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Abstract

A homogeneous elastic solid, bounded by a flat surface in its un-
stressed configuration, undergoes a finite strain when in frictionless
contact against a rigid and rectilinear constraint, ending with a
rounded or sharp corner, in a two-dimensional formulation. With
a strong analogy to fracture mechanics, it is shown that (i.) a
path-independent J–integral can be defined for frictionless contact
problems, (ii.) which is equal to the energy release rate G associated
with an infinitesimal growth in the size of the frictionless constraint,
and thus gives the value of the configurational force component
along the sliding direction. Furthermore, it is found that (iii.) such
a configurational sliding force is the Newtonian force component
exerted by the elastic solid on the constraint at the frictionless
contact. Assuming the kinematics of an Euler-Bernoulli rod for an
elastic body of rectangular shape, the results (i.)–(iii.) lead to a
new interpretation from a nonlinear solid mechanics perspective
of the configurational forces recently disclosed for one-dimensional
structures of variable length. Finally, approximate but closed-form
solutions (validated with finite element simulations) are exploited
to provide further insight into the effect of configurational forces. In
particular, two applications are presented which show that a trans-
verse compression can lead to Eulerian buckling or to longitudinal
dynamic motion, both realizing novel examples of soft actuation
mechanisms. As an application to biology, our results may provide
a mechanical explanation for the observed phenomenon of negative
durotaxis, where cells migrate from stiffer to softer environments.
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1
Introduction

Initiated by Eshelby [15–17], configurational mechanics provides a
groundbreaking insight into problems where a defect can change its
position or increase in size and release energy, which is associated
to a force, called ‘configurational’, acting on the defect and causing
its movement. In the specific case of a rectilinear crack in a linear
elastic material, the energy release rate G associated with a crack
advancement was found by Cherepanov [11] and Rice [40, 41] to be
given by a path-independent integral, the so-called J–integral. The
latter author involved the energy-momentum tensor P introduced
by Eshelby, so that a crack driving force can be related to fracture
growth.

Historically, configurational forces were assumed to be different
in nature from Newtonian forces, which enter the equations of
motion of a solid [22, 27]. However, a number of elastic structures
with variable length has been recently investigated to show that
a special class of configurational forces are Newtonian forces and,
as such, can even be determined experimentally. These structures
include a rod with one end sliding inside a frictionless sleeve (in
both quasi-static [5, 30] and dynamic [1, 29, 45] settings), a rod
subjected to torsion [6] and a rod moving inside a frictionless, rigid
and curved channel [14]. Remarkably, a common feature of these
structures is the possibility of a free movement in a certain direction,
to which the configurational force becomes energetically conjugate.

Inspired by these results in structural mechanics, Ballarini and
Royer-Carfagni proposed an interpretation of configurational forces
as resultants of Newtonian contact forces acting on defects, through
the solution of simplified models, representative of a solid containing
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1 | Introduction

an edge dislocation or a crack [2].
Along the same research line, the frictionless contact is addressed

in the present work of a homogeneous elastic solid, bounded with
a planar surface and undergoing large deformations against a flat
and rigid indenter, ending with a rounded or sharp corner. In this
situation, it is shown that a path-independent J–integral can be
defined (so far restricted to small strain states [31, 32, 47]) and cor-
responds to the energy release rate G, also known as configurational
force, associated with the constraint growth (expressions for J and
G are deferred to Chapters 4 and 5). In turn, the configurational
force is shown to coincide with the negative of the reaction force R1

(parallel to the undeformed flat boundary of the solid) which the
corner of the constraint transmits to the elastic solid, in summary,

G = J = −R1. (1.1)

Two paradigmatic examples of generation of a horizontal config-
urational force are systematically referred, Fig. 1.1 (the rollers
visualize bilateral smooth contact, while the brown element symbol-
ize unilateral contact), where an elastic solid of rectangular shape of
undeformed height h0 is subjected to a nominal transverse stretch
λ2 < 1. It will be shown that in both cases the horizontal reaction
force R1 at the corner is provided with an excellent approximation
by

R1 ≈
Φl h0

λl
1

, (1.2)

where Φl is the strain energy density and λl
1 the stretch, both

evaluated at the left edge ∂Bl
0 of the elastic rectangle where these

are assumed constant. The simple approximate expression (1.2)
is obtained within a large deformation framework for hyperelastic
materials and is valid for both rounded and sharp corners, as well
as for both types of boundary conditions (unilateral or bilateral fric-
tionless contact) applied at the lower side of the rectangular domain.
With the purpose of connecting the present solid mechanics frame-
work with the recent results obtained in configurational structural
mechanics [5, 6, 14, 30, 37], a rectangular elastic solid is analyzed,
subject to the kinematics of an Euler-Bernoulli rod. In this way,
a novel derivation from a nonlinear solid mechanics perspective is
obtained for the outward tangential reaction, generated at the end
of a sliding sleeve constraining an elastic rod, previously disclosed
only through one-dimensional models.
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Figure 1.1: A rectangular elastic solid (green) of initial height h0 is deformed
through a transverse compression (of nominal stretch λ2 < 1) against a flat,
rigid, and frictionless punch (brown) ending with a sharp corner. Rollers denote
bilateral, while brown elements unilateral, frictionless contact. The transverse
compression generates a concentrated reaction force R1, shown in this work
to be coincident with the negative of the J–integral, which in turn defines a
configurational force, eqn (1.1), and that can be evaluated with an excellent
approximation through eqn (1.2).

The relevance of our results to the design of new soft actuation
mechanisms is demonstrated by two applications whose approximate
solution is obtained analytically and validated by finite element
simulations. In particular, it is shown that the configurational
forces induced by a transverse compression may lead in one case
to Eulerian buckling and in the other to the longitudinal motion
of an elastic layer. The latter result may introduce a mechanical
explanation to the so-called negative durotaxis, a biological process
in which cells migrate from a stiffer towards a softer environment
[25].
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2
Finite Elasticity

The purpose of this chapter is to introduce the basic principles of fi-
nite deformation solid mechanics, an important branch of mechanics.
Mechanics is a crucial discipline for understanding the behaviour
of materials and structures under various conditions. The study of
elasticity is central to explain the mechanical response of materials
when subjected to external forces and deformations.

In the present chapter the kinematics is initially introduced,
including material and spatial representations, and strain tensors.
Statics follows through the presentation of the Cauchy theorem
and the stress tensors. The conservation of mass, balance of linear
and angular momentum, and the equations of motion are recalled.
The various measures of stress and deformation are shown to be
conjugate in the sense of work by the theorem of Power Expended.
A final section focuses on hyperelasticity, a fundamental concept
that governs the behaviour of many materials, such as biological
tissues and elastomers. Here, the strain energy density function is
introduced together with the incompressibility constraint.

Interested readers are invited to consult [4, 21, 24, 38]for further
details.

2.1 Kinematics

One can imagine a body, denoted as C, as a collection of particles,
represented as P ∈ C. When C moves in three-dimensional Euclidean
space, it occupies different spatial regions during transitions from
one moment to another. These distinct spatial arrangements are
known as configurations and are symbolically denoted as B. Among
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2 | Finite Elasticity

these configurations, it is possible to identify one, the preferred one,
against which all others must be referenced, called the reference
configuration B0

In the reference configuration B0, any point x0 can be identified
by its position vector x0 = x0i e

0
i , where the set e0i define three

unit vectors representing the orthonormal basis of three-dimensional
space. In the current configuration, any point x is represented as
x = xiei. Assuming that the basis remains constant throughout the
process, only ei will be used.

The motion of a particle can be described using the transforma-
tion function g:

x = g (x0, t) . (2.1)

To prevent penetration and material laceration, it is essential that
the function g (x0, t) is biejective. This criteria include the need
for continuous derivatives in both space and time and the need to
be invertible. The capability to invert this function is pivotal, as it
allows one to determine the original position from the current one:

x0 = g−1 (x, t) . (2.2)

From these descriptions of motion, it becomes clear that there are
two fundamental approaches to characterizing kinematics. The first
is the material description (also known as referential or Lagrangian
description), which defines motion with respect to the reference
configuration. The second is the spatial (current or Eulerian de-
scription), which characterizes motion with respect to the current
configuration.

Since the definitions of the description are provided, let us go
though the material and spatial time derivatives. These derivatives
are essential for capturing the dynamic aspects of motion.

Let us proceed by considering a material field represented as
ϕ = ϕ (x0, t) and explore the concept of material time derivatives:

ϕ̇ (x0, t) =
∂ϕ (x0, t)

∂t
, (2.3)

conversely, for a spatial field ϕ = ϕ (x, t), its spatial time derivative
is simply denoted by ∂ϕ (x, t) /∂t. Its material time derivative is

ϕ̇ (x, t) =
∂ϕ (x, t)

∂t
+ gradϕ (x, t) · v (x, t) . (2.4)

The displacement field is a vectorial field which relate the actual
position to the referential. It represent at any time the distance
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2.1 | Kinematics

between the two points. In the material description:

u0 (x0, t) = x (x0, t)− x0, (2.5)

in the spacial:
u (x, t) = x− x0 (x, t) . (2.6)

it is important to note that u0 = u.

Figure 2.1: The particles of a body can be uniquely identified in a three-
dimensional Euclidean space by defining an orhonormal basis ei by their position
vector xi. The mapping of its points in the different configurations B is defined
by the deformation function g when a reference configuration B0 is selected.

The velocity field is the derivative of the motion with respect to
time:

v0 (x0, t) =
∂g (x0, t)

∂t
; v (x, t) =

∂g−1 (x, t)

∂t
. (2.7)

it is important to note that v0 = v.

The acceleration field is the second derivative of the motion with
respect to time:

a0 (x0, t) =
∂2g (x0, t)

∂t2
; a (x, t) =

∂2g−1 (x, t)

∂t2
. (2.8)

it is important to note that a0 = a.
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2 | Finite Elasticity

Considering now two points identified by the position vectors
x0 and y0, where the latter is in the neighbourhood the previous,
in the referential configuration B0. These points are transformed in
the current configuration B as:

x = g (x0) ; y = g (y0) , (2.9)

If one does the Taylor series expansions of g (y0) around x0 obtains:

g (y0) ≈ g (x0) +
∂g (x0)

∂x0
(y0 − x0) (2.10)

so that the vector who join the points in the deformed configuration
is:

y − x = g (y0)− g (x0) ≈ F (x0) (y0 − x0) (2.11)

where F is the deformation gradient, by definition it is:

F (x0) =
∂g (x0)

∂x0
; F−1 (x) =

∂g−1 (x)

∂x
. (2.12)

Figure 2.2: Two point x0 and y0 in the same neighborhood of a continuum
body in the reference configuration B0 after a deformation g are mapped in x
and y. The distance of the two point in the current configuration is ruled by
the deformation gradient as (y − x) = F(y0 − x0)

While, the displacement gradient is:

∇u0 =
∂u0

∂x0
=

∂x

∂x0
− ∂x0

∂x0
= F− I

∇u =
∂u

∂x
=

∂x

∂x
− ∂x0

∂x
= I− F−1.

(2.13)

The infinitesimal reference volume can be evaluated as:

dv0 = |(dx0 × dy0) · dz0| , (2.14)
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2.1 | Kinematics

while the infinitesimal current volume:

dv = |(dx× dy) · dz| , (2.15)

but recalling the deformation gradient one obtains:

dv = |(Fdx0 × Fdy0) · Fdz0| = J dv0. (2.16)

where J = detF is known as the volume ratio or Jacobian deter-
minant. Since F is invertible is not possible to have J = 0 and
because of the impenetrability of matter one expect only positive
volume so the Jacobian must be positive J > 0. A special case must
be highlighted: when J = 1 the deformation is called isochoric or
volume-preserving and the body keeps the volume constant during
all the processes.

Figure 2.3: A reference infinitesimal cubic volume dv0 having edges dx0, dy0

and dz0 after a deformation g is transformed in the current configuration in a
prism with esges dx, dy, dz and volume dv

If one consider now an infinitesimal deformed volume as the
scalar product of an oriented area and a vector obtains:

dv = ds · dx = J ds0 · dx0 (2.17)

where ds = dsn and ds0 = ds0n0 denoting the oriented area in the
actual and referential system. Then introducing the deformation
gradient: (

FTds− J ds0
)
· dx0 = 0 (2.18)

since it must be valid for every infinitesimal vector dx0 one obtains
the Nansosn’s rule:

ds = JF−Tds0. (2.19)

Marco Amato 11



2 | Finite Elasticity

Figure 2.4: An infinitesimal reference oriented area ds0 = ds0n0 after the
deformation g is transformed in the current configuration via the Nanson’s rule
as ds = dsn = JF−Tds0.

From a material point of view, the stretch vector λw0 in the
direction of the unit vector w0 at x0 ∈ B0 can be defined as:

λw0 (x0, t) = F (x0, t)w0 (2.20)

its length is the stretch ratio λ = |λw0 |. According to this definition
of stretch ratio a material line element can extend (λ > 1), compress
(λ < 1) or preserve its length (λ = 1). The square of the stretch
ratio can be computed as:

λ2 = λw0 · λw0 = Fw0 · Fw0 = w0 · FTFw0 = w0 ·Cw0 (2.21)

where C = FTF is defined as the right Cauchy-Green tensor, it is
symmetric and positive definite.

Analogously, in a spacial point of view the stretch vector λw in
the direction of the unit vector w at x ∈ B can be defined as:

λ−1
w (x, t) = F−1 (x, t)w (2.22)

its length is the inverse stretch ratio λ−1 =
∣∣λ−1

w

∣∣. The square of
the inverse stretch ratio can be computed as:

λ−2 = λw ·λw = F−1w ·F−1w = w ·F−TF−1w = w ·b−1w (2.23)

where b = FFT is defined as the left Cauchy-Green tensor, it is
symmetric and positive definite.

It is always possible to decompose a tensor F into a pure stretch
tensor and a pure rotation tensor thanks to the polar decomposition
theorem:

F = RU; F = VR (2.24)

12 Marco Amato



2.2 | Statics

where U = C1/2 and V = B1/2 define unique, positive definite and
symmetric tensors called the right stretch tensor and left stretch
tensor, while R is a orthogonal tensor with detR = 1 called rotation
tensor.

With all these ingredients one can now write the more general
strain tensor measure:

E(m) =


Um − I

m
m ̸= 0

logU m = 0
; G(m) =


Vm − I

m
m ̸= 0

logV m = 0
.

(2.25)

2.2 Statics

Imagine a body C in the current configuration B subjected to forces
which act on the surface of the body σ and forces which act on the
interior volume of the solid b. Imposing now the equilibrium of the
body:

∫
C
b+

∫
∂C

σ = 0∫
C
(x− o)× b+

∫
∂C

(x− o)× σ = 0

(2.26)

where o is any origin. Let the body be cut by a plane which
passes any given point x̃ and separate the body into two portions.
Postulating that another force field exists inside the body: the stress
vector or traction s defined per unit area. Under Cauchy hypothesis,
this traction vector depends only on the unit normal n and the
point x̃ as s = s (x̃,n).

Marco Amato 13



2 | Finite Elasticity

Figure 2.5: A body in equilibrium under surface and body forces (left). The
body is cut by a plane defined by its normal n to show the traction vector s
(right).

Since balance holds, any portion P must be in equilibrium so:∫
P
b+

∫
∂P

σ = 0∫
P
(x− o)× b+

∫
∂P

(x− o)× σ = 0

(2.27)

The Cauchy theorem state that if σ and b are system of forces for
C, a necessary and sufficient condition for (2.27) to hold for any
part P ∈ C is the existence of a spatial field T (x̃,n), the so-called
Cauchy stress tensor, such that:

• the traction vector is a linear function of the unit normal n
through the Cauchy stress tensor

s (x̃,n) = T (x̃,n)n (2.28)

transforming the spatial unit normal to the spatial vector s

• the Cauchy stress tensor is symmetric

T = TT (2.29)

• the Cauchy stress tensor T satisfies the local equilibrium
equation

divT+ b = 0 (2.30)

14 Marco Amato



2.3 | Balance Principles

Stress is the internal counterpart to forces applied by the envi-
ronment to the body in its actual configuration: it intrinsically
represents, therefore, a spatial quantity. However, the following
identity may be derived easily from Nanson’s formula:

Tnds = Sn0ds0 (2.31)

where
S = JTF−T (2.32)

is the first Piola-Kirchhoff stress tensor and s0 = Sn0 is the nominal
traction which satisfies:∫

∂P0

Sn0 =

∫
∂P

Tn (2.33)

Tensor S is in general un-symmetric but thanks to the symmetry of
T the following identity holds:

SFT = FST (2.34)

Last consideration about the local equilibrium equation in both
reference and current configuration in absence of body forces state:

DivS = 0; divT = 0 (2.35)

thanks to divergence theorem:∫
P0

Sn0 = 0;

∫
P
Tn = 0 (2.36)

showing that both first Piola-Kirchhoff and Cauchy stress tensors
are solenoidal.

2.3 Balance Principles

Every body C possesses a mass m. It is possible to define the mass
as the amount of matter which define the body C. The mass is
a fundamental physical quantity. It is a positive scalar invariant
during the motion.

In general is it possible to identify three different kinds of system:
the closed, the isolated and the open system. The closed system
is characterized by a fixed amount of mass. In a closed system no
mass can cross the border of the system, only energy in the form of

Marco Amato 15



2 | Finite Elasticity

work or heat can do that. A system in which not even energy can
cross the edge is said to be isolated. Conversely, an open system is
the one in which the volume is fixed and both mass and energy can
cross the edge.

Figure 2.6: The closed system (left), in which no mass can cross the boundary,
only energy can. The isolated system (centre), where neither mass nor energy
can pass through. The open system (right) is the one in which both mass and
energy can cross the boundary.

In the following treatment attention is devoted to the closed sys-
tem. Starting with the consideration that mass cannot be produced
or destroyed, one can writes:

m (B0) = m (B) > 0. (2.37)

The mass of B0 and B is characterized by a continuous scalar field:
the mass density. The mass density is defined as:

ρ0 (x0) = lim
∆v0(B0)→0

∆m (B0)

∆v0 (B0)
; ρ (x, t) = lim

∆v(B)→0

∆m (B)
∆v (B)

(2.38)
so the infinitesimal mass element is:

dm = ρ0 (x0) dv0 = ρ (x, t) dv > 0 (2.39)

as a consequence the total mass:

m =

∫
B0

ρ0 (x0) dv0 =
∫
B
ρ (x, t) dv = const > 0 (2.40)

16 Marco Amato



2.3 | Balance Principles

which implies:
ṁ = 0. (2.41)

A relation between referential and actual mass density could be
found starting from (2.40):∫

B0

[ρ0 (x0)− ρ (g (x0, t) , t)J (x0, t)] dv0 = 0 (2.42)

which leads to:

ρ0 (x0) = ρ (g (x0, t) , t)J (x0, t) (2.43)

from which one can obtain:

ρ̇0 (x0) = 0; ρ̇ (x, t) + ρ (x, t) divv (x, t) = 0. (2.44)

The Reynolds’ transport theorem, provides the material time deriva-
tive of a volume integral of a generic (either scalar or vectorial)
spatial field ϕ = ϕ (x, t):

d
dt

∫
B
ϕdv =

∫
B

(
ϕ̇+ ϕdivv

)
dv (2.45)

or
d
dt

∫
B
ϕdv =

∫
B

∂ϕ

∂t
dv +

∫
∂B

ϕ (v · n) dv (2.46)

A particular case of (2.45) is:

d
dt

∫
B
ρϕdv =

∫
B
ρϕ̇dv. (2.47)

Considering now a body C with mass density ρ = ρ (x, t), given
motion x = g (x0, t) and spatial velocity field v = v (x, t), one can
define linear momentum L the following amount:

L (t) =

∫
B
ρ (x, t)v (x, t) dv =

∫
B0

ρ0 (x0)v0 (x0, t) dv0 (2.48)

and the angular momentum J with respect to a fixed point x̃:

J (t) =

∫
B
r× ρ (x, t)v (x, t) dv =

∫
B0

r× ρ0 (x0)v0 (x0, t) dv0

(2.49)
where:

r = x− x̃. (2.50)
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2 | Finite Elasticity

One can now postulate that the first time derivative of the linear
momentum leads to the resultant force and the first time derivative
of the angular momentum to the resultant moment:

L̇ (t) =

∫
B
ρv̇dv =

∫
B0

ρ0v̇0dv0 = F (t)

J̇ (t) =

∫
B
r× ρv̇dv =

∫
B0

r× ρ0v̇0dv0 = M (t)

(2.51)

where the terms ρv̇ and ρ0v̇0 denote the inertia forces per unit of
current and reference volume respectively.

Hence, the resultant force and the resultant moment on the
body have the additive forms:

F (t) =

∫
∂B

σds+
∫
B
bdv; M (t) =

∫
∂B

r× σds+
∫
B
r× bdv

(2.52)
as a consequence the balance of linear and angular momentum in
the spatial description reads:

d
dt

∫
B
ρvdv =

∫
∂B

σds+
∫
B
bdv

d
dt

∫
B
r× ρvdv =

∫
∂B

r× σds+
∫
B
r× bdv

(2.53)

while in material description:

d
dt

∫
B0

ρ0v0dv0 =
∫
∂B0

σ0dS +

∫
B0

b0dv0

d
dt

∫
B0

r× ρ0v0dv0 =
∫
∂B0

r× σ0dS +

∫
B0

r× b0dv0.
(2.54)

Now, starting from (2.53)1 and (2.54)1 and using the divergence
theorem one obtains the equation of motion respectively in spatial
and material description:

divT+ b = ρv̇; DivS+ b0 = ρ0v̇0. (2.55)

Let us now define the external power as:

Pext (t) =

∫
∂B

σ ·vds+
∫
B
b ·vdv =

∫
∂B0

σ0 ·v0dS+

∫
B0

b0 ·v0dv0

(2.56)
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2.4 | Hyperelasticity

the internal power as:

Pint (t) =

∫
B
T · gradvdv =

∫
B0

S · Gradv0dv0 (2.57)

the kinetic energy as:

K (t) =

∫
B

1

2
ρv2dv =

∫
B0

1

2
ρ0v

2
0dv0 (2.58)

Finally, the theorem of power expended state:

d
dt

K (t) + Pint (t) = Pext (t) (2.59)

in spatial description:

d
dt

∫
B

1

2
ρv2dv +

∫
B
T · gradvdv =

∫
∂B

σ · vds+
∫
B
b · vdv (2.60)

in material description:

d
dt

∫
B0

1

2
ρ0v

2
0dv0+

∫
B0

S·Gradv0dv0 =
∫
∂B0

σ0·v0dS+
∫
B0

b0·v0dv0

(2.61)
which define the mechanical energy balance in deformable contin-
uum.

2.4 Hyperelasticity

A material is said to be hyperelastic or a Green’s material when
posses a strain energy density function defined per unit of reference
volume Φ = Φ (F) which depends solely on the deformation gradient
F. The strain energy density function is required to be polyconvex.
An empirical constitutive model for hyperelastic material is:

S =
∂Φ (F)

∂F
; T = J −1∂Φ (F)

∂F
FT (2.62)

For convenience, one can require that the strain energy function
vanishes in the reference configuration F = I:

Φ (I) = 0 (2.63)

From physical observation is known that the strain energy function
increases with the deformation, therefore:

Φ (F) ≥ 0 (2.64)
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2 | Finite Elasticity

Particular attention is paid to a specific class of materials: incom-
pressible materials. A material which keeps the volume constant
during the motion is characterized by the incompressible constraint
J = 1. A general form of constitutive equation of this class of
material is:

Φ = Φ(F)− p (J − 1) (2.65)

where the scalar p is introduced as a lagrangian multiplier which can
be identified as a hydrostatic pressure. It can only be determined
from equilibrium equations and boundary conditions. Knowing that
the constitutive models are:

S = −pF−T +
∂Φ (F)

∂F
; T = −pI+

∂Φ (F)

∂F
FT (2.66)
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3
Prologue: non-accidental coincidences in

contact mechanics at small strain

Linear elastic solutions available in the literature for contact prob-
lems [3, 12, 13, 26, 32] are used to show that a non-null horizontal
reaction force R1 is present at each (smooth, or even sharp) corner
of a frictionless, rigid, flat punch indenting an elastic solid due to an
external vertical load P . The presence of this nonlinear horizontal
force is particularly surprising due to the fact that it is generated
within the context of infinitesimal elasticity and even when the
corner is sharp.

More specifically, with reference to the indentation of an elastic
half space, it is shown that the horizontal reaction force R1 acting
at each corner of the punch is quadratic in the external vertical
load P and coincides with the negative of the path-independent
J–integral evaluation at the corresponding corner, which in turn is
equal to the energy release rate G associated with an infinitesimal
growth of an edge of the punch, namely,

R1 =
(1− ν2)P 2

2πaE
= −J = −G, (3.1)

where a is the punch half-width, while E and ν are the Young’s
modulus and the Poisson’s ratio of the indented half-space, re-
spectively. The coincidence of the horizontal reaction R1 with the
negative of the J–integral finds an explanation in the use of the
energy-momentum tensor for frictionless contact problem, as shown
in Ch. 4. Moreover, the interpretation of J as the energy release
rate G in a configurational mechanics framework is shown in Ch. 5.
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3 | Prologue: non-accidental coincidences in contact mechanics at small strain

3.1 J-integral and energy release rate G for
the indentation of a linear elastic material
with a frictionless, rigid, flat punch with
sharp corners

The two-dimensional (plane strain) problem is considered in the x1–
x2 plane for a frictionless, rigid, and flat punch indenting a linear
elastic isotropic solid on its surface, straight in the undeformed
configuration and defined by x2 = 0.

Restricting the attention to the right corner of the indenter
(located at coordinate x1 = a, x2 = 0), the leading-order term in
the asymptotic expansion at this point for the components of the
Cauchy stress tensor T in polar coordinates [ρ > 0, θ ∈ (0, π), so
that x1 = a− ρ cos θ, x2 = ρ sin θ, Fig. 3.1, (a)] is given by [3, 19,
46]


Tρρ(ρ, θ)
Tθθ(ρ, θ)
Tρθ(ρ, θ)

 =
KI√
2πρ


cos

θ

2

(
1 + sin2

θ

2

)
cos3

θ

2

sin
θ

2
cos2

θ

2


, (3.2)

where KI is the Stress Intensity Factor (SIF) representing the mag-
nitude of the singular fields ‘condensing’ the boundary conditions
as

KI = lim
ρ→0

√
2πρTθθ(ρ, θ = 0). (3.3)

It is noted that the square root singular stress asymptotics (3.2)
present at the sharp corner of a frictionless rigid punch coincides
with the analogue holding for a crack tip under Mode I loading
conditions, when a proper linear transformation of the angular
coordinate is applied. Moreover, the free surface ahead of the punch
tip (θ = π) displays the following first-order term for the normal
displacement uθ [3]

uθ(ρ, θ = π) = −4(1− ν2)KI

E

√
ρ

2π
, (3.4)

where E > 0 and ν ∈ (−1, 1/2] are the Young’s modulus and
Poisson’s ratio, respectively.

Introducing the elastic strain energy density Φ and the displace-
ment field ui, the path-independent J–integral used in fracture
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3.1 | J-integral and energy release rate G for the indentation of a linear elastic material

0
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sharp corner limit

p (x )2 1

r,

,

p (x )2 1

(a)

(b)

(c)

Figure 3.1: The planar contact of a flat punch with (a) sharp and (b) rounded
corners. In both cases the contact with a linear elastic isotropic half space is
frictionless and provided by a vertical force P . The vertical component p2 of the
pressure along the contact surface (marked by the horizontal coordinate x1) is
reported below the sketches (pressure is considered positive when compressive).
In (c): Horizontal component R1 of the contact force reaction present at each
rounded corner (made dimensionless through division by (1 − ν2)P 2/(2πaE)
and obtained from Ciavarella et al. [12]), as a function of the parameter b/a ≥ 1,
describing the ratio between the width of the contact region, 2b, and the width
of its flat portion, 2a.

mechanics at small strains is defined as [40]

J =

∫
Γ0

(
Φn1 − Tijnj

∂ui
∂x1

)
dγ0, i, j = 1, 2, (3.5)

where Γ0 is a continuous counter-clockwise path with outward unit
normal ni. In the context of linear elasticity, the path-independence
of the J–integral, eqn (3.5), has been extended to flat punch prob-
lems by assuming the path Γ0 starting from beneath the indenter
and ending at the free surface [32, 47] (Fig. 3.2). Reducing Γ0
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3 | Prologue: non-accidental coincidences in contact mechanics at small strain

r

,

Figure 3.2: In the context of a rigid flat punch indenting a linear elastic
isotropic half space the J–integral is performed along the semi-circular counter-
clockwise path Γ0 starting from beneath the indenter and ending at the free
surface and it is centered at the right corner.

to a semi-circular path of infinitesimal radius r and centered at
the right corner, the J–integral can be rewritten in terms of polar
components as

J = lim
r→0

∫ π

0
[Φ(r, θ) cos θ+

−Tiρ(r, θ)

(
sin θ

r

∂ui(r, θ)

∂θ
− cos θ

∂ui(r, θ)

∂r

)]
rdθ,

i = ρ, θ. (3.6)

Considering the asymptotic expressions (3.2) and the linear consti-
tutive relations, the J–integral (3.6) for the flat rigid indentation
problem results

J = −1− ν2

2E
K2

I < 0, (3.7)

which differs by a factor −2 from the J–integral found for Mode
I fracture. Similarly to rigid line inclusion problems [7, 20], the
J–integral associated to the flat punch with sharp corners is always
non-positive.

Following Rice [41], the energy release rate G, associated with a
growth ∆ξ of the punch corner and defined as the negative of the
derivative of the potential energy V with respect to the configura-
tional parameter ξ, can be evaluated as

G = −dV(ξ)
dξ

= lim
∆ξ→0

1

2∆ξ

∫ ∆ξ

0
Tθθ(∆ξ − r, 0)uθ(r, π)dr, (3.8)
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3.1 | J-integral and energy release rate G for the indentation of a linear elastic material

which, considering the asymptotic expansions (3.2) and (3.4), equals
the J–integral

G = J < 0. (3.9)

Equation (3.9) shows that a growth in the punch size leads to
an increase of the total potential energy of the system, implying
that the process is not favourable, as in the stiffener problem, but
opposite to crack growth where the energy release is always positive
for an advance of the tip.

It is noted that, although the path-independent J–integral, eqn
(3.5), was already known in flat punch problems of linear elasticity it
has never been related to the energy release rate G associated with
a flat punch growth. Indeed, the J–integral has been so far used
only in the investigation of failure mechanisms connected with crack
initiation [32] or dislocation nucleation [31] at the sharp corners
of flat punches. Moreover, in [47] the J–integral was found to be
null for a rigid-body sliding of the whole punch, a result which is
correct, but trivial because the two opposite forces R1 cancel each
other (Fig. 3.1).

Indenting an elastic half space. The above results can be
used to analyze a linear elastic isotropic half space (x1 ∈ (−∞,∞),
x2 > 0) indented by a (frictionless, rigid, and flat) punch, with
horizontal base of width 2a (and centered at x1 = x2 = 0). When
the punch is subjected to a given compressive normal force P (Fig.
3.1, (a)), the pressure distribution p(x1) (positive when compressive)
at the contact has only a vertical component (p1(x1) = 0, p2(x1) > 0)
given by [26]

p(x1) = p2(x1) =
P

π
√
a2 − x21

, (3.10)

which approaches an infinite value at the two sharp corners (x1 =
±a) and leads to the following stress Tij (i, j = 1, 2) distribution
[42]


T11(x1, x2)

T22(x1, x2)

T12(x1, x2)

 = −2P

π2



x2

∫ a

−a

(x1 − s)2
√
a2 − s2

[
(x1 − s)2 + x22

]2ds

x32

∫ a

−a

1
√
a2 − s2

[
(x1 − s)2 + x22

]2ds

x22

∫ a

−a

x1 − s
√
a2 − s2

[
(x1 − s)2 + x22

]2ds


.

(3.11)
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3 | Prologue: non-accidental coincidences in contact mechanics at small strain

Considering the full-field representation (3.11) for the stress T, the
Stress Intensity Factor (SIF) KI (3.3) for a flat punch of width 2a
subject to a vertical load P indenting an elastic half space results
to be [19, 46]

KI = − P√
πa

, (3.12)

and the J–integral (3.7) reduces to

J = −1− ν2

2πaE
P 2 < 0. (3.13)

Exploiting the path-independence of the J–integral and the null
value of its integrand at the punch contact and at the free surface
(namely, x2 = 0 and excluding the corner point) and at infinite
(namely,

√
x21 + x22 → ∞), the J–integral (3.13) can be evaluated

as

J = −
∫ ∞

0

[
Φ(x1, x2)− T11(x1, x2)

∂u1(x1, x2)

∂x1

]∣∣∣∣
x1=0

dx2. (3.14)

Within the context of configurational mechanics for an hyperelastic
solid undergoing large deformations, the J–integral, eqn (3.5), is
proven in Ch. 5 to equal the energy release associated with an
increase in the size of the frictionless straight constraint with a
corner and therefore to correspond to the horizontal force exerted
by the elastic solid on the rigid constraint. This result is anticipated
below for the rigid flat punch, by showing that the negative of the
J–integral (3.7) matches the horizontal reaction force at its corner.
To this purpose, an indenter with rounded corners is considered in
the Sect. 3.2, including the limit of vanishing curvature radius.

3.2 Horizontal contact reaction force R1 at
the indenter with rounded corner in linear
elasticity

A rigid punch with rounded corners is considered (Fig. 3.1, (b)),
with a central flat portion of width 2a, rounded at both ends with
a parabola of radius of curvature R, described by x2 = h(x1). The
latter function has the following derivative

h′(x1) =


0, if x1 ∈ [−a, a],

−x1 ∓ a

R
, if x1 ∈ [±a,±b],

(3.15)
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3.2 | Horizontal contact reaction force at the indenter with rounded corner

where 2b ≥ 2a defines the unknown contact width, measured as
the projection of the contact zone onto x1. On introduction of a
mapping for the horizontal coordinate x1 ∈ [−b, b] in terms of the
angle ϕ ∈ [−π/2, π/2] as

x1(ϕ) =
sinϕ

sinϕ0
a, with b =

a

sinϕ0
, (3.16)

the component p2(x1) of the pressure distribution p at the contact
is evaluated for an applied vertical force P as [12, 13, 28]

p2(ϕ) =
2P

π(π − 2ϕ0 − sin 2ϕ0)b
{(π − 2ϕ0) cosϕ

+ ln

[∣∣∣∣sin(ϕ+ ϕ0)

sin(ϕ− ϕ0)

∣∣∣∣sinϕ ∣∣∣∣tan ϕ+ ϕ0

2
tan

ϕ− ϕ0

2

∣∣∣∣sinϕ0
]}

.

(3.17)
The unknown angle ϕ0 ∈ (0, π/2] (and therefore the corresponding
detachment semi-distance b ≥ a) can be evaluated as the solution
of the following nonlinear equation

(1− ν2)PR

a2E
=

π − 2ϕ0

4 sin2 ϕ0
− cotϕ0

2
. (3.18)

Note that the pressure distribution p2(x1), eqn (3.17), has never
been exploited to evaluate the horizontal resultant force R1 of the
contact pressure at each rounded corner, where the two forces have
opposite directions and thus satisfy equilibrium. Such horizontal
resultant R1 can be calculated as the following positive quantity

R1 = −
∫ b

a
p2(x1)h

′(x1)dx1

=
a2

R sinϕ0

∫ π
2

ϕ0

p2(ϕ)

(
sinϕ

sinϕ0
− 1

)
cosϕ dϕ > 0,

(3.19)

confirming that the horizontal reaction R1 has an outward direction
at each rounded corner. Exploiting eqns (3.17) and (3.18), the
horizontal force R1 (3.19) can be rewritten as

R1 =
8(1− ν2)P 2 sinϕ0

πaE (π − 2ϕ0 − sin 2ϕ0)
2

∫ π
2

ϕ0

(sinϕ− sinϕ0) {(π − 2ϕ0) cosϕ

+ ln

[∣∣∣∣sin(ϕ+ ϕ0)

sin(ϕ− ϕ0)

∣∣∣∣sinϕ ∣∣∣∣tan ϕ+ ϕ0

2
tan

ϕ− ϕ0

2

∣∣∣∣sinϕ0
]}

dϕ.

(3.20)
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3 | Prologue: non-accidental coincidences in contact mechanics at small strain

The horizontal reaction force R1, present at each rounded corner,
can be evaluated through a numerical integration of equation (3.20).
The result is reported in Fig. 3.1 (c), where the force is represented
as a function of the ratio b/a ≥ 1.

The expression for the horizontal force R1, eqn (3.20), can be
expanded by assuming a vanishing small contact region at the
rounded corner (ϕ0 → π−/2, b → a+) as follows

R1 (b/a) =
(1− ν2)P 2

2πaE

[
1− 3

5

(
b

a
− 1

)]
+ o(b/a− 1), (3.21)

which shows that the horizontal reaction attains a non-null finite
value in the case of non-rounded, and therefore sharp, corner (b →
a+),

lim
b→a+

R1 (b/a) =
(1− ν2)P 2

2πaE
. (3.22)

The above equation confirms the presence of a non-null horizontal
reaction force R1 at each sharp corner of a frictionless rigid indenter,
which is quadratic in P , similarly to the configurational force acting
on an inextensible rod constrained with a sliding sleeve [1, 5, 14,
37]. Interestingly, the limit value of the horizontal reaction R1, eqn
(3.22), equals the negative of the J–integral and the energy release
rate G, evaluated for the flat punch problem, eqs (3.7) and (3.9),
namely

lim
b→a+

R1 (b/a) = −J = −G. (3.23)

The coincidence of the reaction force component R1 with the nega-
tive of the J–integral is proven in the next Chapter within a finite
elasticity framework, where both cases of contact with a sharp
corner or a rounded surface are addressed. Moreover, through the
evaluation of energy variation for an increase of the frictionless
rigid surface of a flat indenter, the J–integral is found in Ch. 5 to
coincide with the energy release rate G and therefore representative
of a configurational force component (called F c

1 ).
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4
Frictionless contact reaction component R1

through energy-momentum tensor(s) and
J–integral

It is shown that the reaction component force R1 acting at the
contact between a frictionless constraint and an elastic solid coincide
with the negative of the J–integral, even when large deformations
occur and the end of the constraint is both a smooth or sharp corner.
To this purpose, the definition (3.5) for the J–integral is extended
as follows

J =

∫
Γ0

(
Φn0

1 − Sijn
0
j

∂ui
∂x01

)
dγ0, i, j = 1, 2, (4.1)

where S is the first Piola-Kirchhoff stress tensor, Γ0 is a counter-
clockwise path with initial and final points selected on the boundary
in contact, and the superscript 0 stands for quantities evaluated in
the undeformed configuration.

After recalling concepts of finite elasticity, frictionless contact,
and energy momentum tensors, the J–integral is shown to provide
the reaction force component R1 acting on a generic portion of
a smooth contact region ∂Ptou

0 of an elastic solid defined as the
undeformed domain B0, namely,

R1

(
∂Ptou

0

)
= −J

(
Γ0 ≡ ∂P0\∂Ptou

0

)
, ∀ P0 ∈ B0, (4.2)

and therefore the path independence of J holds only for every path
Γ0 emanating from a selected point (A0 in Fig. 4.1) and ending to
another fixed point (B0 in Fig. 4.1). Points A0 and B0 enclose a
given portion of the boundary ∂Ptou

0 .
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4 | Frictionless contact reaction component through energy-momentum tensor(s) and J-integral

Assuming proper regularity conditions, equation (4.2) holds true
even for a flat indenter with a sharp corner, where point A0 is
located in the contact region, while point B0 on the right of the
corner, on a free boundary. Therefore, the reaction force R1 at the
sharp corner can be evaluated as the negative of the J–integral,

R1 = −J (Γ0) , ∀ Γ0, (4.3)

where Γ0 is any contour enclosing the corner, so that J is path-
independent with regards to every pair of points A0 and B0. An-

Figure 4.1: Undeformed (left) and deformed (right) configurations for an
elastic solid (green) having its initially flat boundary in frictionless contact
with a rigid constraint (brown) with smooth boundary. The contact reaction
force R1 associated with the contact region ∂Ptou

0 can be evaluated through the
J–integral, whose path-independence is restricted to all paths Γ0 (ΓI

0 and ΓII
0

in the reference configuration, ΓI and ΓII in the current one) emanating from
the same initial point (A0 in the reference configuration and A in the current)
and terminating at the same final (B0 and B) point.

ticipating results obtained at the end of this Chapter, it can be
pointed out that the application of eqn (4.2) to rectangular elastic
solids with edges subject to uniform loading conditions, as sketched
in both parts of Fig. 1.1, provides the estimation of the reaction
force component R1 at both sharp and rounded corner as given by
eqn (1.2).

4.1 Frictionless contact problem: target and
contactor

The boundary of a rigid and frictionless constraint, called ‘target’, is
described by the implicit surface (assumed here smooth for simplicity,
Fig. 4.2)

Σ(x) = 0, (4.4)

30 Marco Amato



4.1 | Frictionless contact problem: target and contactor

so that the points x in the current configuration can be divided in
three disjoint sets as:

Σ(x) :


< 0, points x inside the constraint,
= 0, points x on the constraint boundary,
> 0, points x outside the constraint.

(4.5)

The ‘contactor’ body, in its reference configuration B0, assumed
undeformed, is transformed through a sufficiently regular function
g(x0), to become in frictionless contact with the target, thus reaching
an equilibrium configuration B under the action of prescribed dead
tractions on ∂Bσ and displacements on ∂Bu

0 . Therefore, points of
boundary x = g(x0) ∈ ∂B, transformed of the corresponding points
in the reference configuration x0 ∈ ∂B0, can be classified as:

• Points x (equivalently, x0) belonging to ∂Bsep (∂Bsep
0 ) sepa-

rated from the constraint, when x = g(x0) are outside the
constraint, set (4.5)3;

• Points x (equivalently, x0) belonging to ∂Btou (∂Btou
0 ) touch-

ing the constraint, when x = g(x0) is on the boundary of the
constraint, set (4.5)2.

The subset of separated points ∂Bsep
0 can be partitioned as subject

to prescribed loading (assumed dead for simplicity) or displacement

∂Bsep
0 ≡ ∂Bu

0 ∪ ∂Bσ
0 , and equivalently ∂Bsep ≡ ∂Bu ∪ ∂Bσ. (4.6)

target

contactor

target

contactor

Figure 4.2: The contact problem between a ‘contactor’ elastic body (green)
and a rigid and frictionless ‘target’ (brown). Left: The point x0 on the boundary
of the body in the reference configuration has unit outward normal n0 and unit
tangent t0. Right: The deformation transforms these quantities to x on the
contact surface and to n and t, which become the inward unit normal and the
tangent to the target, respectively. The contact is sketched as the result of an
imposed displacement ū on ∂B0.
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4 | Frictionless contact reaction component through energy-momentum tensor(s) and J-integral

It is assumed that a portion of the boundary outside ∂Btou and
bordering with it at its two edges exists, where tractions are null,
so that the ends of the constraint can be moved on a free portion of
the boundary of the elastic body.

The subset of touching points ∂Btou
0 can be subdivided into

a subtle partition, with reference to the Cauchy stress T and its
spatial counterpart of the first Piola-Kirchhoff stress S, eqn (2.62),
as

Grazing ∂BG := {x ∈ ∂Btou
∣∣ Tn = 0},

and equivalently ∂BG
0 := {x0 ∈ ∂Btou

0

∣∣Sn0 = 0},

Full contact ∂BC := {x ∈ ∂Btou
∣∣ n ·Tn < 0},

and equivalently ∂BC
0 := {x0 ∈ ∂Btou

0

∣∣ n0 · F−1Sn0 < 0},
(4.7)

where grazing (full contact) defines the condition for surfaces of
target and contactor occupying the same region without (with) force
interaction, so that

∂Btou
0 ≡ ∂BG

0 ∪∂BC
0 , and equivalently ∂Btou ≡ ∂BG∪∂BC . (4.8)

In both the above cases along the touching boundary, the frictionless
contact condition holds

(I− n⊗ n)Tn = 0 on ∂Btou,

and equivalently (I− F−Tn0 ⊗ F−Tn0)Sn0 = 0 on ∂Btou
0 ,
(4.9)

which can also be rewritten with reference to every tangent vectors
t0 and t (t · n = t0 · n0 = 0) as

t·Tn = 0 on ∂Btou, and equivalently t0·FTSn0 = 0 on ∂Btou
0 .

(4.10)
Interestingly, eqn (2.13) shows that the eqn (4.10)2 implies the
validity of the following identity at every point of the frictionless
contact surface in the undeformed configuration

t0 · Sn0 = −t0 · (∇u)TSn0, on ∂Btou
0 . (4.11)

An application of the virtual work principle to the mechanics of
sliding contact is provided for completeness in Appendix B.
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4.2 | Two energy-momentum tensors

4.2 Two energy-momentum tensors

Two different definitions of the energy-momentum tensor for solids
subject to large deformation can be found in the literature. In
particular, Eshelby [17] introduced the energy-momentum tensor P
as

P = Φ I− (∇u)TS, (4.12)

while Gurtin [22] defined a different energy-momentum tensor C
as1 1 The divergence

operator here used
is, in Cartesian
rectangular coordi-
nates, (Div C)i =
∂Cij/∂x

0
j . If the

definition of diver-
gence is changed,
so that the first
index is repeated,
the transpose of C
is accordingly used,
as in [10]. A further
definition of energy-
momentum tensor
has been introduced
by Maugin [34].

C = Φ I− FTS, (4.13)

where the two tensors can easily be related using the definition
(2.13)2 of the deformation gradient F as

C = P− S. (4.14)

It is noted that the J–integral (4.1) involves the energy-momentum
tensor P, because it can be rewritten as

J = e1 ·
∫
Γ0

Pn0 dγ0. (4.15)

The divergence of the energy-momentum tensor C (4.13) can be
evaluated as

∂Cij

∂x0j
=

∂Φ

∂x0i
− ∂Fki

∂x0j
Skj − Fki

∂Skj

∂x0j
, (4.16)

which, recalling the constitutive relation (2.62), simplifies to

∂Cij

∂x0j
= Shk

∂Fhk

∂x0i
− ∂Fki

∂x0j
Skj − Fki

∂Skj

∂x0j
. (4.17)

Considering again the definition (2.13)2 of the deformation gradient
F, the application of the Schwarz theorem implies

Shk
∂Fhk

∂x0i
− ∂Fki

∂x0j
Skj = Shk

∂2xh
∂x0k∂x

0
i

− ∂2xk
∂x0i ∂x

0
j

Skj = 0, (4.18)

so that eqn (4.17) further simplifies as

∂Cij

∂x0j
= −Fki

∂Skj

∂xj
. (4.19)
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4 | Frictionless contact reaction component through energy-momentum tensor(s) and J-integral

Due to equilibrium equation (2.35), eqn (4.19) implies the null
divergence of both the energy momentum tensors C and P,

DivC = 0, DivP = 0. (4.20)

Assuming continuity of the fields and therefore excluding material
discontinuities and stress singularities within the generic volume
P0 ⊆ B0 described by its boundary ∂P0, the divergence theorem
yields ∫

∂P0

Cn0 = 0,

∫
∂P0

Pn0 = 0, (4.21)

showing that both the energy momentum tensors C and P are
solenoidal, as the first Piola-Kirchhoff stress tensor S, eqn (2.36), is.

The solenoidal property is now used to solve the equilibrium
condition of a solid loaded through a generic pressure loading p(x)
on its boundary ∂B, so that the static boundary condition is

Tn = −pn, on ∂B, (4.22)

which, by considering the traction equivalence (2.31), implies

Sn0 = −pJ F−Tn0 = −p
da
da0

n, on ∂B0 and ∂B, (4.23)

and therefore

FTSn0 = −pJ n0, on ∂B0. (4.24)

It follows that under the pressure loading of (4.22), the solenoidal
property (4.21) for the energy-momentum tensor C can be expressed
for ∂P0 ≡ ∂B0 as ∫

∂B0

(Φ + pJ )n0 = 0. (4.25)

Equation (4.25) applies to any (non-singular) solid boundary ∂B0

and any non-uniform distribution of the pressure p. Equation (4.25)
relates the elastic energy to the pressure (multiplied by J ) on the
boundary and is trivially satisfied when Φ and pJ are uniform. It is
noted that the pressure loading p(x) on the boundary can be realized
through the contact with both a unilateral or a bilateral frictionless
constraint. While p ≥ 0 for unilateral contact, p may have any sign
when the contact becomes bilateral. The latter contact condition
will be visualized in the following as obtained with rollers.
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4.3 | Different energy-momentum tensors in the solution of rectangular elastic domains under pressure loading

If the boundary ∂B0 is subjected to a pressure p only on its
portion ∂Bp

0 ⊂ ∂B0, equation (4.25) changes into∫
∂Bp

0

(Φ + pJ )n0 +

∫
∂B0\∂Bp

0

Cn0 = 0, (4.26)

where the appropriate boundary conditions have to be imposed on
∂B0\∂Bp

0. In terms of tensor P, an equivalent of equation (4.26) is
obtained as∫

∂Bp
0

[
ΦI+ pJ (I− F−T )

]
n0 +

∫
∂B0\∂Bp

0

Pn0 = 0. (4.27)

4.3 Different energy-momentum tensors in
the solution of rectangular elastic domains
under pressure loading

Attention is now restricted to plane problems of solids with an unde-
formed rectangular domain B0, having sides parallel and orthogonal
to the two unit vectors e1 and e2 defining the Cartesian reference
system. Thus the domain is described as

B0 :=
{
x01 ∈ [0, ℓ0], x

0
2 ∈ [h0/2,−h0/2]

}
, (4.28)

where ℓ0 and h0 are respectively the length of the sides parallel to
e1 and e2. The boundary ∂B0 is given by the union of the four
rectangle sides ∂B0 ≡ ∂Bl

0 ∪ ∂Ba
0 ∪ ∂Br

0 ∪ ∂Bb
0, with corresponding

outward unit normal n0 respectively equal to −e1, e2, e1, and
−e2, Fig. 4.3. A pressure loading condition p is considered on the
boundary portions ∂Ba

0 and ∂Bb
0, constraining the traction vector to

Tn = −pn, on ∂Ba
0 ∪ ∂Bb

0. (4.29)

4.3.1 Reaction forces Ra
1 +Rb

1 and R1(∂Ptou
0 ) from the

energy momentum tensor P

The projection along e1 of the soleinodal property of P, eqn (4.21)2,
implies that

e1 ·
∫
∂Ba

0∪∂Bb
0

Pn0 = −e1 ·
∫
∂Bl

0∪∂Br
0

Pn0, (4.30)

where the left hand side, because of the applied pressure loading
(4.29), the related property (4.11) and the special choice of n0 = e2,
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4 | Frictionless contact reaction component through energy-momentum tensor(s) and J-integral

Figure 4.3: Left: An elastic solid of undeformed rectangular shape ∂B0 with
the image of a pressure loading distribution p, symmetric with respect to e1,
on the boundary portions ∂Bl

0, ∂Ba
0 , and ∂Br

0. Right: Deformed configuration.
Exploiting the concept of energy-momentum tensor C, the resultant of the
unknown loading pressure pl, enforcing equilibrium, can be evaluated with an
excellent approximation through eqn (1.2).

can be rewritten as

e1 ·
∫
∂Ba

0∪∂Bb
0

Pn0 = e1 ·
∫
∂Ba

0∪∂Bb
0

Sn0. (4.31)

Introducing the contact force components Ra
1 and Rb

1 along e1 on
the two respective boundary portions ∂Ba

0 and ∂Bb
0 as

Ra
1 = e1 ·

∫
∂Ba

0

Sn0, Rb
1 = e1 ·

∫
∂Bb

0

Sn0, (4.32)

and considering the equilibrium equation (2.36) and eqn (4.31),
leads to

Ra
1 +Rb

1 = −e1 ·
∫
∂Bl

0∪∂Br
0

Pn0. (4.33)

A generalization of eqn (4.33) can be obtained for any arbitrary
surface ∂P0 having a non-null portion in contact ∂Ptou

0 ∈ ∂P0 with
outward normal n0 = ±e2 (Fig. 4.4). The component R1(∂Ptou

0 ) of
the resultant force of the pressure distribution acting on ∂Ptou

0 can
be computed using any line integral with initial and ending point
coincident with the limit points of the contact region for which the
reaction force is evaluated

R1

(
∂Ptou

0

)
= e1·

∫
∂Ptou

0

Sn0 = e1·
∫
∂Ptou

0

Pn0 = −e1·
∫
∂P0\∂Ptou

0

Pn0.

(4.34)
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4.3 | Different energy-momentum tensors in the solution of rectangular elastic domains under pressure loading

From eqn (4.34) it can be concluded that, even in the case of smooth
constraints, the contact reaction force component R1 transmitted
to the body from the contact region ∂Ptou

0 coincides with the nega-
tive of the J–integral (4.1), evaluated for a path Γ0 ≡ ∂P0\∂Ptou

0

as expressed by eqn (4.34). It follows that the J–integral path-
independence is preserved only for all paths with the same initial
and final points, because the reaction force R1 depends on the ex-
tension of the specific contact region, Fig. 4.1. In the case of a flat
constraint ending with a sharp corner, the initial and final points of
Γ0 can be chosen on the left and on the right of the discontinuity
in curvature, respectively, in the contact and in the traction-free
surface. Thus, assuming a sufficiently regular behaviour, the equa-
tion (4.34) becomes equation (4.2) and a path-independence of the
J–integral is found.

Figure 4.4: Reaction force acting on an elastic body from any pressure
distribution.

4.3.2 Reaction force Ra
1 +Rb

1 from the energy momen-
tum tensor C

It is now interesting to readdress the equilibrium of an elastic
rectangular undeformed domain subject to either a pressure loading
p on ∂Ba

0 and ∂Bb
0, by exploiting the solenoidal property of C.

Considering the normal direction n0 = ±e2 and the property (4.10)2,
it follows that

e1 ·Cn0 = 0, on ∂Ba
0 ∪ ∂Bb

0, (4.35)

and therefore taking the scalar product with e1, the solenoidal
property of C reduces to∫

∂Bl
0

(Φ− Fe1 · Se1)−
∫
∂Br

0

(Φ− Fe1 · Se1) = 0. (4.36)
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4 | Frictionless contact reaction component through energy-momentum tensor(s) and J-integral

If either a pressure p or a dead loading Sn0 is applied on the
boundary portions ∂Bl

0 and ∂Br
0, eqn (4.36) simplifies as∫

∂Bl
0

(
Φ−

{ −pJ
S11F11 + S21F21

)
−

∫
∂Br

0

(
Φ−

{ −pJ
S11F11 + S21F21

)
= 0,

(4.37)
where the left curly brackets are introduced to synthetically display
the two equations corresponding to pressure p (first line) or a dead
loading Sn0 (second line). Introducing the further assumption of
homogeneous deformation gradient F in the neighborhood of the
two boundaries ∂Bl

0 and ∂Br
0, as sketched in Fig. 4.3, the integrals

in equation (4.37) can be trivially solved to yield

Φl −
{ −plJ l

Sl
11F

l
11 + Sl

21F
l
21

− Φr +
{ −prJ r

Sr
11F

r
11 + Sr

21F
r
21

= 0, (4.38)

where the superscripts l and r respectively identify the relevant
(constant) quantity evaluated on the boundaries ∂Bl

0 and ∂Br
0. In-

terestingly, the expression obtained by restricting eqn (4.38) to only
the terms in p,

Φl + plJ l = Φr + prJ r, (4.39)

shares some similarities with Bernoulli’s equation for stationary flow
in fluid mechanics.

It should be noted that Φj , J j , F j
11, and F j

21 (j = l, r) in eqns
(4.38) are all functions of: (i.) the contact (pressure) distribution p
on the boundaries ∂Ba

0 and ∂Bb
0, not explicitly appearing in eqns

(4.36)–(4.38) and (ii.) the pressure distribution p or the dead loading
Sn0 on the boundaries ∂Bl

0 and ∂Br
0, as in Figs. 1.1 and 4.3. Except

for trivial cases, the pressure or dead load (ii.) cannot easily be
related to the pressure distribution (i.), because equilibrium has to
be satisfied, therefore eqns (4.38) contain more than one unknown.
However, assuming Sl

21 = Sr
21 = 0 and that the lateral load (ii.) is

applied only on the boundary ∂Bj
0 (j = l or r) while the boundary

∂Bi
0 (i = l or r, with i ̸= j) remains unloaded, equations (4.38)

can be used to define the unknown loading, either pj or Sj
11. In

particular, eqns (4.38) lead to

pjJ j

−Sj
11F

j
11

}
= Φi − Φj , i, j = l, r, with i ̸= j, (4.40)

so that, when the load (i.) (the pressure distribution p on the
the boundaries ∂Ba

0 and ∂Bb
0) is prescribed, the relevant equation

becomes a nonlinear implicit equation in the variable representing
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4.3 | Different energy-momentum tensors in the solution of rectangular elastic domains under pressure loading

the load (ii.), applied on the boundary ∂Bj
0, either pj or Sj

11 (j = l, r).
The sum of the two components Ra

1+Rb
1 of the resultant force along

e1 of the pressure p applied on the boundaries ∂Ba
0 and ∂Bb

0 can be
obtained from equilibrium for the two loading cases as

Ra
1 +Rb

1 =
{ −plhl,

Sl
11h0,

, and Ra
1 +Rb

1 =
{ prhr,

−Sr
11h0.

(4.41)

Assuming now F j
21 = 0, so that λj

1 = F j
11, λ

j
2 = F j

22, and hj = λj
2h0

on the loaded boundary ∂Bj
0 (j = l or r), equation (4.40) implies

Ra
1 +Rb

1 =
Φl − Φr

λj
1

h0, with j = l or r, (4.42)

an expression that can alternatively be derived from eqn (4.33) by
recalling from eqn (2.13) that λ1 = 1 + u1,1. Equation (4.42) shows
that only a non-null difference in the strain energy Φ at the two
boundaries ∂Bl

0 and ∂Br
0 induces a force R1 = Ra

1 +Rb
1 and reduces

to eqn (1.2) when the right edge is unloaded, Φr = 0, as is the case
of the loading conditions sketched in Fig. 1.1.
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5
Energy release rate G and the

configurational nature of the frictionless
contact force component R1

A rigid, frictionless, and flat constraint ending with a rounded or
sharp corner is in contact against the boundary of a hyperelastic
body with a flat surface in its reference configuration. The friction-
less constraint is assumed to be capable of altering its extension of
contact by increasing the size of its flat surface through an horizon-
tal growth of the position of its, say right, corner. Analogously to
the concept of configurational force on defects or inhomogeneities
introduced by Eshelby [16], the idea of a configurational force acting
on the corner of frictionless and rigid constraints can be introduced.

For a growth δξ0 in the size of the frictionless constraint along
e1, defined with respect to the undeformed configuration of a hy-
perelastic solid, the configurational force component F c

1 parallel to
the growth direction can be defined as an energy release rate G

F c
1 = G = − ∂V

∂ξ0
, (5.1)

where V is the total potential energy of the mechanical system at
equilibrium. For both cases of sharp or rounded corner, it is shown
that the configurational force component F c

1 equals the J–integral,

F c
1 = J. (5.2)

The treatment is restricted for simplicity to two-dimensions, where
surfaces are curves and planes straight lines. Final applications are
referred to a rectangular undeformed shape B0 of the contactor, as
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5 | Energy release rate G and the configurational nature of the frictionless contact force component R1

described by eqn 4.28). As a generalization of the results presented
in Ch. 3, it is shown that a frictionless punch ending with a sharp
corner can generate a horizontal configurational force even when in
contact with a planar surface of an elastic solid.

5.1 Variation in the length of a flat, friction-
less, and rigid constraint ending with a
sharp corner

The contactor has an initially flat boundary ∂Ba
0 having unit normal

e2, while the target has a rectilinear surface (with outward unit
normal −e2) ending with a corner, located at point y, Fig. 5.1.
The frictionless constraint is in contact with the elastic body on the
portion of the boundary ∂Ba,C

0 . The contact is assumed to be ‘full’,
so that grazing does not occur and all the points on the touching
surface x ∈ ∂Ba,tou

0 belong to ∂Ba,C
0 = ∂Ba,tou

0 , including the corner
point y. On the solid, the latter point is back-transformed in the
reference configuration into y0. The latter point is perturbed by
postulating a small growth, parallel to the rectilinear contact surface
of the constraint, to a neighbouring point y0 + δξ0e1. It is therefore
possible to strictly follow Eshelby [16], thus defining a surface ∂S0

enclosing a region S0 which contains the corner y0 in the reference
configuration B0, called ‘original surface’ and introducing a ‘replica’
region equal to S0, but translated to the region S ′

0 with surface
∂S ′

0, obtained by applying a rigid displacement vector −δξ0e1 to S0.
Note that the surfaces ∂S0 and ∂S ′

0 are punctured at the singular
point y0. The steps below are followed.

(i.) In the reference configuration B0, the material in the region
S0 is cut out and kept aside. Both the latter and the rest
of the body are considered to still be subject to the nominal
tractions that were exchanged across the surface cut out of
the body, in addition, the cut out piece is also assumed to be
subjected to the surface forces transmitted by the constraint.

(ii.) Consider the material in the replica region, inside of S ′
0, and

apply on its surface ∂S ′
0 the nominal tractions transmitted

by the rest of the deformable body and by the constraint.
Comparing the energies inside S ′

0 and S0 and taking the limit
of vanishing δξ0, the Leibniz integral rule for a closed curve
∂S0 in a two-dimensional domain, rigidly shifted inside B0, is
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5.1 | Variation in the length of a flat, frictionless, and rigid constraint ending with a sharp corner

Figure 5.1: An elastic solid (green) with a planar surface is pressed against
a flat, rigid, and frictionless constraint (brown). Left (Right): The constraint
has a corner touching the elastic body at point y0 (at point y) in the reference
(the current) configuration B0 (B). In a setting which follows Eshelby, the
corner of the frictionless constraint is assumed to grow of an amount δξ0 e1 in
the reference configuration. Two identical regions S0 and S ′

0 are assumed in
the reference configuration differing in a rigid horizontal shift −δξ0 e1, both
enclosing y0. The two regions are transformed by the deformation into the
regions S and S ′, both enclosing the corner of the constraint at point y.

obtained [18]

d
dξ0

∫
S0(ξ0)

Φ = −
∫
∂S0

Φn0 · e1, (5.3)

where n0 is outward unit normal to ∂S0, so that the surface
on the horizontal edge of ∂S0 does not contribute. Equation
(5.3) may be understood in a generalized sense, depending
on the kind of possible singularity present at the end of the
target, and provides the differentiation of the elastic energy
corresponding to an infinitesimal translation of S0, equivalent
to an infinitesimal increase in the length of the target.

(iii.) Due to the deformation, the deformed replica S ′ (transformed
of S ′

0) does not fit into the hole left by the ‘excision’ of S
(transformed of S0). In particular, any point r0 inside the
region of the replica equals a corresponding point x0 inside
S0, plus the shift −δξ0e1. Therefore the displacement of r0 is
u(r0) = u(x0 − δξ0e1), so that at first-order

u(r0) = u(x0)− δξ0∇u(x0)e1. (5.4)

It follows from eqn (5.4) that, in addition to a rigid-body
translation δξ0e1 (which does not produce any work), to fit the
deformed S ′ into the deformed hole left by S, an additional
displacement has to be added to the displacement u(x0) on
the surface ∂S0 of the hole left in B0. In differential terms,
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5 | Energy release rate G and the configurational nature of the frictionless contact force component R1

the latter displacement satisfies

∂u

∂ξ0
= −(∇u)e1, (5.5)

so that the amount of work done by the tractions on the
surface of the hole ∂S0 is equal to

∂W

∂ξ0
=

∫
∂S0

e1 · ∇uTSn0, (5.6)

where again n0 is the outward unit normal to ∂S0.

(iv.) The change in the total potential energy V is the sum of
equations (5.3) and (5.6),

∂V
∂ξ0

=
∂W

∂ξ0
+

d
dξ0

∫
S0(ξ0)

Φ, (5.7)

which, using equations (5.3) and (5.6), yields to the energy
release rate G as

G = − ∂V
∂ξ0

=

∫
∂S0

e1 ·
(
ΦI−∇uTS

)
n0. (5.8)

Note that the surface ∂S0 comprises only the part inside the
solid, while contributions on the flat boundary vanish. This
statement is trivial for the term Φ because n0 is orthogonal to
e1 on the flat contact edge of the elastic solid. Regarding the
term ∇uTSn0, it may be observed that Sn0 = 0 on the flat
boundary outside the constraint, while inside the constraint
equation (2.13) together with the frictionless condition (4.9)
and the fact that Fe1 is parallel to e1 along the contact allow
to conclude.

(v.) Now S ′ fits the hole left by S in the original body and can
be welded in it. The nominal tractions on both sides of the
surface ∂S0 differ on a force distribution which gives higher-
order effects and can be neglected. We are now left with
the system as it was to begin with, except that the end of the
constraint is shifted of an amount δξ0e1 with respect to its
initial position defined in the reference configuration.

The operations (i.)–(iii.) involved in the Eshelby proof are sum-
marized in Fig. 5.2. Equation (5.8) can be viewed as the work
done by the configurational force Fc for a unit displacement in the
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5.1 | Variation in the length of a flat, frictionless, and rigid constraint ending with a sharp corner

(a)

(b1)

(b2)

(c)

Original Original

Replica

Replica

Original Original

ex
ci
sio
n

Original

Replica Replica

Original

Replica

Replica

insertion

ex
ci
sio
n

exc
isio

n

ex
ci
si
on

insertion

Original

Original

Figure 5.2: Sequence of operations in the Eshelby scheme for the deformation
of an elastic body against a rigid and frictionless constraint, which increases
its length of an amount δξ0 in the reference configuration. Reference (current)
configurations are shown on the left (on the right). (a) The referential regions
S0 and S ′

0 (the latter is the image of the former obtained through a shift of
amount −δξ0) enclose the end of the constraint and are transformed by the
deformation into S and S ′ in the current configuration. (b1) The region S0

and its transformed counterpart S are ideally ‘excised’ from the original body.
(b2) The region S ′

0 and its transformed counterpart S ′ are ideally ‘excised’ from
a ‘replica’ version of the original body. The elastic energies contained within
S0 and S ′

0 differ only in the crescent-shaped regions obtained by superposition
of S0 and S ′

0, so that the derivative of the elastic energy with respect to the
configurational parameter is given by eqn (5.3). The deformed ‘replica’ region
S ′ does not fit the hole left in the original region by the excision of S, so that
displacements have to be applied on the boundary of the hole, producing the
increment of work expressed by eqn (5.6). (c) The replica finally fits the hole
in the original body and the corner of the rigid constraint is advanced of an
amount δξ0 with respect to the original reference configuration. The remaining
mismatch in the traction vector at the boundary of the region is higher-order
and can be neglected.
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5 | Energy release rate G and the configurational nature of the frictionless contact force component R1

direction e1, and therefore by the configurational force component
F c
1 = Fc · e1

F c
1 = G = e1 ·

∫
∂S0

(
ΦI−∇uTS

)
n0. (5.9)

Note that the configurational force Fc remains determined only in
its component F c

1 along e1, because the translation of S0 is not
arbitrary, differently from the original treatment by Eshelby, but
prescribed parallel to the direction e1.

Finally, recalling the energy-momentum tensor P, eqn (4.12),
equation (5.9) becomes

F c
1 = e1 ·

∫
∂S0

Pn0, (5.10)

where the integrand is null on the upper flat portion of the boundary,
except possibly at the point y0 where the corner of the constraint
is present. The surface ∂S0 can be shrunk up to the limit of that
point, without changing the value of the integral. This leads to the
path-independent J–integral, when the target is flat and ends with
a corner,

J = F c
1 , (5.11)

so that the configurational force in the direction e1 is equal to the
horizontal resultant of the force acting on the solid with reversed
sign

F c
1 = −R1. (5.12)

Application to rectangular elastic domains. It is interesting
to note that, when a rectangular undeformed elastic solid is con-
sidered, the region S0 can be assumed as illustrated in Fig. 5.2(a),
namely, rectangular with boundary ∂S l

0 ∪ ∂Sb
0 ∪ ∂Sr

0 , so that, as-
suming the frictionless condition on ∂Sb

0 ⊆ ∂Bb
0, the configurational

force component F c
1 reduces to

F c
1 =

∫
∂Sr

0

[Φ− u1,1S11 − u2,1S21]−
∫
∂Sl

0

[Φ− u1,1S11 − u2,1S21] ,

(5.13)
which is equivalent to eqns (4.33) and (4.36) (respectively obtained
through the solenoidal property of the energy-momentum tensors P
and C in the absence of singularities) because equilibrium implies

R1 =

∫
∂Sr

0

S11 −
∫
∂Sl

0

S11. (5.14)
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5.2 Variation in the length of the constraint
with a rounded corner

The presence of a smooth-end is now addressed. Analogously to the
treatment of the growth of a flat surface notch in a two-dimensional
deformation field given by Rice [41], the right end of the frictionless
and straight constraint is considered to have a smooth ‘cap’, along
which the contact with the elastic body is lost.

The end of the constraint is assumed to be able to rigidly
translate in the direction e1, parallel to the constraint before the
initiation of the smooth cap. The treatment developed in the
previous Section still holds under the caution that ∂S0 has to
contain all the zone contacting with the smooth ‘movable’ cap. A
repetition of the calculations developed in the previous Section
leads now again to equation (5.10), where now ∂S0 is any surface
enclosing all the zone in contact with the smooth ‘movable’ cap.
Consequently, equation (5.11) is again obtained, in agreement with
the evaluation of R1 provided by eqn (4.34), following from the
solenoidal property of the energy-momentum tensor P.
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6
Connection with the configurational

structural mechanics

The introduced theoretical framework, disclosing the development
of configurational sliding forces at the (sharp or rounded) corner of
a frictionless, rigid, and flat surface acting on an elastic body, is
now used to throw light on the akin problem of elastic rods partially
constrained with a sliding sleeve. The presence of configurational
forces at the end of a sliding sleeve was disclosed by analyzing
one-dimensional flexible structures through a variational approach
[1, 5, 29] or by imposing jump conditions in the material momentum
balance law [23, 35, 36]. This result is confirmed here through the
application of the framework developed in the previous Sections to
an elastic solid of rectangular shape in its undeformed configuration
B0, as defined by eqn (4.28), in contact with two frictionless rigid
surfaces realizing a sliding sleeve constraint.

6.1 Rod’s kinematics

According to the kinematic assumptions usually made in rod me-
chanics [33], the deformation for an elastic solid of rectangular shape
is prescribed to provide null transverse strain and to be described
by the following expressions, linearized in the variable x02 (Fig. 6.1,
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top),{
x1

(
x01, x

0
2

)
= x01 + u

(
x01

)
− x02 sin θ

(
x01

)
,

x2
(
x01, x

0
2

)
= v

(
x01

)
+ x02 cos θ

(
x01

)
,

in B0 :=

{
x01 ∈ [0, ℓ0], x

0
2 ∈

[
h0
2
,−h0

2

]}
, (6.1)

where u(x01), v(x01), and θ(x01) are the three kinematic fields de-
scribing the deformed configuration of the solid, respectively, the
displacement components along e1 and e2, and the inclination angle
of the rod’s axis with respect to the direction e1, corresponding
to the undeformed tangent. Only two among the three kinematic
descriptors u, v, and θ are independent, since the Euler–Bernoulli
assumption implies

tan θ
(
x01

)
=

v′
(
x01

)
1 + u′

(
x01

) , (6.2)

where a prime denotes differentiation with respect to the axial coor-
dinate x01, while impenetrability imposes the constraint u′

(
x01

)
> −1

on the displacement. The two primary kinematic fields measuring
the deformed state of the extensible elastica are the generalized
curvature θ′

(
x01

)
and the rod’s axis axial deformation η

(
x01

)
(which

satisfies η
(
x01

)
> −1 because of the impenetrability constraint)

η
(
x01

)
=

√[
1 + u′

(
x01

)]2
+
[
v′
(
x01

)]2 − 1, (6.3)

through which the following geometrical relations can be derived

sin θ
(
x01

)
=

v′
(
x01

)
1 + η

(
x01

) , cos θ
(
x01

)
=

1 + u′
(
x01

)
1 + η

(
x01

) . (6.4)

The resultant force components N1 and N2, respectively aligned
parallel to e1 and e2, and the moment M are given from the
equilibrium equivalence, imposed for the cross section at the generic
coordinate x01, as

N1

(
x01

)
=

∫ h0
2

−h0
2

S11dx02,

N2

(
x01

)
=

∫ h0
2

−h0
2

S21dx02,

M
(
x01

)
= −

∫ h0
2

−h0
2

[S11 cos θ + S21 sin θ]x
0
2dx

0
2,

(6.5)
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1

Figure 6.1: Top: The kinematic assumptions, usually introduced for a rod,
eqn (6.1), are imposed to an elastic solid of rectangular shape in its undeformed
configuration, constrained between two rigid and frictionless constraints. Bot-
tom: the rod’s model, representing an extensible version of the variable-length
elastica subject to end loads.

where the first two components can be composed to evaluate the
axial and shear forces N and T

N
(
x01

)
= N1

(
x01

)
cos θ

(
x01

)
+N2

(
x01

)
sin θ

(
x01

)
,

T
(
x01

)
= −N1

(
x01

)
sin θ

(
x01

)
+N2

(
x01

)
cos θ

(
x01

)
.

(6.6)

6.2 Sliding sleeve constraint and the evalua-
tion of the configurational force compo-
nent F c

1

The elastic rectangular solid under consideration is assumed in
partial contact with two symmetric straight, frictionless, and rigid
constraints, realizing a sliding sleeve with sliding direction parallel to
e1, in a setting similar to that reported in Fig. 6.1 (top). The sliding
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6 | Connection with the configurational structural mechanics

sleeve is assumed to have its exit point located at the cross section
marked by the coordinate x01 = ℓ0in (with ℓ0in ∈ [0, ℓ0]), referred to
the undeformed rod. Thus, the following constraints apply

θ
(
x01

)
= v

(
x01

)
= 0, for x01 ∈

[
0, ℓ0in

]
, (6.7)

which, considering the origin of the reference system x1–x2 coinci-
dent with the sliding sleeve exit,

x1
(
x01 = ℓ0in, x

0
2

)
= 0, (6.8)

imply the validity of the following relation

u1
(
x01 = ℓ0in

)
= −ℓ0in. (6.9)

From the deformation field, eqns (6.1), the components of the dis-
placement gradient ∇u, relevant for the application of the expression
(5.13), provides the configurational force component F c

1 as

u1,1
(
x01, x

0
2

)
= u′

(
x01

)
− x02 θ

′ (x01) cos θ
(
x01

)
,

u2,1
(
x01, x

0
2

)
= v′

(
x01

)
− x02 θ

′ (x01) sin θ
(
x01

)
.

(6.10)

By considering the boundaries ∂Sr
0 and ∂S l

0 coincident with the
cross sections respectively located at x

[r]0
1 and x

[l]0
1 , the expression

(5.13) for the configurational force component F c
1 reduces to

F c
1 = Ψ

(
x
[r]0
1

)
−Ψ

(
x
[l]0
1

)
+

−
[
N1 u

′ +N2 v
′ +M θ′

]∣∣
x
[r]0
1

+

+
[
N1 u

′ +N2 v
′ +M θ′

]∣∣
x
[l]0
1

, (6.11)

where Ψ is the rod’s elastic energy density, evaluated as

Ψ
(
x01

)
=

∫ h0
2

−h0
2

Φ dx02. (6.12)

Assuming that the two cross sections ∂Sr
0 and ∂S l

0 are the cross
sections respectively ‘just after’ and ‘just before’ the coordinate
ℓ0in, where the sliding sleeve exit is back transformed in the refer-
ence configuration, the configurational force component F c

1 (6.11)
simplifies to

F c
1 = [[Ψ

(
ℓ0in

)
]]− [[N

(
ℓ0in

)
η
(
ℓ0in

)
]]−M

(
ℓ0+in

)
θ′
(
ℓ0+in

)
, (6.13)
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1

where the brackets [[·]] denote the jump of the relevant quantity at
the sliding sleeve exit,

[[f
(
ℓ0in

)
]] = f

(
ℓ0+in

)
− f

(
ℓ0−in

)
, (6.14)

and, because of the constraint (6.7), the following identities at the
left and right limit points of the sliding sleeve exit hold

η
(
ℓ0±in

)
= u′

(
ℓ0±in

)
, N

(
ℓ0±in

)
= N1

(
ℓ0±in

)
, v′

(
ℓ0±in

)
= 0.
(6.15)

It is highlighted that N , M , η, θ′, and Ψ may display a jump in
their value at the coordinate ℓ0in.

Equation (6.13) provides the expression for the configurational
force F c

1 acting on the variable-length Euler elastica by including
axial deformability and a generic (possibly non-quadratic) rod’s
energy density Ψ. This equation reduces to that obtained in [5]
when axial inextensibility and quadratic energy in the curvature, θ′,
are assumed.

It is finally observed that equation (6.13) can be interpreted as
a jump condition for the material momentum balance law, which
was introduced in the forerunning contribution by O’Reilly [35],
who established a novel frontier in the configurational mechanics
of structures, by enhancing a previous formulation by Kienzler and
Herrmann [27]. More specifically, by introducing the concept of
material force C(x01),

C
(
x01

)
= Ψ

(
x01

)
−N

(
x01

)
η
(
x01

)
−M

(
x01

)
θ′
(
x01

)
, (6.16)

the jump condition at the singularity point x01 = ℓ0in is given by

[[C
(
ℓ0in

)
]] = F c

1 , (6.17)

which is coincident with eqn (6.13), by recalling that θ′
(
ℓ0−in

)
=

0, due to the presence of the sliding sleeve. Interestingly, the
material force C(x01), eqn (6.16), for the one-dimensional model
can be obtained as the integral of the energy-momentum tensor
component P11 = e1 · Pe1 [expressed in a linearized kinematics
(6.1)], calculated on the cross section of the rod

C
(
x01

)
=

∫ h0
2

−h0
2

P11

(
x01, x

0
2

)
dx02 =

∫ h0
2

−h0
2

[Φ− u1,1S11 − u2,1S21] dx02.

(6.18)
In conclusion, the presence of the configurational force F c

1 at the
sliding sleeve exit so far obtained for rod models [1, 5, 23, 29, 35,
36] is confirmed from a solid mechanics point of view.
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6.3 Configurational force via a variational
approach

Expression (6.13) for the configurational force component F c
1 is now

derived through a variational approach. Attention is restricted to a
specific loading condition, corresponding to dead loads at the two
rod’s ends, in particular a load −H le1 is assumed to be applied at
x01 = 0, while a load −Hre1 − Pe2 at x01 = ℓ0 (Fig. 6.1, bottom).
The total potential energy V is given by the difference of strain
energy stored within the rod and the work done by the dead loadings,

V =

∫ ℓ0−in

0
Ψ(η, θ′)dx01 +

∫ ℓ0

ℓ0+in

Ψ(η, θ′)dx01+

+H lx1(0, 0) +Hrx1(ℓ0, 0) + Px2(ℓ0, 0). (6.19)

Recalling eqns (6.4), (6.7), and (6.8), the following kinematic rela-
tions hold

x1(0, 0) = −
∫ ℓ0−in

0
(1 + η)dx01,

x1(ℓ0, 0) =

∫ ℓ0

ℓ0+in

(1 + η) cos θdx01,

x2(ℓ0, 0) =

∫ ℓ0

ℓ0+in

(1 + η) sin θdx01,

(6.20)

and the total potential energy V, eqn (6.19), can be rewritten as

V
(
η, θ, ℓ0in

)
=

∫ ℓ0−in

0
Ψ(η, θ′)dx01 +

∫ ℓ0

ℓ0+in

Ψ(η, θ′)dx01

−H l

∫ ℓ0−in

0
(1 + η)dx01 +Hr

∫ ℓ0

ℓ0+in

(1 + η) cos θdx01

+ P

∫ ℓ0

ℓ0+in

(1 + η) sin θdx01. (6.21)

A variation in the configuration defined by the fields η(x01) and θ(x01)
and the configurational parameter ℓ0in is considered, through the
small positive parameter ϵ, as

η
(
x01

)
→ η

(
x01

)
+ ϵ δη

(
x01

)
,

θ
(
x01

)
→ θ

(
x01

)
+ ϵ δθ

(
x01

)
,

ℓ0in → ℓ0in + ϵ δℓ0in,

(6.22)
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where, from the sliding sleeve constraint (6.7), the perturbations
δℓ0in and δθ

(
x01

)
satisfy the following compatibility equation

δθ
(
ℓ0in

)
= −θ′

(
ℓ0in

)
δℓ0in. (6.23)

Keeping into account that the axial force N and the bending moment
M are work-conjugate to the axial deformation η and the generalized
curvature θ′, the following constitutive equations can be assumed

N =
∂Ψ

∂η
, M =

∂Ψ

∂θ′
, (6.24)

so that, integration by parts, the sliding sleeve constraint conditions
(6.7), and the compatibility condition (6.23), allow to evaluate the
first variation δV of the total potential energy as

δV
(
η, θ, ℓ0in, δη, δθ, δℓ

0
in

)
=

∫ ℓ0−in

0
Nδηdx0

1 +

∫ ℓ0

ℓ0+in

Nδηdx0
1 −

∫ ℓ0

ℓ0+in

M ′δθdx0
1+

−Hl

∫ ℓ0−in

0
δηdx0

1 +Hr

∫ ℓ0

ℓ0+in

δη cos θdx0
1 −Hr

∫ ℓ0

ℓ0+in

(1 + η) sin θδθdx0
1+

− P

∫ ℓ0

ℓ0+in

δη sin θdx0
1 − P

∫ ℓ0

ℓ0+in

(1 + η) cos θδθdx0
1+

+
{
−Hr

[
1 + η

(
ℓ0+in

)]
−Hl

[
1 + η

(
ℓ0−in

)]
+M

(
ℓ0+in

)
θ′

(
ℓ0+in

)
− [[Ψ(ℓ0in)]]

}
δℓ0in.

(6.25)

The annihilation of the first variation δV for every compatible
perturbations δη

(
x01

)
, δθ

(
x01

)
, and δℓ0in provides the following equi-

librium equations for the portion of the rod respectively outside{
M ′ (x01)+Hr

[
1 + η

(
x01

)]
sin θ

(
x01

)
+ P

[
1 + η

(
x01

)]
cos θ

(
x01

)
= 0,

N
(
x01

)
= P sin θ

(
x01

)
−Hr cos θ

(
x01

)
,

x01 ∈
(
ℓ0in, ℓ0

]
, (6.26)

and inside
N

(
x01

)
= H l, x01 ∈

[
0, ℓ0in

)
, (6.27)

the sliding sleeve, together with the interface condition at the sliding
sleeve end

Hr
[
1 + η

(
ℓ0+in

)]
+H l

[
1 + η

(
ℓ0−in

)]
−M

(
ℓ0+in

)
θ′
(
ℓ0+in

)
+[[Ψ(ℓ0in)]] = 0.

(6.28)
From eqns (6.26)2 and (6.27) it follows that the axial force N(x01) at
the left and right limit points of the sliding sleeve exit are given by

N
(
ℓ0−in

)
= H l, N

(
ℓ0+in

)
= −Hr, (6.29)
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so that the jump in the normal force at the sliding sleeve end
is provided by the reaction force component R1, which remains
determined from equilibrium as

R1 = H l +Hr. (6.30)

On account of equations (6.29) and (6.30), a comparison between
the axial equilibrium at the sliding sleeve exit, eqn (6.28), and
expression (6.13), derived for the configurational force component
F c
1 , implies the validity of equation (5.12), obtained with reference

to the frictionless contact conditions.

6.4 Application to rods characterized by a
quadratic energy density

Assuming the usual quadratic expression for the elastic energy
density of the rod,

Ψ
(
x01

)
=

B
[
θ′
(
x01

)]2
2

+
K

[
η
(
x01

)]2
2

, (6.31)

with B and K representing the (constant in space and positive) bend-
ing and axial stiffnesses, respectively, the application of equation
(6.24) provides the constitutive relation

N
(
x01

)
= K η

(
x01

)
, M

(
x01

)
= B θ′

(
x01

)
, (6.32)

so that the configurational force component F c
1 , eqn (6.13), reduces

to

F c
1 = −

B
[
θ′
(
ℓ0+in

)]2
2

−
K[[η

(
ℓ0in

)2
]]

2
. (6.33)

Consequently the concentrated reaction force R1 becomes

R1 =
B
[
θ′
(
ℓ0+in

)]2
2

+
K[[η

(
ℓ0in

)2
]]

2
. (6.34)

As a consequence of the assumed linear elastic axial behaviour, eqn
(6.32), the equilibrium along the direction defined by e1 is given by

K
[
η
(
ℓ0+in

)
− η

(
ℓ0−in

)]
= −R1, (6.35)

providing an expression for the jump in the axial deformation at
the sliding sleeve exit, [[η

(
ℓ0in

)
]]. Introducing the average axial

deformation ⟨η
(
ℓ0in

)
⟩ at the sliding sleeve exit

⟨η
(
ℓ0in

)
⟩ =

η
(
ℓ0+in

)
+ η

(
ℓ0−in

)
2

, (6.36)

56 Marco Amato



6.4 | Application to rods characterized by a quadratic energy density

the concentrated reaction R1, eqn (6.34), can finally be obtained as

R1 =
B
[
θ′
(
ℓ0+in

)]2
2
[
1 + ⟨η

(
ℓ0in

)
⟩
] , (6.37)

which approaches, in the limit of vanishing axial deformation η
(
ℓ0in

)
at the end of the sliding sleeve, the value for inextensible rods

lim
η(ℓ0in)→0

R1 =
B
[
θ′
(
ℓ0+in

)]2
2

, (6.38)

obtained in [5].
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7
Reaction force R1 and applications in

instability and dynamics

The plane strain problem of symmetric (frictionless, flat, and rigid)
punches indenting an elastic solid of rectangular shape is further
addressed. The purpose is to provide insight into the significance
of the framework introduced in the previous Chapters in terms of
both reliability of the obtained expressions and applicability of the
results to the design of novel soft mechanisms.

In particular, the high reliability of the expression (4.42) for
the contact reaction component R1 (obtained under the approx-
imate assumption of uniform state at both the lateral edges of
the rectangular domain) is assessed, through a comparison with
results from Finite Element (FE) analyses at variable geometric
parameters. Moreover, actuation mechanisms from Eulerian buck-
ling and longitudinal dynamic ejection of the elastic solid due to
transverse compression are presented, highlighting effects related to
the presence of the reaction force R1.

Constitutive hyperelastic material models. A specific hy-
perelastic material response is defined through the introduction of
a specific strain energy density Φ as a function of the principal
stretches λi (i=I, II, III, so that J = λIλIIλIII). It is assumed
that plane strain prevails, so that the out-of-plane principal stretch
assumes a unit value, λIII = λ3 = 1. The following two material
models are analyzed.

• Considering a compressible and initially isotropic material,
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the strain energy density of the Storåkers model [43],

Storåkers model:

Φ(λI, λII) =
N∑
k=1

2µk

α2
k

[
λαk

I + λαk
II − 2 +

1

βk

(
J −αkβk − 1

)]
,

(7.1)

only the first term is adopted, by setting N = 1 in the sum-
mation characterizing the strain energy density,

‘First-term’ Storåkers model:

Φ(λI, λII) =
2µ

α2

[
λα

I + λα
II − 2 +

1

β

(
J −αβ − 1

)]
, (7.2)

where µ > 0 is the ground-state shear modulus, α ̸= 0 is a
parameter affecting the nonlinear response, and β > −1/3 is
another parameter, related to the value of the ground-state
Poisson’s ratio ν ∈ (−1, 1/2) as

β =
ν

1− 2ν
. (7.3)

The principal components of the first Piola-Kirchhoff stress
tensor S can be obtained from eqn (2.62) as

Si = 2µ
λα
i − (λiλj)

−αβ

αλi
, i ̸= j, i, j = I, II. (7.4)

By assuming α = 2, the strain energy density Φ (7.2) re-
duces to that recently proposed by Pence and Gou [39] as a
compressible version of the neo-Hookean material model,

Pence and Gou model:

Φ(λI, λII) =
µ

2

[
λ2

I + λ2
II − 2 +

1

β

(
J −2β − 1

)]
. (7.5)

• The incompressible and isotropic neo-Hookean material model
[4]:

neo-Hookean model:

Φ(λI, λII) =
µ

2

(
λ2

I + λ2
II − 2

)
, λIλII = 1, (7.6)

60 Marco Amato



where µ > 0 is the ground-state shear modulus. In the case of
incompressible materials, the constitutive relation, eqn (2.62),
becomes

Si = −Π

λi
+

∂Φ

∂λi
, (7.7)

where Π is the Lagrangian multiplier associated to the incom-
pressibility constraint. Equation (7.7) leads to the principal
components

Si = −Π

λi
+ µλi, i = I, II. (7.8)

It is noted that, assuming α = 2, the compressible model (7.5)
approaches the incompressible one (7.6) in the limit β → ∞ (corre-
sponding to ν → 1/2). The above constitutive models are considered
because also available as material models in the adopted Finite Ele-
ment code.

Common details of FE simulations. FE simulations are per-
formed through the commercial code Abaqus 2023. The rectangular
elastic domain is modelled in both of the two compressible and
incompressible versions, eqs (7.5) and (7.6). The elastic domain is
meshed with bi-quadratic plane strain elements (CPE8) when the
material is compressible, otherwise, a hybrid formulation is used
(CPE8H). The boundary conditions prescribed on the sides of the
rectangle are: (i.) free from tractions and constrained frictionless
(ii.) bilateral (visualized with rollers) or (iii.) unilateral contact
with a flat undeformable surface. In the numerical simulations the
corner of the rigid constraint is smoothed with a quarter-of-circle
arc of radius r.

Where the rigid surface is present, it is meshed with a linear
rigid link (R2D2). To prevent interpenetration, the mesh size of the
elastic body (the slave, defined on nodes) is chosen to be finer than
the mesh size of the rigid constraint (the master, defined on seg-
ments). The adopted solver implements nonlinear geometry as well
as unsymmetric matrix storage, enhanced through the introduction
of a moderate energy dissipation when dynamic conditions prevail,
to overcome ill-posedness at contact.
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7.1 The horizontal reaction force R1 at the
corner of a frictionless flat punch

Two boundary value problems are considered for an elastic material
occupying a rectangular domain in its undeformed configuration,
B0, eqn (4.28). The sides of the domain have lengths h0 and
ℓ0, Fig. 4.3 (left). In both problems the lower boundary ∂Bb

0 is
entirely constrained by a horizontal bilateral frictionless constraint
(a condition indicated with applied rollers) along a flat surface with
unit normal e2. The upper boundary of the elastic solid, ∂Ba

0 , is
partially constrained on its left part by a (frictionless, flat, and rigid)
punch, defined by the outward unit normal −e2. The punch pushes
the elastic solid remaining aligned parallel to e2, until a thickness
h = λ2h0 is reached, corresponding to a nominal transverse stretch
λ2 < 1.

The two analyzed boundary value problems, called BVP1 (Fig. 7.1
(top)) and BVP2 (Fig. 7.1 (bottom)), differ in the boundary condi-
tions provided on the lateral sides ∂Bl (with normal nl

0 = −e1) and
∂Br (with normal nr

0 = e1) as follows.

- For BVP1: the boundary ∂Bl
0 is loaded through the application

of a normal dead traction, Slnl
0 = −Sl

11e1, while the boundary
∂Br

0 is left traction-free, Srnr
0 = 0. Equilibrium imposes the

reaction force R1 to be the negative of the resultant of the
applied tractions

R1 = Sl
11h0. (7.9)

- For BVP2: the boundary ∂Bl
0 is left traction-free, Slnl

0 = 0,
while the boundary ∂Br

0 is loaded through a normal dead
traction, Srnr

0 = Sr
11e1. Equilibrium imposes the reaction

force R1 to be the negative of the resultant of the applied
tractions

R1 = −Sr
11h0. (7.10)

The end point of the flat punch (corresponding to either a sharp
corner or the initial point of a rounded corner) is located at the
back-transformed point y0 =

(
ℓ0in, h0/2

)
, belonging to Ba

0 , at a
distance ℓ0in ∈ [0, ℓ0].

The assumptions

ℓ0/h0 > 2 and h0 < ℓ0in < ℓ0 − h0, (7.11)

allow to neglect the perturbation introduced by the end (sharp or
smooth) of the punch on the two lateral boundaries ∂Bl

0 and ∂Br
0,
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BVP1

BVP2

Figure 7.1: Boundary value problems analyzed called BVP1 (top) and BVP2
(bottom). Top: A rectangular block constrained by rollers on ∂Bb

0 and ∂Bl
0 and

free ∂Br
0 and constrained by a rigid wall on ∂Ba

0 . Bottom: A rectangular block
constrained by rollers on ∂Bb

0 and ∂Br
0 and free ∂Bl

0 and constrained by a rigid
wall on ∂Ba

0 .

where the deformed state is approximated as uniform and therefore
independent of x02. Under this approximation, eqn (4.38) can be
used to obtain the horizontal force R1 in the two following cases.

- For BVP1: the part of the boundary ∂Ba
0 outside the constraint

and ∂Br
0 are traction-free; moreover, ∂Br

0 is unloaded, λr
1 =

λr
2 = 1 and Φr = 0. Thus, the reaction force R1, eqn (4.42),

Marco Amato 63



7 | Reaction force R1 and applications in instability and dynamics

becomes

R1 =
Φl

(
λl
1, λ

l
2 = λ2

)
λl
1

h0, (7.12)

an equation showing that the force is always positive. The two
unknowns R1 and λl

1 (the latter enforced to be coincident to
1/λ2 in the incompressible case) can be evaluated by solving
eqns (7.9) and (7.12), together with the constitutive equation
(7.4) [or eqn (7.7) in the incompressible case]. The result
comes in a closed form for the incompressible case as

R1 =

(
λ̄2
2 − 1

)2
λ̄2

µh0
2

. (7.13)

Although not expressible in a closed form, in the compressible
case, for a small strain ε2 < 0 defining λ2 = 1 + ε2, the
following series expansions, truncated at the fourth-order can
be obtained

R1 =

[
1− (3− α)(1− 2ν)

3(1− ν)
ϵ̄2+

+
(α(3α− 20) + 35)ν2 + α(22− 3α)ν + (α− 6)α− 34ν + 8

12(1− ν)2
ϵ̄22

]
× µh0

1− ν
ϵ̄22 + o

(
ε42
)
,

λl
1 = 1 +

[
−1 +

ϵ̄2
2ν

−
3 + α

(
2ν2 + ν − 1

)
− ν(4 + ν)

6(1− ν)2ν
ϵ̄22+

+
17α2

(
2ν3 + ν2 + ν − 1

)
− α(ν(4ν(ν + 2)− 23) + 9)

24ν(1− ν)3
ϵ̄32

+
ν(ν(ν + 6)− 11)

6ν(1− ν)3
ϵ̄32

]
νϵ̄2
1− ν

+ o
(
ε42
)
; (7.14)

- For BVP2: the reaction force R1 is given by eqn (4.42) as

R1 =
Φl

(
λl
1, λ

l
2 = λ2

)
− Φr (λr

1, λ
r
2)

λr
1

h0. (7.15)

The four unknowns R1, λr
2, λl

1 and λr
1 (the last two enforced

to be coincident to 1/λ2 and to 1/λr
2 in the incompressible

case) can be evaluated by solving eqns (7.10) and (7.15),
together with the constitutive equation (7.4) [or eqn (7.7)
in the incompressible case]. Similarly to BVP1, the result is
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provided in a closed form for the incompressible case as

R1 =
1− 10λ̄4

2 + λ̄8
2 +

(
1 + λ̄4

2

)√
1 + 14λ̄4

2 + λ̄8
2

λ̄3
2

√
1 + λ̄4

2 +
√
1 + 14λ̄4

2 + λ̄8
2

µh0

3
√
6
,

λr
2 =

√
1 + λ̄4

2 +
√
1 + 14λ̄4

2 + λ̄8
2

√
6λ̄2

,

(7.16)

and as the following expansions in ε2 truncated at the fourth-
order for the compressible case

R1 =

[
1 +

α(1− 2ν)− 3(1− ν)

3(1− ν)
ϵ̄2+

+
α2(3(ν − 1)ν + 1)− 6α(ν − 1)(2ν − 1) + 14(ν − 1)2

12(1− ν)2
ϵ̄22

]
× µh0

1− ν
ϵ̄22 + o

(
ε42
)
,

λr
2 = 1 +

[
1 +

α(1− 2ν)− 3(1− ν)

3(1− ν)
ϵ̄2+

+
(3(α− 2)α+ 5)ν2 − 3(α− 3)αν + (α− 3)α− 13ν + 8

12(1− ν)2
ϵ̄22

]
× ν

2(1− ν)
ϵ̄22 + o

(
ε42
)
,

λl
1 = 1−

[
1− 1

2(1− ν)
ϵ̄2 +

(2− ν)

6(1− ν)2
ϵ̄22+

− (2− ν)(3− 2ν)

24(1− ν)3
ϵ̄32

]
ν

1− ν
ϵ̄2 + o

(
ε42
)
,

λr
1 = 1−

[
1 +

α(1− 2ν)− 3(1− ν)

3(1− ν)
ϵ̄2+

+
(3(α− 2)α+ 5)ν2 − 3(α− 3)αν + (α− 3)α− 10ν + 5

12(1− ν)2
ϵ̄22

]
× ϵ̄22

2
+ o

(
ε42
)
. (7.17)

It is noted that the reaction force R1 and the stretches solving BVP1
and BVP2 are both characterized by the same structure of their
expansions,

R1

λr
1 − 1

λr
2 − 1

 = · · · ϵ̄22 + · · · ϵ̄32 + · · · ϵ̄42,

λl
1 − 1 = · · · ϵ̄2 + · · · ϵ̄22 + · · · ϵ̄32 + · · · ϵ̄42.

(7.18)
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7 | Reaction force R1 and applications in instability and dynamics

The value of the reaction force component R1, obtained as the
numerical solution of the system of nonlinear equations eqns (7.9),
(7.12), and (7.4) [or eqn (7.7) in the incompressible case] for BVP1
(continuous lines) and eqns (7.10) (7.15), and (7.4) [or eqn (7.7) in
the incompressible case] for BVP2 (dashed lines), is reported as a
function of the imposed stretch λ2 in Fig. 7.2 on the left (for different
values of the ground-state Poisson’s ratio ν) and as a function of the
ground-state Poisson’s ratio ν (for different values of the imposed
nominal stretch λ2) on the right. Note that both neo-Hookean and
Pence and Gou models are reported in the figure on the left, while
the former model corresponds to the limit of ν = 0.5 on the right.
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0.6
0.5
0.4
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0.1
0

0.1 0.2 0.3 0.4 0.5 0.60
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Figure 7.2: Normalized reaction force R1/(µh0) as a function of the imposed
nominal stretch λ2 (left, for the neo-Hookean material ‘nH’ and for the Pence-
Gou material) and of the ground-state Poisson’s ratio ν (right) (for the Pence-
Gou material). The continuous and dashed lines respectively correspond to the
solution of BVP1 and BVP2, eqns (7.13) and (7.16) for the neo-Hookean material
and the numerical solution of eqns (7.9), (7.12), and (7.4), and eqns (7.10)
(7.15), and (7.4) for the Pence-Gou material.

Reliability of the uniform state assumption at the bound-
aries ∂Bl

0 and ∂Br
0. The curves describing the reaction force

R1 in Fig. 7.2 are obtained by considering the uniformity of the
stretches, and therefore of the strain energy, along each of the two
lateral boundaries ∂Bl

0 and ∂Br
0. The reliability of this assumption

is assessed by comparing R1 with the corresponding value RFE
1 nu-

merically evaluated through finite element simulations, where both
the neo-Hookean and the ‘first-term’ Storåkers models are available.
The domain is discretized in 190 nodes (denser in the proximity of
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7.2 | Eulerian buckling induced by transverse compression

ℓin/ℓ0 → 0+ and ℓin/ℓ0 → 1−) in which a general static simulation
is performed.

The map of relative difference
(
RFE

1 −R1

)
/RFE

1 is reported for
a neo-Hookean material with ℓ0/h0 = 20, under an imposed nominal
stretch λ2 = 0.7 in Fig. 7.3 (lower part, on the left) for BVP1, for
different ratios ℓin/ℓ0 ∈ [0, 1] and r/h0 ∈ [0.1, 0.5], being r the
radius of the rounded corner of the constraint (Fig. 7.3, upper part,
right). The map shows that the relative difference

(
RFE

1 −R1

)
/RFE

1

is confined to positive and very low values (less than 3· 10−2) for
ℓin/ℓ0 ∈ [0.005, 0.98] (Fig. 7.3, bottom left), a minimum negative
value (approximately -0.12) is attained for {ℓin/ℓ0, r/h0} = {0, 0.1}
(Fig. 7.3, above left), while a steep gradient arises and large (infinite
in the limit case) values occur for ℓin/ℓ0 ≈ 1 since RFE

1 vanishes
when ℓin/ℓ0 = 1 (Fig. 7.3, bottom right). Therefore, the map
confirms the reliability of evaluating the reaction force R1 through
eqn (4.42), based on the approximation of homogeneity for the
strain at each lateral sides of the elastic solid, except when one of
the two sides ∂Bl or ∂Br is located very close to the punch corner.
Note that the results from FE are not included in Fig. 7.2, because
they are simply superimposed to the curves.

7.2 Eulerian buckling induced by transverse
compression

The rectangular elastic body B0, eqn (4.28), is partially subject
to a symmetric transverse compression at its edges, corresponding
to a nominal transverse stretch λ2 < 1, imposed by two parallel
pairs of mirrored punches, spaced at a fixed distance d from each
other, Fig. 7.4 (right). Horizontal reaction forces are acting at
the corners of each of the punches, {Ral

1 ,−Rar
1 , Rbl

1 ,−Rbr
1 }e1. The

force compresses the central part of the elastic body. Assuming a
symmetric response with respect to the vertical direction at x01 =
ℓ0/2, a symmetry in the forces follows

Ral
1 = Rar

1 , Rbl
1 = Rbr

1 . (7.19)

The nominal transverse stretch λ2 can be decreased starting from
the undeformed state (λ2 = 1), until a critical value λ

cr
2 is reached,

for which the buckling of the elastic body occurs. This occurrence
is always possible before a surface instability when the elastic body
is sufficiently slender.
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Figure 7.3: (Lower part, on the left) Map of relative difference(
R1 −RFE

1

)
/RFE

1 , for different ratios ℓin/ℓ0 and r/h0 for a neo-Hookean elastic
material with ℓ0/h0 = 20 at an imposed nominal stretch λ2 = 0.7 for BVP1
(Upper part, on the right). Magnified map for small (upper part, on the left)
and large (lower part, on the right) values of ℓin/ℓ0, respectively showing the
possibility of negative values and very large positive values for the relative
difference.

The buckling condition is investigated through the reduced
model of the extensible elastica with varying domain, as sketched
in the inset of Fig. 7.4 (left) and described in Ch. 6. Under the
mentioned symmetry condition, the internal force component along
e2 vanishes (N2(x

0
1) = 0) and, by further restricting the treatment

to a quadratic strain energy density, eqn (6.31), for the rod, the
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7.2 | Eulerian buckling induced by transverse compression

equilibrium equations (6.26) reduce to{
Bθ′′

(
x01

)
+R1

[
1 + η

(
x01

)]
sin θ

(
x01

)
= 0,

Kη
(
x01

)
= −R1 cos θ

(
x01

)
,

x01 ∈
(
ℓ0in, ℓ0 − ℓ0in

)
, (7.20)

where ℓ0in defines the undeformed coordinate x01 corresponding to
the sliding sleeve exit, in the deformed configuration. The equilib-
rium equations (7.20) are complemented by the following boundary
conditions and isoperimetric constraints

θ
(
ℓ0in

)
= θ

(
ℓ0 − ℓ0in

)
= 0,∫ ℓ0−ℓ0in

ℓ0in

[
1 + η

(
x01

)]
cos θ

(
x01

)
dx01 = d,∫ ℓ0−ℓ0in

ℓ0in

[
1 + η

(
x01

)]
sin θ

(
x01

)
dx01 = 0.

(7.21)

In the equilibrium equations (7.20), R1 is the resultant reaction
force aligned parallel to e1 and exerted by each pair of sliding sleeves
on the elastic solid, R1 = Ral

1 +Rbl
1 . The buckling condition can be

0.4

0.6

0.8

1

5 10 50 1003 200

Figure 7.4: Eulerian buckling from transverse compression exerted by two
pairs of symmetric (frictionless, flat, and rigid) punches. Left: Critical value
of the nominal transverse stretch λ

cr
2 for a Pence and Gou elastic material

with ν = 0.25 as a function of the slenderness parameter d/h0. Semi-analytical
prediction (blue curve) from the extensible elastica of varying-length (sketched
in the inset) vs FE results (red dots). Right: Deformed shape evolution at
decreasing transverse stretch λ2 for an elastic rectangular solid with d/h0=5.
Unstable ejection occurs at the critical stretch λ

cr
2 ≈ 0.65. Symmetry with

respect to the central vertical axis has been enforced.

investigated by analyzing small perturbations δθ(x01) and δη(x01) in
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7 | Reaction force R1 and applications in instability and dynamics

the rotation and axial deformation fields around the trivial straight
configuration defined by

θeq
(
x01

)
= 0, ηeq

(
x01

)
= −R1

K
, x01 ∈

(
ℓ0in, ℓ0 − ℓ0in

)
, (7.22)

for which a linearization of the equilibrium equations (7.20) leads to Bδθ′′
(
x01

)
+R1

[
1− R1

K

]
δθ

(
x01

)
= 0,

δη
(
x01

)
= 0,

x01 ∈
(
ℓ0in, ℓ0 − ℓ0in

)
, (7.23)

while a linearization of the isoperimetric constraints to[
1− R1

K

] (
ℓ0 − 2ℓ0in

)
= d,

∫ ℓ0−ℓ0in

ℓ0in

δθ
(
x01

)
dx01 = 0. (7.24)

A non-trivial equilibrium configuration can be found for the criti-
cal reaction force Rcr

1 and the corresponding critical rotation field
δθcr

(
x01

)
, which can be evaluated as

Rcr
1 =

4π2B

d2 +
4π2B

K

,

δθcr
(
x01

)
= θ cos

[
2π

(
x01 − ℓ0in

)
ℓ0 − 2ℓ0in

]
,

x01 ∈
(
ℓ0in, ℓ0 − ℓ0in

)
,

(7.25)

where θ represents a small amplitude, which remains arbitrary
within the limits of a linear perturbation analysis.

By assuming B = Eh30/12 and K = Eh0, with E = 2µ/(1− ν)
being the ground-state Young modulus under plane strain for the
Pence and Gou model (7.5), the critical reaction force Rcr

1 (7.25)
reduces to

Rcr
1 =

π2h20
3 d2 + π2h20

2µh0
1− ν

. (7.26)

The critical force Rcr
1 is reached for the straight configuration of the

extensible elastica, θ(s) = 0, equivalent to a ‘trivial’ configuration of
the elastic body of rectangular shape, satisfying vertical symmetry
at x02. The four tangential reactions at the punch corners have all
the same values,

Ral
1 = Rar

1 = Rbl
1 = Rbr

1 , (7.27)
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7.2 | Eulerian buckling induced by transverse compression

so that the elastic rectangular domain can be reduced to its quarter,
loaded as for BVP2.

The critical force Rcr
1 can be evaluated using eqn. (7.26), but has

to be expressed in terms of a critical transverse stretch λ
cr
2 , through

the J–integral, which can in turn be approximated as the solution
of nonlinear equation (7.15). The corresponding ‘semi-analytical’
critical stretch λ

cr
2 is reported as a continuous curve in Fig. 7.4

(left) for a Pence and Gou material with ν = 0.25, as a function of
the slenderness parameter d/h0.

As a complement to the above, the second-order expansion of the
reaction force R1 for BVP2, eqn (7.17)1, leads to an approximation for
the critical stretch λ

cr
2 referred to a ‘first-term’ Storåkers material,

obtained for large values of d/h0 as

λ
cr
2 = 1− π

√
2

3

h0

d
+ π2 3(1− ν)− α(1− 2ν)

9(1− ν)

h2
0

d2
+

+ π3 α
2[11(1− ν)ν − 2] + 12α(1− ν)(1− 2ν) + 15(1− ν)2

54
√
6(1− ν)2

h3
0

d3
+

− π4 [3(1− ν)− α(1− 2ν)]
{
α2[1 + 5ν(1− ν)]− 6α(1− ν)(1− 2ν) + 72(1− ν)2

}
486(1− ν)3

h4
0

d4

+ o(h4
0/d

4), (7.28)

which reduces to a mere geometric relation when the approximation
is truncated at first-order.

Critical stretch λ
cr
2 for buckling from FE simulations. The

FE model described in the previous Section is here adopted by
considering that the punches end with a rounded corner, rounded
with r = d/50. Symmetry is imposed with respect to the vertical
direction at x01 = ℓ0/2. A symmetric imperfection is introduced in
the initial undeformed geometry to trigger the bifurcation in the
numerical analysis. In particular, instead of rectangular shape, the
central portion of the elastic domain, x01 ∈ [(ℓ0 − d)/2, (ℓ0 + d)/2],
has been implemented as a parallelogram with internal angles very
close to π/2, namely, equal to π/2 ± π/104. Results are reported
in Fig. 7.4 (left) for the Pence and Gou model, characterized by
ν = 0.25 (for which surface instability is estimated to occur for λsi

2 ≈
0.473), for a constant ratio ℓ0/d = 3 and for different slenderness
d/h0. The critical transverse stretches λ

cr
2 , numerically evaluated

through a Riks analysis, are reported as dots. The numerical results
are in excellent agreement with the ‘semi-analytical’ predictions
obtained from the extensible elastica model. The evolution of the
deformed shape is reported in Fig. 7.4 (right) for a rectangular

Marco Amato 71



7 | Reaction force R1 and applications in instability and dynamics

elastic domain of initial slenderness d/h0 = 5, at three decreasing
levels of transverse stretch, λ2 = {1, 0.7, 0.65}. The smallest of the
reported stretch corresponds to the critical value λ

cr
2 , for which

the system buckles following an unstable branch and therefore
suffers a spontaneous and uncontrolled ejection from the compressing
constraints. This is similar to the response of other structural
systems constrained by sliding sleeves investigated in [8] and [9].

7.3 Dynamic longitudinal ejection of incom-
pressible solids through transverse com-
pression

Equilibrium has been so far enforced, as a consequence of the
constraint applied on ∂Bl in BVP1 or on ∂Br in BVP2. When such a
constraint is removed after imposing λ2 < 1, the punch reaction R1

is unbalanced. As a consequence, the elastic solid is pushed by the
reaction component R1(t) away from the constraint, thus producing
its complete ejection. The Newton’s second law can be expressed
by [44]

R1(t) = ρ0ℓ0h0ẍ
c
1(t), (7.29)

where ρ0 is the mass density of the elastic solid in the undeformed
state, xc1(t) is the horizontal coordinate of the center of mass, and a
superimposed dot represents the derivative with respect to time t.

While the extension of the J–integral measure to dynamics and
the analysis of the influence of inertia are left to future investigation,
the ejection process of the elastic body is simply analyzed, assuming
that the constraint on ∂Bl in BVP1 is instantaneously removed, after
transverse loading, λ2 < 1. A neo-Hookean material is assumed
and a simplified approach is developed, based on the following two
assumptions.

1. The reaction force R1(t) maintains the constant value R1

evaluated during a quasi-static transverse compression, eqn
(7.12), in which λl

1 = 1/λ2.

2. The coordinate of the center of mass xc1(t) of the deformed
elastic body is approximated with the center of mass of an
equivalent domain realized as the discontinuous union of two
rectangular solids, one with the thickness of the space between
the constraints (so that λ1 = 1/λ2 = 1/λ2) and the other with
the height of the unloaded elastic solid (so that λ1 = λ2 = 1).
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Under the above assumptions, the position of the center of
mass is approximated as

xc1 (t) =
ℓ0
2

−
λ2ℓin (t)

[
2ℓ0 −

(
1 + λ2

)
ℓin (t)

]
2ℓ0

, (7.30)

and the Newton’s second law (7.29) can be rewritten as a nonlinear
second-order differential equation,

ρ0
[(
1− λ2

)
ℓin (t) + ℓ0

]
ℓ̈in (t) + ρ0

(
1− λ2

)
ℓ̇2in (t) + Φl

(
λ2

)
= 0,
(7.31)

where ℓin (t) is the portion of elastic solid inside the constraint at
time t.

Under the initial conditions

ℓin (0) = ℓin, ℓ̇in (0) = 0, (7.32)

the evolution in time of ℓin (t) is obtained as the solution of the
nonlinear ordinary differential equation (7.31) as

ℓin (t) =

√(
ℓ0

1− λ2

+ ℓin

)2

−
Φl

(
λ2

)
t2

ρ0(1− λ2)
− ℓ0

1− λ2

. (7.33)

The time teje for which the complete ejection is predicted, ℓin (teje) =
0, follows as

teje =

√
ρ0ℓin

[
2ℓ0 +

(
1− λ2

)
ℓin

]
Φl

(
λ2

) . (7.34)

For a neo-Hookean material (7.6), the evolution in time of ℓin(t),
eqn (7.33), and the corresponding ejection time teje, eqn (7.34),
simplify as

ℓin (t) =

√√√√(
ℓ0

1− λ2

+ ℓin

)2

− µ t2(1 + λ2)2(1− λ2)

2ρ0λ
2
2

− ℓ0

1− λ2

,

teje =
λ2ℓin

1− λ2

√
2ρ0
µ

(
2ℓ0

ℓin
+ 1− λ2

)
.

(7.35)
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Figure 7.5: Left: Dimensionless representation of the instantaneous length
ℓin(t) of material inside the constraint as a function of time, for different nominal
transverse stretch λ2, applied to a neo-Hookean material with ℓin = 0.9ℓ0.
Results from the estimation (7.35)1 (continuus lines) are compared with FE
simulations (dots). Right: Relative error in the time for complete ejection,
where teje is given by the estimate (7.35)2, while tFE

eje by the FE simulations.

Dynamic ejection from FE simulations. The previously de-
scribed FE model is exploited below to analyze the dynamic ejection
problem for a neo-Hookean material, subject to a transverse stretch
larger than that corresponding to surface instability, λ2 < λsi

2 ≈
0.544. The simulations are carried out in two steps, the first is the
static analysis already presented for BVP1, while in the second step
the elastic solid is instantaneously released and the motion analyzed
via implicit dynamic with moderate dissipation solver. The first
step is performed to start from ℓin = 0.9ℓ0, for an undeformed
geometry of the material defined by ℓ0/h0 = 20. The corner of the
punch is modeled as rounded with r = h0/10.

The evolution in time of ℓin(t) is reported in Fig. 7.5 (left),
with a continuous line for the approximate solution (7.35)1 and
with dots for the FE simulations. Different initial stretches λ2 are
investigated. The agreement is excellent, as can also be observed
from the curve on the right, reporting the relative difference in the
ejection time (tFE

eje − teje)/t
FE
eje as a function of λ2.

Four snapshots of representative configurations at different in-
stants of time (including the configuration at the release time t = 0)
are reported in Fig. 7.6. The contour plots reported inside the
deformed elastic solid depict the kinetic energy density τ (in the
upper half-part of the solid) and elastic strain energy density Φ (in
the lower half-part). At the release time (t = 0), the kinetic energy
density τ is null over the whole solid (blue region), while the strain
energy density Φ is almost piecewise uniform, because the elastic
body is slender and the corners of the rigid constraints introduce
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7.3 | Dynamic longitudinal ejection of incompressible solids through transverse compression

only a small perturbation. As shown by the three snapshots taken
after the release time, the spatial piecewise uniformity is essentially
maintained for both kinetic and strain energy densities throughout
the ejection process, during which a continuous transfer of elastic
to kinetic energy occurs.

Figure 7.6: Four snapshots (obtained with a FE analysis) of representative
configurations of a neo-Hookean solid (of unloaded aspect ratio ℓ0/h0 = 20),
during its ejection from a rigid frictionless constraint as the effect of a nominal
transverse stretch λ2 = 0.7. Different instants of time t are considered, including
the release time t = 0, where the kinetic energy is null. Inside the solid, contour
plots are reported of the kinetic energy density τ (on the upper half-part of the
solid) and of the elastic strain energy density Φ (on the lower half-part), both
divided by the value of the latter at the left edge of the elastic domain, Φl.
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Conclusions

Concepts developed within the framework of defect mechanics,
involving use of energy-momentum tensor and leading to path
independent J–integral to be equal to the energy release rate for
defect movement, have been extended to the mechanics of frictionless
contact between an elastic solid and a rigid, flat punch. Within
a quasi-static setting, it has been shown that a sharp or smooth
corner, present at the end of a frictionless punch indenting a planar
surface of an elastic solid, produces a (concentrated, for sharp corner)
Newtonian force aligned parallel to the surface and coincident with
the configurational force in that direction. This force component,
so far passed unnoticed, may influence failure of material at contact
or may induce Eulerian buckling or movement in a transversely
compressed elastic slab. The investigated deformational mechanisms
can be used for soft actuation or to explain migration of soft matter
from stiffer to more compliant constrain environment.

Along this research line, a future development may be the ex-
tension of the J–integral definition to a dynamic framework, in
order to investigate the inertia effect during the ejection process, as
well as the post-critical behaviour. Furthermore, the present frame-
work could be extended to the presence of a frictionless compliant
contactor, removing the infinite rigidity assumption.
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Appendixes

A Another example of use of the energy-mo-
mentum tensor C for rectangular domains
under dead loading conditions

A dead loading is symmetrically applied to a portion of a rectangular
(two-dimensional) body defined as

Sn0 = ±S22e2, on ∂Ba
0 ∪ ∂Bb

0. (A.1)

The scalar product of equation (4.21) with e1 and an account of
symmetry imply

e01 · FTSn0

∣∣
∂Ba

0
= S22e2 · F(x02 = h0/2)e1 =

= −S22e
0
2 · F(x02 = −h0/2)e1 = e01 · FTSn0

∣∣
∂Bb

0
, (A.2)

which in turn, by considering a uniform distribution S22, leads to∫
∂Bl

0

Φ
(
x01 = 0

)
−
∫
∂Br

0

Φ
(
x01 = l0

)
− 2S22

∫
∂Ba,σ

0

e2 · F
(
x02 = h0/2

)
e1 = 0. (A.3)

Equation (A.3) is exact. In an approximate way, it is now assumed
that the loaded and unloaded portions of the boundaries ∂Ba

0 and
∂Bb

0 are both large enough that the edge ∂Br
0 is unloaded, Φ(x01 =

l0) = 0, while the edge ∂Bl
0 is uniformly deformed, so that Φ(x01 =
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0) = Φl is independent of x02. Under these approximations, equation
(A.3) becomes

Φl = −2S22

h0

∫
∂Ba

0

F21

(
x02 = h0/2

)
dx01. (A.4)

Equation (A.4) allows to calculate the elastic energy Φl correspond-
ing to a uniaxial compression, ∓S22, or tension, ±S22, generated by
a given nominal traction (A.1) as a function of a geometric quantity,
F21, related to the mean inclination of the curved portion of portion
of the boundary ∂Ba,σ

0 , where the dead loading is applied.

B Reaction force at a frictionless contact from
the principle of virtual works

With reference to Fig. 4.2, a body subject to (referential) dead
volume force b0, under prescribed displacement on ∂Bu

0 , dead load-
ing σ0 on ∂Bσ

0 , and in frictionless contact with the smooth and
rigid constraint on ∂Btou

0 , is assumed to be in equilibrium with the
displacement field u∗, deformation gradient F∗, first Piola-Kirchhoff
stress S∗. The total potential energy V of the system at equilibrium
is given by

V(F∗,u∗,σ0,b0) =

∫
B0

Φ(F∗)−
∫
∂Bσ

0

σ0 · u∗ −
∫
B0

b0 · u∗. (B.1)

A rigid-body displacement vector δξ is applied to the rigid constraint,
so that as a consequence, all the fields in the elastic solid are
perturbed and, in particular, the displacement and its gradient as
follows

u(δξ) = u∗ + δu(δξ), F(δξ) = F∗ + δF(δξ). (B.2)

Accordingly, the total potential energy of the system at equilib-
rium after the rigid-body perturbation of the frictionless constraint
becomes

V(F(δξ),u(δξ),σ0,b0) =

∫
B0

Φ(F∗ + δF(δξ))+

−
∫
∂Bσ

0

σ0 · (u∗ + δu(δξ))−
∫
B0

b0 · (u∗ + δu(δξ)). (B.3)
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The change in the total potential energy δV between the configura-
tions is given by

δV(F∗,u∗,σ0,b0, δξ) = V(F(δξ),u(δξ),σ0,b0)−V(F∗,u∗,σ0,b0).
(B.4)

Under the assumption that the perturbation δξ is small, implying
that δu and δF are of the same order, the change in the total
potential energy δV can be approximated at first-order as

δV(F∗,u∗,σ0,b0, δξ) =

∫
B0

S∗ · δF(δξ)−
∫
∂Bσ

0

σ0 · δu(δξ)

−
∫
B0

b0 · δu(δξ), (B.5)

where, from eqn (2.62),

S∗ =
∂Φ(F)

∂F

∣∣∣∣
F∗

. (B.6)

The virtual work principle, expressed with reference to the unper-
turbed static fields and to the perturbed kinematic fields, yields∫

∂Btou
0

δu(δξ) · S∗n0 =

∫
B0

S∗ · δF(δξ)−
∫
∂Bσ

0

σ0 · δu(δξ)

−
∫
B0

b0 · δu(δξ). (B.7)

Note that the detaching from the contact can only occur from the
grazing zone, where S∗n0 = 0, eq. (4.7), so that∫

∂Btou
0

δu(δξ) · S∗n0 =

∫
∂BC

0

δu(δξ) · S∗n0, (B.8)

proving that detaching does not affect the integral.
A comparison with equation (B.5) leads to

δV(F∗,u∗,σ0,b0, δξ) =

∫
∂BC

0

δu(δξ) · S∗n0. (B.9)

It is noted that in general the perturbed displacement δu(δξ) does
not coincide with δξ along ∂BC

0 , because the elastic body may slip
along the boundary in contact. However, the contact condition

Σ(x∗ − δξ) = 0, (B.10)
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for small perturbations provides

q(x∗) · (δu(δξ)− δξ) = 0, (B.11)

where q(x∗) is the normal vector to Σ at x∗

q(x∗) =
∂Σ(x)

∂x

∣∣∣∣
x∗

, (B.12)

which is parallel to S∗n0 because of the frictionless contact condition,
eq. (4.9). Therefore, equation (B.9) can be rewritten as

δV(F∗,u∗,σ0,b0, δξ) = δξ ·
∫
∂BC

0

S∗n0, (B.13)

because vector δξ is constant.
Equation (B.13) shows that the total potential energy variation

due to a small perturbation δξ in the position of the frictionless
constraint is the negative of the scalar product between δξ and the
resultant of the force Rc that the constraint applies to the body,

Rc =

∫
∂BC

0

S∗n0, (B.14)

namely,
δV = Rc · δξ. (B.15)

Finally, noticing that

δV =
∂V
∂ξ

· δξ, (B.16)

due to the arbitrariness of δξ, the reaction force transmitted by
frictionless constraint to the solid is obtained

Rc =
∂V
∂ξ

. (B.17)
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