej -th layer may deform into another parallelogram described by the con guration angles
and ;, which are functions of the misalignment angle' j displayed at the relevant slider as

1 — ! . ) — 2I .
ij(' j)=arccos WJF cos'j j(' j)=arccos cos g tan<' 0; (1)
where , and are constants de ned as
sin 2 sin sin(2 o+
= SMo : =Mooy - S o+ o), @)
2sin gsin( o+ o) 2sin g sin( o+ o)
being o and o the angles describing the undeformed con guration, j( j =0)= o¢and ;( j =0)= o,
and subject to the following constraints
0> 0; 0< o< ot o<: )
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Figure 2: (a) Undeformed and (b) deformed con guration for the unit structural cell composing the metain-
terface in Fig. 1. The unit cell is made up of two articulated quadrilateral structures, each one composed of
rigid bars and containing a visco-elastic hinge (of sti nessKj and viscous coe cient Cj, j = 1;2) and a slider
at the midpoint of the diagonal bar within the parallelogram. Loading is applied by means of horizontal Hj (t)
and vertical V, (t) forces at thej -th layer and of ground horizontal U, (t) and vertical U,(t) displacements. The
deformed con guration can be described through the misalignment angle$ ; or through the di erence angles
j» where the latter measure is the most appropriate to investigate the dynamic response.

The inertia of the system is modelled through the massV; attached to the central point along the top edge
of the j -th layer. Because the motion of the top edge of each layer is described by a rigid translation without
any rotation, the possible presence of rotational inertia has no e ect in the present analysis. The position of the
mass relevant to thej -th layer is described with varying of the physical time t through its absolute coordinates
Xj(t) and Y;j (1), evaluated as

Xj (1) = Un(t) + xj(1);
Yi (1) = Uv(t) + y; (1);

where x; (t) and y; (t) are the relative coordinates of the same point measured in the y non-inertial frame,
attached to the lattice base and with origin located at the lower left hinge, while U, (t) and U, (t) measure the
ground motion of the x y non-inertial frame with respect to the X Y inertial frame.

In order to proceed with a non-dimensional analysis, the dimensionless time is introduced as

(4)

t
= —: 5
T (5)
where the characteristic time T is considered as
s
M ,l2
T= : 6
< (6)
Moreover, dimensionless ground motion components are introduced as
Un U
()= 20 ()= %), @)
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as well as the following relative dimensionless horizontal and vertical coordinates

o )= x2( ) | X10)  os o

xi() , sinCo o).
[ 2sin g

()=
(8)

1():)’1|(); 2():)/2()IY1():

Interestingly, the deformed con guration of the j -th layer can also be described through the di erence angle
j at the respective visco-elastic hinge, de ned as a function of the misalignment angle; through

iO=C DLiCie) ol ©)
implying the following inequalities

1) 0 2() 0 ) 10) 20) © (10)

In the quasi-static analysis of the present system [38], it has been shown that the deformed con guration
of the layers is realized through a bifurcation of system referred to the misalignment angle$; or in the
presence of unilateral constraints when the di erence angles; are considered, because restricted to satisfy
eqgn. (10). Although in practical terms the two measures of angles are equivalent within a quasi-static setting,
the di erence angles ;( ) represent the best measure to refer when performing a dynamic analysis. Indeed,
the misalignment angle' ; assumes in nite velocity at the impact of the j -th layer, namely when it approaches
zero, providing di culties in the convergence of numerical integration of the equation of motions at each impact
condition. This is made evident by recalling that the misalignment and the di erence angles are related to
each other under small rotations through

NI YPC) for il o (11)

sin ¢

and evaluating its derivative,

+() OOl 12)
the singular behaviour of the misalignment angle velocity' j ( ) at the impacttime  (dening 'j( )=0)is

implied by assuming a corresponding nite magnitude of the di erence angle velocity (( ) . This behaviour

is graphically represented in Fig. 3 througha) the generic evolution in time of the angle measures andb) their
phase portraits are reported for time close to that of impact

Due to the above-mentioned motivation, it is instrumental to express the kinematic parameters j, and
to the respective di erence angle j through the following expressions’

sin g

i()= (1) cosg cos o (1Y () ; i()=sin o (1) () : (14)

Finally, it is noted that the j-th parallelogram reduces into a line segment when the di erence angle takes
the following special values

(n] (n]

jii= where " =n 0; n2N: (15)
YFor completeness, the con guration angle ; as a function of the di erence angle ; is given by
wg #
cos o cos(o+( 1) j( )+ 2

i () =arcsec

cos o cos(o*( 1 ()*2 = (13)
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Figure 3: Schematic representation of &) the evolution in the dimensionless time and of (b) the phase
portraits for modulus of the misalignment anglej' j and the di erence anglej j just before the impact time

A singular value for the velocity of the misalignment angle is displayed at the impact,j' ( )j!1 , therefore
the dynamic analysis of the structural system has to be performed with reference to the di erence angle( )
in order to overcome numerical integration issues.

The above condition evaluated atn = 1 may represent a limitation to the motion of the system if impact
between the dierent rigid bars occurs. However, if the related dimension of connected object allows, this
situation can be circumvented by realizing the structural system exploiting the out-of-plane direction. Indeed,
when the rigid bars are located on di erent planes, their rotations can monotonically increase in magnitude
without any limitation except for the energy that can be possibly stored within the respective rotational spring.
In any case, independently of this aspect, eqn. (15) de nes an upper bound to the magnitude of the relative
horizontal displacement ; that can be displayed by the massM;

jii<; where  =1+cos o: (16)

3 The Lagrangian and the equations of motion

The kinetic energy T of the system under consideration (Fig. 2) can be expressed as a function of the di erence
angles j and their velocities 4 (j =1,2) as

K, X h

i
T=220 (@ Dm+i U )+ Dsin(o+ a()a()+sin o (D () JO)

=1
h i 5

+ )+ Deos(o+ 1( Nal) ( eos(o (1Y i(N4()

17

while its potential energy is given as the sum of the elastic energy stored in the two rotational springs as
follows

X2
= 27 @ ki 15003 18)

j=1
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with the mass ratio m and the sti ness ratio k introduced as

M K
1, Kk = 1.

m= —=; = —=
M, Ko

(19)

The presence of the viscous dampers (with damping coe cientC;) at the hinges located at points "A' and
‘B' (Fig. 2), to account for the possible air resistance and other sources of dissipation during the motion, leads
to the following Rayleigh dissipation function R

R = KZE:

5 @ De+i 15007 (20)

j=1

where the dissipation ratio ¢ and the damping ratio C are introduced as

o ST m,e (1)
By considering the LagrangianL = T and the Rayleigh dissipation function R, the equations of motion
can be obtained through the Euler-Lagrange equation,
0 1
@Q 42 12 Q 3 2 12 @R 1 2
de A : =Q,() =12 (22)
d @ @; @;
where Q , () is the generalized external forces evaluated through the principle of the virtual work for a
virtual rotation ;. By assuming the set of horizontalH(t), H(t) and vertical Vi(t), Vo(t) forces acting on
the massesM; and M (as sketched in Fig. 2), the generalized force® ; ( ) are evaluated as

h _ .
Q,()= Kz @+h()?TH()sin(o ( 1) ()

. _ i
( 1y @+v()N?Iv()cos(o (1) () ;

=12 (23)

where the dimensionless external horizontaH ( ) and vertical V( ) forces and their respective ratios,h( )
and v( ), have been introduced as

Ha( )l
Ky '’

Ha( ). Vi( ).
Ha( )’ V() 24)

The equations of motion are then given by the following system of two coupled nonlinear ordinary di erential
equations for the di erence angles j( ), restricted by the inequalities (10),

H()= h( )= v( )=

(. () (L )
MOy N v Y ooy Y
2( ) 2() S()
Cy )
K20 200 5 =t a0 2 )
2()

where M is the (symmetric) mass operator, C is the diagonal viscous damping matrix, D is the (skew-
symmetric) operator multiplying the squared angular velocities (springing from kinetic nonlinearities), K is



Published in International Journal of Mechanical Sciences (2022) in press
doi: https://doi.org/10.1016/j.ijmecsci.2022.108005

the diagonal sti ness operator, andf is the equivalent force vector, de ned as

" # " #
M = m+1 cos(2o+ 1() 2()) ; C=CC 0;
cos(2o+ 1() 20 1 01
: 0 sin(2 o+ 1() ( ))# "k 0#
D - ot 1 2 ; ‘= ;
sin(2 o+ 1()  2()) _ 0 01

8 h [ 9
< @+h()H(C) h(m+1)'( )isin(o+ W NH[A+ v()V() (m+1)s()]cos(o+ 1 )):_

H(C) *() sinCo 20)) [V() <()lcos(o 2()) ’
(26)
Under the assumption of oscillations with small amplitudes j( ), the equations of motion (25) can be
rewritten as the rst order truncation of Taylor series as

( ) ( ) ( )
*1() 4() 1()
M +C + K = fo( ): 27
° ) o) ey TR0 @
where
. u .
m+1 cos2 g 1() O
Mo = ; Ko=
cos2 g 1 0 2()
8 h i 9 (28)
f _<8in o (h()+1)H() h(m+1)°( )i +cos o[(v( )+1) V() (m+1) ()=
o sin o H() *() cosolV() ()] a
with h _ [
()= K2I+( 1coso (h()+1)2TH() (m+1)2i°()
h i (29)

+sin o (v( )+1)2IV() (m+1)20e() :

It is noted that both the equivalent force vector fo and the sti ness operator? K ¢ have non-constant coe cients
whenever the external forces or the ground accelerations vary in time, providing a simultaneous external and
parametric excitation to the system.

The obtained equations of motion are complemented in the next Section by the analysis of the possible
impact scenarios introduced by the unilateral constraints (10) on the di erence angles j ( ).

4 Impact scenarios, no bouncing assumption, and reduction to a single degree of freedom

During the motion, the deformed s-th layer of the planar structure may return to its undeformed con guration
atthetime , s( )= 0. Because thes-th layer can not smoothly continue its motionat  due to the unilateral
constraint on the di erence angle s, eqn. (10), an impact occurs realizing an impulse to the structure. The
e ect of such an impulse is modelled as a non-smooth (instantaneous) transition expressed by a possible jufnp

2|t is noted that, for simplicity in nomenclature, K is de ned as the di erence of the expansion of K and the coe cients of
the linear terms in j of the expansion of f.

%In the following, the brackets [ ] indicate the jump in the corresponding quantity (velocity or acceleration) at the impact
moment  and is de ned as the di erence of that quantity after and before the impact

o A=9( ") 9o ): (30)
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in the layers velocities at the impact time , while the rotations are continuous
n( )= n( ) n=1;2 (31)

Considering the s-th layer as the impacting one while thej-th layer as the other one { 6 s), the possible
impact scenarios are listed in Table 1 in terms of the di erence angles of the layers just before () and just
after ( *) the impact. While two cases are possible before the impact (depending on the number of deformed
layers), after the impact three conditions can be realized, namely

~ no bouncing for which the impacting layer stops and the other one has a velocity jump

s( )s( 7)=0; +( )8 5( ") (32)
~ bouncing for which the impacting layer reverses its motion and the other one has no velocity jump

s( )s()<0 4 )= () (33)
" partial bouncing, for which the impacting layer reverses its motion and the other one has a velocity jump

s( )s()<0 4( )6 4( ") (34)

Table 1: Impact scenarios of the planar lattice when thes-th layer is impacting at the time  (s;j = 1;2 with
s6j)

Just before impact ( = ) Just after impact ( = *)
#Dg;;:ed Condition #Dg‘;;ged Condition
s( 1)=0; ;
(*)80 No Bouncing
i
. S ) o 1 ()60 oo
i )=0 i(1)=0 nems
s( 7)60; . .
2 (*)80 Partial Bouncing
i
+ —_ .
1 S( ) - 01 H
5 s( ) O 1 (*)6 No Bouncing
. o s . . :
50 ) Js( ) 2 ()60 Boincing
i(")se

In analogy with other classical problems in physics (as, among others, the bouncing ball, the collision of
rolling balls, vehicle collision, and rocking motion of rigid block on rigid surfaces), the structural system may
lose part of (or even increase in the presence of external forces, as shown later) its energy during the impact (in
the form of heat, noise, dissipation mechanisms, etc). Since the di erence angleg and ; are continuous, eqn.
(31), the potential energy , egn. (18), is continuous too and therefore the variation in the energyE= T +
implies a variation only in the kinetic energy T, eqn. (17). Following Housner [42], a restitution coe cient r
can be introduced as the ratio between the kinetic energies just after and just before the impact,

_T(Y,
()

r

0, (35)
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so that the energy di erence at the impact can be expressed as
EC") EC)=T(") T ()= @ nT( ) (36)

In some impact problems, inherent assumptions about the motion de ne the value of the restitution coe -
cient r. For example, by assuming the pivoting point coincident with the impact point in the rocking motion
of a rigid body, a closed form expression for can be derived through the law of the conservation of the
angular momentum [42]. However, the present structural system shows statically indeterminacy at the impact
and therefore a closed-form expression for the restitution coe cientr can not be derived. An experimental
campaign should be performed to e ectively overcome the indeterminacy about the restitution coe cient, as
well as the scenario disclosure after the impact. Since, experimental measures fall outside the scope of the
present research, and these are anyway expected to be a ected by the technical realization of the joints and
sliders, and the material composing the structure, the following simplifying assumptions are made

i. no bouncing of the impacting layer;
ii. only one layer deformed at every time .

Under the two previous assumptions, the inequality (10} constraining the di erence angles reduce to
1( ) 2()=0; 8 ; (37)

so that a unique angle measure ( ) can be introduced to describe in time the two di erence angles as

( (
()= () 1()=0;
if 0; d if 0; 38
o )=0: if () an ()= (): if () (38)

and therefore

by excluding bouncing, the present non-smooth two degrees of freedom system
can be modeled as a non-smooth single degree of freedom system.

More speci cally, the two equations of motion (25) are equivalent to the following single equation of motion
for ()

L+ m)HCO) ey HOONC )+ KHCO) ()=
h i
sin( ()i+ o) @+h(NFCOIHC) @+ m)HCOD () (39)
h i
+sgn[ ()cosf ( )i+ o) @+v( NV v(y @+ mPtO ey ;

with the sign, the absolute value, and the Heaviside stefH functions providing the discontinuous character at
each impact time , where ( ) =0. The acceleration jump [*( )] at the impact can be evaluated from the
equation of motion (39) as

rCn= S9N ) m)H( )sin o+ (@ e+ myCL( )

1+m (40)

H(m+v( )+2)V( ) 2(1+m)( )cos og;

which shows that the non-smooth response of the system is not only deriving from the possible energy (or,
equivalently, velocity) change at the impact, and therefore is present even in the case of kinetic energy (or
velocity) continuous at the impact. Moreover, the jump acceleration is not a ected by the horizontal ground
acceleration °.

10
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In addition to non-smoothness, in general the system displays also no symmetry in the response. However,
a symmetric behaviour in the horizontal load and ground motion can be recovered when the structural system
is loaded only with forces at the top layer, (/( ) = h( ) = 0), the mass is only present at the top layer (m = 0),
and the damping and sti ness are the same for the two layers ¢ = k = 1). Indeed, under these assumptions
the equation of motion (39) simpli es to*
h i
‘()+CL)+ ()=sin(j ()i+ o H() *() +sgn[ ()cos( ( )i+ o[V() <) (42

which implies that the rotation ( ) has the following symmetry in the horizontal load and ground motion (by
keeping same vertical load and ground motion)

Oy Ovor = Olw o O OF (43)
Under the considered symmetry assumption, the acceleration jump in egn. (40) reduces into
h [
[C A=san[ ()] C[L N+2cos ofV( ) <( )] ; (44)

con rming that the non-smooth character in the acceleration still persists, although dependent only on the
vertical actions, V( ) and *( ), and not not on the horizontal ones,H( ) and °( ).

A further comment on the dissipation at the impact is needed before addressing egn. (42) in the following
Sections to analyse the non-smooth vibrations of the system under constant and varying loading conditions. In
addition to the restitution factor r, the dissipation at the impact can be also expressed through the reduction
factor e 2 (0; 1], which is the multiplier of the velocity just before the impact, —( ), to obtain that just after,

— *), namely
- " =e_ : (45)

By considering the kinetic energy T, eqn. (17), the restitution factor r can be related to the reduction factor

e as h i, h I'2
e )sin o+ { ) "+ e )cos o+ ()

> ] L] ; (46)
{ )sin o+ { )+ L )cos o+ ()

showing that the two factors can not be both assumed as constant values, except when both the ground
velocities are null,

r =

4 )=_()=0 ) r= e (47)

It is evident from egn. (46) that a decrease of kinetic energyT at the impact de nes the two following
equivalent constraints
h [
r<1 (I+eL )+2 L )sin o+ _( )coso L )>0; (48)

and therefore the conditione 2 (0; 1) guarantees the energy reduction only in the case of null ground velocities,
egn. (47). The same phenomenon can be observed also in the classical problem of rocking motion of rigid
bodies, which to our best knowledge has not been previously disclosed in literature [42, 43, 44, 45, 46, 47, 48, 49].
Indeed, as shown in the next Section, the present system displays some similarities with the rocking motion of
rigid bodies in terms of energy balance and behaviour at the impact instant, but it is fundamentally di erent

“It is interesting to note that the non-smooth structural system under consideration reduces to an inverted (smooth) pendulum
constrained by a linear elastic torsional spring when the undeformed con guration angle is takenas o= =2,
h i
()t CL)+ ()=cos () H() *(C) sin ()[V() <()l: (41)

11
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for its multistable nature due to presence of restoring forces enabled by the visco-elastic hinges (more details
on the energy balance of the rocking rigid body and its similarities with the present system are provided in
Appendix A).

In conclusion, the non-smoothness of the present system appears at every impact time § and in particular:

" a jump in the acceleration [( )], inherent to the non linearity of the governing equation, is always
present;

" ajump in the velocity [ { )] may be introduced to represent dissipation mechanisms at impact (as, for
example, through the reduction factor €).

The system is analysed under di erent loading conditions in the following Sections. First, in order to
provide an insight into the in uence of the velocity reduction factor, the system has been analysed in Sect.
5 under constant loading conditions with constant reduction factor less then the unite < 1, which as it has
been shown in the literature of rocking motion [50, 51, 52, 53, 54], remains the best approach to introduce
the damping mechanism under non-varying loadings. Then, the analysis is extended in Sect. 6 to loading
conditions varying in time by modelling the dissipation mechanisms through viscous damping only (therefore
taking a unit reduction factor, e = 1), because of the large number of parameters present in the model.

5 Vibrations at constant vertical loading

Under a constant vertical load, while all the other forces and the ground motion are null, and for symmetric
linear damping B
V)=V, H()=v()="*()=+()=0; c=1; (49)

the equation of motion (39) reduces to

L+ m)PCOD =y )+ KHCOD () =sgn[ ()cos( ( )i+ o)V (50)
and the (dimensionless) potential energy can be evaluated as the elastic energy stored in the deformed spring
and the potential of the load as

P()=kHO)_—+VI[sin ¢ sin( o+jj)]: (51)

2
2

It is interesting to note that by considering a symmetric system with null damping (k =1, C= m = 0),
egn. (39) can be rewritten as

")+ ()= sgn[(NVsin o S+] ()i (52)

which di ers from the celebrated equation of the free rocking motion for rigid bodies obtained by Housner in
1963 [42] only for the presence of the linear term in rotation related to the rotational springs (further details
are provided in Appendix A).

The dynamics under constant vertical loading and no-bouncing assumption is investigated in this Section
through small amplitude vibrations analysis, phase portraits for large amplitude vibrations, and through the
realization of a bouncing-like motion from extreme non-symmetric systems.

5.1 Small amplitude vibrations

Expansion at the rst order for small amplitude rotation ( ) provides the following honhomogeneous di er-
ential equation with non-constant coe cients

@+ mHCO) sy c )+ Vsin o+ KN (D ()=sgn[ ()]Vcos o; (53)
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which, by considering that the rotation is continuous in time, consists in a nonhomogeneous piecewise-linear
di erential equation with constant coe cients, which is expressed dependently on the rotation sign as
8

2 Y]
202 O BT = TR for ()>0
(54)
. [2] NI v : :
()+2 2 o L)+ ¢ ()= Vcosg for ()<0;
where Bp] and p are respectively the "apparent’ angular frequency and the damping ratio,
s
[ — k + Vsin 0. 1= —p nC .
° ) 1+m 2p1+g1vk+Vsin 0 (55)
D= 14Vsin o7 o= p—oe
2 1+Vsin g
Since the derivative of the (dimensionless) potential energy (51) can be approximated as
dpP — . _
# kHO) + Vsin o sgn[ ]V cos o: (56)
the stability of the undeformed equilibrium con guration is assessed as
. stable N J— <0
=0is unstable equilibrium if Vcos o >0 (57)

In addition to the undeformed equilibrium state ( ) =0, two adjacent equilibrium states ( )= a > 0 and
()= B < 0 can be evaluated from eqgn. (54) as
V cos V cos
A= —— 2 >0  g= —— 2 <0 (58)
k+ Vsin g 1+Vsin g

which are unstable (or stable) when the undeformed state is stable (or unstable). Indeed, the constraint about
positive A and negative g together with the condition for a stable undeformed state (V cos ¢ < 0) leads to
the following constraint

vV < mlnfl;kg;

minf1;kg+ Vsin (< 0 ) . (59)
SIn o
which implies a positive sign in the potential energy di erences
o2 T2
V cog o V cod o
P P (O — > 0 P P (O — > 0 60
() © 2 k+ Vsin g () © 2 1+Vsin g (60)

and therefore the instability of the corresponding deformed equilibrium states.
Due to the nature of the small vibration analysis, the two equilibrium con gurations A and g are relevant

only when their modulus is small, condition appearing only if ¢ =2, for which
] \Y]
— - — - ; 1
A ey 2 9 B 1+v 2 ©°° (61)

under the constraint (59), which reduces to
V< minflKkg: (62)

Overall, recalling the restriction ¢ 2 (0; ), considering null initial velocity ( (0) = 0) and a non-null position
( (0)= o 60), adivergent motion (under small rotations) is realized from the undeformed state =0 in the
following cases

13
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" wh 8 ~ifV = > 0;
when g 2I > 0 ;

~ when ¢! > if V
taking o< g;

5 o0 < 0 and in addition if V< k by taking o> A andifV< 1 by

" when O:EifV< k by taking o> O andif V< 1 bytaking o< O.

Recalling the solution from linear oscillators under constant force and with a subcritical damping € 1; 20 <
1), the vibrations in time are expressed for initial non-null rotation and null velocity ( ¢ 6 0 and 4 =0) by

q_ q_——

h —
. i V cos
()=e ©» o Acos 1 2 Pl 4+ Bjsin 1 2 Pl 4+ 1)isgn[o] 5o —;
k2 P+ Vsin g
| (63)
. 3 1)'sgn i1 [ .
with p = ( ; anlol. o 5 M E i 2 No;
where @ = 0, y represents the time when thei-th (non-bouncing) impact occurs (i 2 N), while A; and B;
are integration constants de ning the motion before the (i + 1)-th impact and after the previous one to be
evaluated as iterative procedure starting from the initial conditions, (0) = o and (0) = 0O, for i = 0 and

following the condition of continuous rotation and discontinuous velocity at the i-th impact for i 1, given by

m - i g i+ _ fi

— —e_ ; i 2 N: (64)
Restricting the attention to undamped symmetric systems (m = C= 0, k = 1), for which E)p] = o and
p =0 (p=1;2), the small vibrations at constant vertical loading reduce to
. , V cos i .
()= Aicos( o )+ Bisin( o )+( 1)sgn[o] ———2—: for 2 [ =l i 2 Ng; (65)
1+Vsin g
with the two non-trivial equilibrium rotations (58) becoming
V cos o
= = — 66
A 8 1+Vsin ¢ (66)
which are relevant only when g =2 and are unstable when
V< 1 (67)

By assuming that the dissipation does not appear even at the impact ¢ = 1), the motion becomes periodic
with a dimensionless period Ty, di erent from 2 = o wheneverV 8 0, given by

0 1
4 1
1+Vsin g 1 1+Vsin g.
V cos g

which, from its expansion at small rotation ( ¢  0), under the constraint j o] Vcos o=(1+ Vsin o), for
0 6 =2 results proportional to the square root of the initial perturbation o, similarly to the dynamics of a
rocking rigid body [42] (see Appendix A)

e
To( o) Po———; (69)
V cos g
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con rming the inequality (57) for having no divergent motion from the undeformed state = 0. Moreover, in the

case when o =2, the non-trivial equilibrium con guration can be approximatedby A (=2 o) V=(1+
V) and the following expansion for the dimensionless period § can be obtained
2 3
4 1
To( o) P——= arccosg = g ; (70)
1+V 1 1tV id
V vl 0

further con rming that the divergent motion (under the small rotation assumption) from the undeformed state

( =0) is realized under the conditions obtained from the potential energy analysis discussed before.
Extending now the small amplitude vibrations to the presence of impact dissipation € 1), the oscillations

lose periodicity by decreasing amplitude and period after every impact. Indeed, through energy balance, the

(small) oscillation amplitude "¢ = 2 D1 at the beginning of the n-th oscillation (occurring from

[2(n 1) (2(n)] — [2(n 1)

I and +T fD”g, therefore encompassing two impactsn 2 N) can be approximated as

Y (72)
while the n-th cycle period Tj'? can be approximated by?

(1+ )2

fng 1)+f1g. : flg
Tpo 0 DTS with  Tp y

To To (72)

showing the decrease of both the amplitude ["? and period TS with the increasing number of impact cycles,

similarly to the rocking motion of rigid bodies. More speci cally, it is noted that the period T fD”g approaches
zero in the limit of in nite number n of oscillations and, interestingly, the oscillatory motion ends at a nite
time ,, because the corresponding time 2" for innite n is given by the following convergent geometric
series (fore < 1)

n _ X rfpg _1te

= i _1re 4
n = D 21 o °

n!l (73)
p=1

5.2 Phase portraits of vibrations at large amplitude

The vibrations for a system under a constant vertical loading are here addressed without any restriction about
small rotations. The analysis is referred to a system with ¢ = 80 and loaded only with a constant vertical
load V = 1:5=sin ¢ 1:523, realizing multistability through three © stable equilibrium states ( = 0,
= ;>0and = | < 0), while for simplicity a null mass ratio is assumed fn = 0). Considering specic

initial rotation and velocity, the numerical integration of the equation of motion (50) can be performed and the
trajectories within the phase plane = _de ned. These trajectories show how the motion evolves in time and in
particular allows for the de nition of separatrices namely lines separating conditions in regions corresponding
to qualitatively di erent motion. Moreover, all the trajectories display a discontinuity in their tangent when
crossing the switching condition = 0.

The phase portraits for a symmetric system k=1, for which | = n = 1:462) are reported in Fig. 4
with varying the dissipation source, more speci cally:

5Since the oscillation period decreases as e ect of each impact, the time interval between two impacts decreases too, namely

[2n] [2n 1] < [2n 1] [2(n 1)]. n2N:

8t is noted that the tetrastability presented in [38] reduces here to tristability because of the assumption about no more than
one deformed layer at any time.
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Figure 4: Phase portrait ( ) - ) for the symmetric system (k =1, m = 0) under a constant vertical load
V= 1523 and for =80 with varying dissipation source: (a) no dissipation (e =1, C=0), ( b) dissipation
through impact only (e =0:8, C=0), and ( ¢) dissipation through viscous damping only =1, C=0:1).

Fig. 4 a) no dissipation (C = 0, e = 1). The system is conservative and the phase portrait is symmetric
with respect to both the and —axes. The separatrices (reported as dashed gray line) de ne three
bounded regions, each one containing one attractor (equilibrium con guration) only. Therefore,
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