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Abstract

With recent advances in variable-length structures for use in soft actuation, energy harvesting, energy dis-
sipation and metamaterials, the mathematical modelling and numerical simulation of physical systems with
time-varying domains is becoming increasingly important. The planar nonlinear dynamics of one-dimensional
elastic structures with variable domain is formulated from a Lagrangian approach by using a non-material refer-
ence frame. An Arbitrary Lagrangian-Eulerian (ALE) scheme is proposed where the domain is reparametrized
based on a priori unknown configuration parameters. Based on this formulation, a Finite Element (FE) method
is developed for theoretically predicting the evolution of a rod constrained at its ends by one or two sliding-
sleeves, whose position and inclination can be varied in time, and under external loadings. Finally, case studies
and instability problems are investigated to assess the reliability of the proposed formulation against others
available and to demonstrate its effectiveness. With respect to previously developed methods for this type of
structural problems, the present ALE-FE approach shows a strong theoretical and implementation simplicity,
maintaining an efficient and fast convergence according to the cases analyzed. An open source code realized for
the present ALE-FE model is made available for solving the nonlinear dynamics of planar systems constrained
by one or two independent sliding sleeves. The present research paves the way for further extensions to easily
implement solvers for the three-dimensional dynamics of flexible one- and two-dimensional structural systems
with moving boundary conditions.
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Nomenclature

ALE Arbitrary Lagrangian-Eulerian

FEM Finite Element Method

p Vector collecting all configuration pa-
rameters

si Configuration parameter denoting the
exit of the i-th sliding sleeve

s Arc-length spatial variable

σ Auxiliary spatial variable

N Set of all non-constrained material
points

Ci Set of all material points kinematically
constrained by the i-th sliding sleeve

L Lagrangian of the structural system

F Integrant function appearing in defini-
tion of L

B Space-independent terms of L
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LN Terms of the Lagrangian L associated
with domain N

LCi Terms of the Lagrangian L associated
with domain Ci

E Total energy of structural system

EN Energy associated to non-constrained
portion of rod

ECi
Energy associated to portion of rod in-
side i-th sliding sleeve

T Kinetic energy of the structural system

TN Kinetic energy of unconstrained portion
of rod

TCi Kinetic energy of rod portion inside i-th
sliding sleeve

V Potential energy of the structural sys-
tem

VN Potential energy of unconstrained por-
tion of rod

VCi
Potential energy of rod portion inside
i-th sliding sleeve

W Work of external forces

� Collection of fields and their space
derivatives

δ(·) First variation of a quantity
˙(·) First time derivative

(̈·) Second time derivative

(·),z Derivative of quantity w.r.t z
D(�)
Dt

Material time derivative

j Jacobian of auxiliary transformation
s(σ)

δij Kronecker delta

ai Exit position of i-th sliding sleeve

bi Unit vector parallel to i-th sliding sleeve

ni Unit vector normal to i-th sliding sleeve

θi Angle between i-th sliding sleeve and
x1-axis

Fq External forces acting on rod

x Position of the centerline of the rod

N Lagrange multiplier associated with inextensi-
bility constraint

Ri Lagrange multiplier associated with continu-
ity of rod at i-th sliding sleeve exit

Mi Lagrange multiplier associated with continu-
ity of the spatial derivative of the rod center-
line at i-th sliding sleeve exit

Ci Concentrated force at i-th sliding sleeve exit

H Interpolation matrix of field x

P Interpolation matrix of field N

A The assembly operator of the Finite Element
Method

x̂ Collection of degrees of freedom associated
with field x

ĉ Collection of degrees of freedom associated
with constraints and Lagrange Multipliers

(·)T Transpose of vector or matrix

β1, β2 Newmark method parameters

J Jacobian matrix of discretized system of equa-
tions

Nel Number of elements in discretization

B Bending stiffness of rod

γ Linear mass density of rod

L Total length of the rod

m Mass at free end of rod

g Gravity vector

ℓ0 Initial length of rod outside sliding sleeve

ω Angular velocity of sleeve rotation

c Dissipation coefficient

ζ Non-dimensional dissipation coefficient

µ Friction coefficient

1 Introduction

At multiple scales, deployable and reconfigurable structures are the key to realising adaptive devices capable
of solving engineering problems ranging from geometric constraints in transport or in working conditions and of
exhibiting improved mechanical properties in response to varying loading stimuli through dramatic shape morphing.
These types of structures can be designed by using origami concepts [1, 2, 3], programmable metamaterials [4, 5,
6], or highly flexible elements [7, 8, 9]. With regard to the latter approach, the modelling of flexible structures
of varying length is attracting increasing interest due to their recent connection with configurational mechanics, a
theoretical framework introduced by Eshelby [10, 11] for analysing possible changes in the configuration of a solid,
as for example due to a crack propagation.
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Describing the deformed con�guration of a variable length system requires adding one or more con�guration
parameters to the kinematics of the deformed part. In the case of a 
exible rod partially constrained by a rigid
and frictionless sliding sleeve, the con�guration parameter is the relative position of the sliding sleeve exit along
the rod. The sliding sleeve exit represents amoving boundary where a discontinuity in the curvature occurs and
an unexpected non-null sliding reaction force is realized, which is concentrated at the sliding-sleeve exit and has an
outward direction [12]. For this particular class of structural systems, this reaction force has been independently
derived by both variational and micromechanical approaches and found to be the Newtonian expression of the
Eshelby force on the structural system. The occurrence of a curvature jump at each sliding sleeve exit makes the
dynamics of the rod undergoing large rotations very fast and interesting in certain instances of the phenomenon
studied.

Moving boundary problems are of practical interest for several technological applications, as for example in
passive self-tuning [13, 14, 15], in oil and gas industries [16, 17], in micro electro-mechanical systems [18, 19],
soft robotics [20, 21, 22], in vibration control [23], in coiling [24] and injection [25] processes, and in medical
catheterization [26, 27]. In the last decade, research into the con�gurational mechanics of structures has led to
the realisation of measuring devices [28] and of self-tunable systems [29], as well to the establishment of novel
actuation [30, 31] and buckling [32] principles. In addition, these advances have led to new insights into the
con�gurational mechanics of solids for the interpretation of dislocation motion and crack advance [33], blistering
[34, 35], delamination [36], penetration [37], and ejection [38] phenomena.

When structures with variable length are simulated with �ne grained models, involving the solution of the full
continuum problem and the solid-solid interaction between the rod and the sliding-sleeve, the simulations become
computationally expensive as very �ne 3D meshes are needed to capture accurately the frictionless contact reaction.
Indeed, the relative sliding between the rod and the sliding sleeve constraint implies that the contact domain is
continuously evolving in time and, as a result, any computational model needs to take this into account and proper
remeshing strategies have to be implemented at every time step. In classical Finite Element (FE) models the mesh
is updated at the beginning of every timestep and assumed constant for the entire step. This creates a time-discrete
solution having incompatibilities with the time-continuous evolution of the domain and therefore the stability and
convergence of such models is not guaranteed.

A natural way for overcoming these issues is the adoption of a non-material description of kinematic quantities,
in analogy with the methods used in 
uid mechanics [39]. Generally, an Arbitrary Lagrangian-Eulerian (ALE),
also known as Mixed Eulerian-Lagrangian, formulation can be adopted, where an underlying transformation is
arbitrarily chosen, mapping the variable physical domain to a normalized auxiliary domain that remains constant
in time (Fig. 1). As a result, the mesh, de�ned on the normalized domain, becomes continuously variable in time
when transformed to the material domain. This means that for quantities de�ned on material points, any time
derivatives have to take into account the transformation of the domain, and equivalently that material derivatives
have to be used, similarly to the Eulerian formulation in 
uid mechanics and 
uid-structure interaction [40, 41,
42].

So far, applications have been mainly solved within the category of axially moving structures with prescribed
boundary motion [43], such as that realized in belt and pulleys mechanisms [44, 45, 46] and in the roll forming of
metal sheets [47]. A non-material framework for the solution of structural problems with variable-domains has been
introduced in [48] for the simulation of the spaghetti and inverse spaghetti problems where a rod is partially inserted
in one sliding sleeve and the length of the rod inside the sliding-sleeve is controlled in time, further developed in
[49]. An extensive overview on non-material formulations for this problem category has been presented in [50].

With regard to moving boundary problems with unprescribed motion, recently Boyer et al. presented an ALE
framework for the simulation of inextensible Kirchho� rods constrained by one sliding-sleeve using an extended
Hamilton's principle [51], based on ideas found in [52, 53].1 An ALE method has been also used to study the
characteristic example of the dancing rod [55], extending the analysis of a rod's fall within a gravitational �eld [56]
by considering a distributed mass. Furthermore, it has also been used for the con�gurational dynamics involving a

1According to [54], it is expected that the Hamilton-Jacobi theory cannot be properly used for the problem under consideration
since the incompleteness of this theory implies that some solution may be completely missed. Indeed, the nonlinear problem of an
elastic rod loaded at its end is analogous to that of the nonlinear pendulum, considered as an example showing the Hamilton-Jacobi
theory failing in providing all the solutions.
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Figure 1: Auxiliary (left) and physical (right) spatial parametrizations of a one-dimensional structure having its

exible subdomain varying in time t (right). (Left) The auxiliary normalized parametrization within a time-constant
domain through the space variable� 2 [� 1; � 2]. (Center) The physical arc-length parametrization within a time-
varying domain through the space variables 2 [s1(t); s2(t)]. (Right) Deformed con�guration of a one-dimensional
structure of total length L , fully constrained to have null curvature within its end subdomains s 2 [0; s1(t)) and
s 2 (s2(t); L ].

sliding-sleeve rod system with mass concentrated at the unconstrained tip [57], by considering quaternions to de�ne
the rotations of the cross-sections of the rod and dual numbers are used to obtain their �nal FE implementation.
This methodology has been also enhanced in [58] to tackle the case of a rod with distributed mass interacting with
one sliding-sleeve. The latter approach provides a robust ALE-FE framework for the most general case, however
the dual numbers and the selection of quaternions for the kinematic parameters complicate the implementation,
while the part of the rod constrained by the sleeve is simulated even though its kinematics can be directly assessed
by the sliding-sleeve constraint. As a result, a lightweight ALE-FE implementation for the dynamic simulation of
rods with distributed inertia and moving boundaries is not yet available.

To this purpose, inspired by the e�cient dynamic FE model with �xed length developed by Bartels [59, 60]
enhanced by the time integration algorithm by Papathanasiou [61], a FE model based on an ALE formulation is
proposed for analyzing the planar dynamics of an inextensible and unshearable rod of �nite length constrained at
one or both ends by frictionless sliding sleeves, whose position and inclination can be varied in time. In this model
the variable domain of the solution is de�ned through time-dependent con�guration parameters, namely the arc-
length coordinates of the exits of the sliding sleeves. These con�guration parameters are a priori unknown and are
modelled as degrees of freedom. The problem is formulated by splitting ab initio the rod into fully constrained and
unconstrained segments, leading to the expression of the dynamics of the system solely by the �elds de�ned on the
variable domain corresponding to the unconstrained segment, and the con�guration parameters. The underlying
parametrization of the �elds involved in the model is shown graphically in Fig. 1. For the ALE-FE model, the weak
form of the governing equations is derived from the Hamiltonian principle using a variational approach, and then
the integral equations complemented by the constraints are discretized in space leading to a system of ODEs, and
subsequently the Newmark method is chosen to integrate the evolution in time. The source code of the developed
software is made available [62].

The article is organized as follows. The nonlinear dynamics on variable domains is �rst discussed in detail
together with an introduction to the ALE approach (Sect. 2), followed by the adaptation to the inextensible (and
unshearable) sliding rod case (Sect. 3). Then, the derivation of the ALE-FE model is presented in Sect. 4. Finally,
case studies and instability problems are investigated in Sect. 5, along with a comparison to previously published
results, in order to showcase the robustness of the method in cases where instabilities lead to fast dynamics.

The proposed approach provides a powerful yet simple tool to analyze variable-domain mechanical systems for
the design of recon�gurable structures for applications in soft actuation, energy harvesting and wave mitigation.
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